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Abstract. It is considered an m-th order elliptic equation with continuous coefficients in the principal
part. Let L, (£2), 1 < p < +oo, be the grand Lebesgue space on a bounded domain 2 C R" and let
Wp")I (£2) be the corresponding grand Sobolev space. It has been established that if the boundary 012 is
sufficiently smooth, then, under certain conditions, a Schauder-type estimate holds for the coefficients of
the elliptic operator under consideration up to the boundary. Such estimates play a key role in establishing
the Fredholm property of boundary value problems (BVPs) for elliptic equations.
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1 Introduction

There are various methods for studying the solvability of BVPs for elliptic equations and
the main ones can be found, for example, in the monograph [1]. The most universal method
is the establishment of so called Schauder-type estimates (both interior and up to the bound-
ary ) for the considered elliptic equation. These estimates originate from the classic work of
S.N. Bernstein and were further developed by Y. Schauder. For higher-order elliptic equa-
tions, such estimates was established by S. Agmon, A.Douglis and L. Nirenberg [2]. To
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2 Schauder type estimates up to the boundary ...

solve the elliptic differential equation under consideration in other Banach function space
(such as Morrey, Orlicz, grand Lebesgue spaces, etc.), it is necessary to establish Schauder-
type estimates corresponding to these spaces. For Morrey spaces these problems have been
studied by various authors (see, e.g., [3—7] and the references therein). For grand Lebesgue
spaces Schauder-type estimates for second order elliptic equations were established in [8—
12]. We also note the related works [13-18,21].

In this work we consider an m-th order elliptic equation with nonsmooth coefficients.
Let Wg)‘ (£2),1 < p < +o0, be the grand Sobolev space on a bounded domain 2 C
R", generated by the norm of the grand Lebesgue space Ly, ({2). It is established that
a Schauder-type estimate up to the boundary, corresponding to the BVP for this elliptic
operator, holds in the space W;S‘ (£2) , provided that the boundary 042 is sufficiently smooth.

Such estimates play an essential role in establishing the Fredholmness of BVPs for elliptic
equations.

2 Preliminaries
21 Notations

Assume the following notations, which will be used throughout this paper.
- Z, is the set of non—negative integers; C' is the complex plane;

-z ERY & v = (21;..;m,), |z| =27+ .. —|—CL‘%,R1—{ZL‘€Rn Ty > 0} ;

- By (z9) = {x € R" : \x—x0|<r} B.(0) = B,, Bf ={z€eB,:z, >0},
B.={zeR" " :|z|<r};

- 20 (x0) = 2N By (x0) , 2, =12.(0) ;

- mesM = |M]| denotes the Lebesgue measure (n—dimentional) of a set M C R";

- 092 is the boundary of the domain 2 C R", 2 = 2| 02

p(x; M) = mf |x —y|, do = diam{2 = sup |z —vy| , f/m denotes the restriction

ye

TyEel?

of f to M;

- C§° (£2) is the set of infinitely differentiable functions with compact support in {2;

- O (ﬁ) is the set of infinitely differentiable functions on (2;

- C™ (£2) is the set of m-times order continuously differentiable functions in (2;

- C§* (£2) is the set of m-times continuously differentiable functions with compact sup-
port in (2;

- B-space denotes a Banach space;

- Ry is the range of the operator T', Ker T is the kernel of the operator 7T7;

- [X; Y] denotes the Banach space of bounded linear operators acting from X to Y,
[X] = [X; X];

- o = (a1;...;0p) € Z7 is a multiindex,0; = {%? 0% =01t 05 € = (&3 ..6n) €
R" = > =&

- S7~1is the unit sphere in R", do is an area element of S”1;

- p/ the conjugate to number p : z% + % =1;

- § (+) is the Dirac delta.

Throughout the paper, by C' and ¢ we denote constants that may vary from line to line.

22 Grand Sobolev Space Wp")l (£2). Trace operator, Trace space

Let us define the grand Lebesgue space L) (£2) ,1 < p < 400, on a bounded domain
{2 C R". This is the Banach space of measurable (in Lebesgue sense ) functions f on {2
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equipped with the norm

1
Iz, 2) = ) SUP 1( /If I de>

The space L) (£2) is non separable and the following continuous embeddings hold
L, (£2) C Lp) (-(2) C Ly (Q) )

forVeg € (0,p —1).
Let S C {2 be an (n — 1)-dimensional differentiable surface. We define the grand
Lebesgue space Ly, (S) on the measure space (S; do) (where do denotes the area element

of S) with the norm
1
su P 5da> :
115, 0=, s (= [ 17

The norm of L (§2) generates the following grand Sobolev space
W) ={feLy(Q) : 0°feLy(Q),YaeZ: |a] <m},

where 0 f denotes the generalized (in Sobolev sense) derivatives of f. Equipped with the

norm
Hf”wg;((z) = Z |0 fHL ) (12) 0

a:lal<m
the space W (£2) is a nonseparable B-space.

Note that in [16] the authors consider the separable subspace N, (£2) of L (£2), in
which C§° (£2) is dense. Based on this subspace, they introduce the corresponding grand
Sobolev space N (2) (N]?) (£2) = N, (Q)) . In that work an extension theorem for func-
tions from N;; (£2) is established. The proof of this theorem also applies to the general

m

space W™ (§2). Therefore, it is valid the following theorem.
p p) g

Theorem 2.1 Let 2 C R™ be a bounded domain with boundary 82 € C™). Then, for
every domain 2 C R" : £2 CC (2, there exists an operator 0 € [W;; (£2) 3 Wy (Q’)},
suchthat : 1) (0f) /o = f . YV € W () :2)0f = f/a,VfeC™ (92).

The definition of the class C™) will be given in Subsection 3.3.
Let us define the trace operator I's € [Wg)l (£2) 5 Ly (S )} , corresponding to the surface

Sc:8eCt, Let Fém) € [Wi™(82) ; Ly (S)] be a trace operator, corresponding

to the classical Sobolev space ;™ (§2), where L,(S) is a Lebesgue space on measure
m

space (S; do) with a usual Lebesgue norm. Using the continuous embedding Wy (2) C
W™ (2), accept I's = Fé«l)/wl)(ﬂ). We have
p

15l 2y (s:d0) < Nl Ml ey < clIf Ve Wiy (£2),¥m e N,

Wm(fl)

where c is a constant independent of f. Hence I's € [ng (2) ; Ly (S )} . Define

W () = {uewg;(rz) : Fgu:O}.

It is true the following
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Lemma 2.1 ([16]) W;')“O (£2) is a subspace of W (£2), i.e. Wg)“o (£2) is the closure in
W (£2).

Let W7 (S)=1TIs (W;’; (Q)) and assume
lellwmes) = inf{llullwm ) : we Wi (2)&lsu = ¢}, Vo € WH(S). 2.1
Along with this, we also consider the factor space
5 (5) = Wi () lymo g,
equipped with the factor norm

||FHU@;3(S) = J}gg HfHWZ;(Q) , VE € 75 (S) . 2.2

It is clear that 9’;} (S) equipped with the norm (2.2) is a B-space. Let F' € ffg)b (S)
and f1; fo € F. Consequently, f; — fo € Wgﬂ (2) = I'sfi = Isfo. Accept I'sF =
I'sf, f € F.From the above, it follows that this definition of I'sF, is well-defined for

every F' € ﬁ;’; (S). Moreover, it is evident that I : ﬁ;’; (S) — W ().

The following statement is true.

Statement 2.2 ([16]) The space Wg; (S) equipped with the norm (2.1) is a B-space. More-

over, the spaces W (S) and =24 (S) are isometrically isomorphic, and I's € T (S); w (S)

realizes this isomorphism.

In [16] it is also proved the following

Statement 2.3 ([16]) Let S C 2 : S € C™) be some surface. Let Wy (S) be the

corresponding trace space defined by (2.1) and let I's € [W;S‘ (S); Ly (S)} is corre-

sponding trace operator. Then I's € [Wm (2); Wy (S )} and the continuous embedding

p)
Wy (S) C Ly (S) holds.

We also introduce the trace space N (S)=1TI5s (N]Z])1 (Q)) .Since, I's € [Wg)”‘ (2); Wy (S)

and N (£2) is a subspace of Wy (§2), then it is evident that Ny (S) is a subspace of

Wb (). Consequently, I's € [N;S‘ (2); N} (S)} Moreover, since C* (£2) is dense

in N¥ (£2), then it is obvious that I's (C* (£2)) is also dense in Ny (), i.e. for every

¢ € NV (S), there exists {un} C C* (£2), such that I'su, — ¢, n — 0o, in W (S).
Thus it is valid the following

Corollary 2.1 Let all conditions of Statement 2.3 hold and let I's € {ng (£2) ; Wy (S)

be the trace operator. Assume N¥ (S) =TIy (N;’)“ (Q)) Then Np¥ (S) is a subspace of
Wy (S) and I's (C> (£2)) is dense in Ny (9).
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Before moving on to the next section, let us define some function spaces.

By v we denote outward normal to 9f2. Let I' = Iy, € [W;’)L (£2) 5 Ly (89)} be the

trace operator and define

oAl

Acceptalso§l:(sk)l1 c0<s1 << <m—1, speZy, Vk=1,1Let

(L (002))' = Ly (092) x ... x Ly (092).

According to §; define
W (992;8)) = {(gok)ll €L,y (00): Iue WT(Q) = Lyu=gy, k= ﬁ} .

We call WI’;)L (042; §;) the trace space, corresponding to 5.

Analogously to the above, we define the separable trace space NV, (092; §;), correspond-
ing to §;. Let
(Np) ((‘9!2)) ! = Np) (89) X ..o X Np) (89) .

We set
m A l m _
N (90; 3) = {(gok)ll € (N (092)': 3ue NI ()= Lyu=gp, k= 1,1} :

Along with this, we also introduce the trace spaces WY (092; {k}) , Yk =0,m — L.
It is obvious that

!
Wi (092 &) = [\ Wi (092; {sk}) (2.3)
k=1
and moreover, it holds
l
<l mia0. . 2.4
[0 sy = P25 Iorlhgogonn @4)

P)

Analogously to the trace space Wi (092) case, for §; = (s;g)l1 assume

!
H(@k) H " => lorllwm(@rsgsiy »
p k=1
where 2 € R"~! is some bounded domain and
ol sgagy = inf {Hunwsk(m VueWn(2) = Iu= 90} .
According to §;, define the trace operator

Iy = (Is) 10 WH(02) = W7 (052 8).

Sk P

It is valid the following
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Statement 2.4 ([16]) Ler 2 C R" : 902 € C™) be a bounded domain, W} (92 ; ) be

the trace space defined by (2.3) and I 5, be a corresponding trace operator. Then it holds
ﬁgl € [Wg‘ () ; Wy (042, §l)] and moreover, fgl (C* (£2)) is dense in Ny (0925 §)).
Introduce for consideration the following subspace of W (£2'; §;). Denote by NI’]; (2 )

the closure of (C§° (£2')) ' = C§° (') x ... x C§° (') in Wiy (£2'; §). Since, (Cg° (') '

l

N} (82'; &), then it is evident that N, (£2'; ) is also a subspace of Ny (2" §).
We present a result from the monograph [4], which will be used to derive the main result.

Theorem 2.5 ([4]) Let R be a sublinear operator and R € [Ly, (£2)]( [Lp—c, (12)], for
some p € (1,4+00) & g9 € (0,p —1). Then R € Ly, (£2)].

At the end of this subsection, we state a lemma from [9], which will also be needed in
the subsequent discussion.

Lemma 2.2 ([9]) Let {2 C R™ be a bounded domain with sufficiently smooth boundary.
Then for Ne > 0, there exists a constant ¢ = c () > 0, such that

a B8
0%l < 2 [ Ml o

Vo e Z s a<fB, |B] <m, VueWﬁf(Q),

where o < B means o = (aq,...,ap) < B = (B1,...,3n) © ar < B, Vk =1,n, and
a< fea< pa#p.

23 Elliptic equations. Complementing Condition

Let L be a uniformly elliptic operator of order m of the form

L =L(x;0) = Z aq () 0%,

la<m
with real-valued coefficients a, € Lo (§2),1.e. 3 6 > 0, such that
SIE™< ) aa(@)* <5HE™, VEER, ae. x € L.
|a|=m
Assign to L a “tangential operator”
Laf() = Z A (xO) aa7
lal=m

at point xp € {2 and without loss of generality, we assume that the operator L, is elliptic
at the point o (in what follows, this condition is assumed to hold). Denote by .J;, (-) the
fundamental solution of the equation L, = 0 with constant coefficients a (o). The
function J;, () serves as a parametrix for the equation Ly = 0 with a singularity at the
point xg. Let

(Suo) () = ¥ (2) = / Ty (2 — ) 0 () dy,
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and assume
Tyy = Sao (Lzy — L) .

When ¢ = 0 € {2 the operators L,,, S,, and T}, will be denoted by Lg, Sp and T,
respectively.

Regarding the coefficients of the operator L, we assume the following conditions:

Condition (A). i) a, € C (2) , Vo€ Z} : |a| =m;ii) aq € Loo (2) ,Ya € Z7 -
la| < m.

Let us also give the definition of the complementing condition for a BVP associated with
an elliptic equation. Let

L(z;0) =L (z;0) + L" (x;0),
be an elliptic operator of m-th order (m = 21 : [ € N), where
L' (z;0) = Z aq () 0%,
|la|=m

is its principal part and L' (z;€) , £ € R"™, denotes the corresponding characteristic form.
Consider the following equation
Lu = f,

with boundary conditions

where f € L, (2) and @; € L, (812) ,i = 1,1; are given functions. Here B; , i = 1,1;
are boundary differential operators of the form

Byu = Blu+ Blu,i = 1,1,

> bgui=11,

|Bl=m;

is a principal part of B; of m;-th order : 0 < m; < ... < m; < m — 1. We adopt the
following complementing condition.

Condition (B). Let n¢ denote the outer normal at the point { € 02 and let ve # 0
be a vector tangent to 052 at point §&. We require that the polynomials B (&§;ve + T ng) ,

i = 1,1; considered as polynomials in the variable T are linearly independent modulo the

polynomial
l
H T — Tk 1/5

where T]:_ (V);:) (Tk_ (v¢)) are the roots of the polynomial L' (§; ve + T ng) with the positive
(negative) imaginary parts.

Accept
l m
o) =1 - @) = 2o )t
k=1 k=0

In other words, let for a given £ € R"~! : ¢ #£ 0, the polynomial

where

l
T) = Z bik (&) k=1 = B; (&) (modM+) ,
k=1
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is a remainder obtained from dividing B; (§;7) by M (¢;7) ( where Bj and M as a
polynomials regarding 7). Then the complementing condition means that

d (&) = det (b, (€))4_y #0, VEE R EH£0.

Denote

A= min | (§)]- 2.5)

If the complementing condition holds, then A > 0.

24 On solvability of BVP for Elliptic Equation with Constant Coefficients

Consider the following elliptic operator with constant coefficients

Lou = Z agaau,

la)l=m

and boundary operators

Z bo O%ui=1,1; 0<my <..<my<m-—1,

la|=m;

with constant coefficients {bg;i}. Let 2 ¢ R™ ! be some bounded domain and 7' €
(0, +00) be some number. Assume 2 = ' x (0,7) C R™ and for every point P =
(;t) € 2 : x € 2 &t € (0,T), define the distance |P| = /|z|* + 12, |z| =
2?2+ ...+ 22_,, where z = (x1,...,2n—1). Let (¢; Le (L, (0 lbe iven functions
1 n—1 1 ) g
and consider the following BVP

Lou =0,
bgu:cpi, i 1,l.} (2.6)

By the solution of the BVP (2.6), we mean the function u € N™ ({2), for which )u =

_ p)
wi, t=1,1,and itholds (Lou) (P) =0, a.e. P € 2.
In [16] it is proved the following

Theorem 2.6 ([16]) Let (gok) c Wy (£2';8)), 1 < p < +00, and assume that the system

of operators {Lg, st =1, l} satisfies Condition (B). Let {K; (-;-)},_17 be the corre-
sponding Poisson’s kernels for the BVP (2.6) . Then the function

! !
i=1 7 z:l

is a solution of the BVP (2.6) in W (12).
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3 Main results

Let {2 ¢ R" ! be a bounded domain with sufficiently smooth boundary 9¢2'. We will

sometimes use the notation P = (2';x,), where 2’ € 2 and z,, € (0,7). Let §; =

(Sk)l1 € Zﬂr ;0 0<s1 <89 <..<s <m— 1. Consider the following BVP
L(P;0)u(P) = f(P), Pe®, G3.1)
Bj (§0)u(§) =w; (&), j=11, (3.2)

for an m-th order elliptic operator ( where m is even & [ = % )

L(50) u()=L(59)u(-)+L"(59)u(),

where

Lou()= > ag()0%u(); L () u()= Y ag()0%u().

|8]=m |8]<m—1
The boundary operators have the form
Bj(50)u(-) =B (50)u(-) + Bj (50)u(-),
where

By (50)u()= > bay ()0™u(-) 5 BY( = 3 bay ()0%u().

|or|=s; | <55

Assume that these operators satisfy the following conditions.
(i) Condition on L. The operator L is uniformly elliptic on (2, i.e. 30 € (0, 1] such that

5 €™ < | (Ps€)| <87Vel™, ¥P € 2 VE € R™.

Moreover, in the case n = 2, assume that for every point P = (£;0) € ' with{ € R :
€ # 0, exactly half of the roots of the polynomial L' (P; &, 7) with 7 € C lie in the upper
part of the complex plane.

(ii) Complementing condition of boundary operators with respect to the operator L.
For every point P* = (2*;0) € (2’ the system with constant coefficients, consisting of the
elliptic operator L' (P*; Q) and the boundary operators B} (P*;0), j = 1,1, satisfies the
complementing Condition (B) uniformly on P* € (2. Specifically, if Ap+ is a constant from
relation (2.5) then Ap- > A > 0, for some fixed A.

(iti) Condition on coefficients. Regarding the coefficients of the operators L and (Bj)ll,
we will assume that the following conditions hold:

@) ag € C(2) and by j € C ('), for VB : |B] = m&Va : |a| = 55,5 = 1,1;

B)ag € Lo (2), VB :|B] < m; &bajELoo (Q’),Va: la| <sj,7=1,L.

(iv) Condition on 012.We say that 952 € C(™ zf 012 can be covered by a finite number
(n-dimensional) of neighborhoods U; such that each U; (N 2 can be bijectively mapped onto
Brf_ in R™ using the mapping T;, which, together with its inverse has bounded derivatives up
to order m. With this mapping, U; (| 02 will be mapped onto the flat part of the boundary
of 83;*; . Moreover, regarding the equation and boundary conditions, we assume that the
operator L is uniformly elliptic and that for each of the mapping T;, the problem (3.1), (3.2)
transforms into the problem (3.17), (3.18) for BJr

To establish a Schauder-type estimate for the BVP (3.1), (3.2), we divide it into three
parts.
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31 The constant coefficient case

Consider the following elliptic operator
Lou = Z agaau,
|a|=m

and boundary conditions

Wu = Z bg;iaau, =105 0<s1<...<s5<m—1,

loo|=s;

with constant coefficients. The following theorem is true.

Theorem 3.1 Let the system of operators {Lo; b(;», j=1,1 } satisfy the ellipticity and com-

plementing conditions (i) and (ii). Let f € Ly (B) and (gpk)ll ewy (B;8),1<p<
~+o¢. Then the BVP

(Lou) (P) = f(P), PeBS

(Wu) (©) =i (©), j =TT €€ B, (3:3)
suppu C B,

has a unique solution u € W]?; (B;F) and the following estimate holds for the solution

< N .
lellye () < € (nfuLp)(Bm +een, (Bm)> , (34

where the constant C' > 0 is independent of the right-hand side of (3.3).

Proof. First, let’s prove the uniqueness of the solution of the BVP (3.3). Let gy € (0,p — 1)
be any fixed number. It is evident that f € L, __ (B,") and (cpj)ll € Wy, (By; 1), where
W), (By; 8) is the trace space corresponding to the surface S = B, C dB;" with re-
spect to the Sobolev space W | (B;}). From the continuous embedding Wg)‘ (Bf) C
W, ., (B)F) it follows that u is also a solution of the BVP (3.3) in the space W, . (B,}).
Since, supp « C B, then it is obvious that the function

_ u(z), z € B,
HE =0 U RB

is a solution of the following BVP
(Loa) (P) = f(P), Pe€RL,
(Wa) (€)= (©), ¢ R, j=T1, (3.5)

suppu is compact in R,

in W™ (R’}r), where

b—¢o
3 _ f(P),PGB;,"_, ~ _ 90(5)75637,"7

From Theorem 14.1° ~of the work [2] ( see, p.127) it follows that the BVP (3.5) has a unique
solution. In fact, let f = ¢ = 0. Then, from this theorem, it follows that 0%u = 0, Vo €
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Z% : |a] = m. Consequently, @ is a polynomial of order < m — 1. Since, % has compact
support, it is evident that & = 0. Thus, the uniqueness of the solution of the BVP (3.3) is
proved.

Let’s prove the validity of the estimate (3.4) for the solution. Denote by Jp (-) the fun-
damental solution of the equation Lou = 0 and assume

P@)= [ D-pFwad.

As established in works [8,9] the function 1) (-) belongs to the space W (B;) and for the

m-th order derivatives of ¢ () the following relation holds

0% (z) = % Jo (x —y) f (y)dy + Cof (z), ae. z€ Bf, Yae€Z:|a|=m,

f (3.6)
where C,, is a constant independent of f. Since, 0% Jy (-) for all « € Z7 : |af = m,
is a Calderon-Zygmund kernel ( see, e.g., [1]) and a singular integral operator with a
Calderon-Zygmund kernel is bounded in L, (Bf), 1 < p < 400 (see, e.g., the mono-

graphs [19,20]), it follows from the expression (3.6) that v € W} (B;)). Assume 9; () =
(b?z?) (€), €€ Ry_1,j=1,1. We have

LoY = f = (LY) () = f (x), ae z€ BT,

(509) (©) = vy (©). €€ Bl j=TL

Consider the function w (z) = 9 (z) — u (z), € B;. Then, regarding the function w ()

we obtain
(Lw) (z) =0, a.e. x€ B,

- (3.7)
(1990) (©) =05 (©) — 5 (), €€ Bl j=T,1

Let K (z;t), j = 1,1; be the Poisson kernels corresponding to the BVP (3.7) ( see,
the monograph [2], § 2, p.25). Then, by Theorem 3.1 of the work [16], the solution of the
BVP (3.7) in W, I (B;}) has the form

l
w (1) = Z /B K 60) (05(6) — 93 €)

and consequently

Ou(z) = 0%0 () + Y [ 0K (x—&t) (U (€) — 9 () dé, z€ B, (3.8)
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Since, 0%Jy (+) foralla € Z7 : |a| = m, is a Calderon-Zygmund kernel, then from (3.6)
we obtain

HaaﬁHLp)(B;r) <C HfHLp)(B;f) J

where C' > 0 is a constant independent of f. Applying Theorem 3.1 of the work [16]
(estimate (3.16)) to the integral part of the expression (3.8), we obtain

l

||6au||Lp)(Bj) <C Hf”Lp)(BT*) =+ Zl H¢j - SOjHWI;V;(B;;{Sj})
]:

l l
<C Ml 5ty + D eillwm sysgs,) | + cy. 15l (g5, - (3.9)
j=1 j=1

Let’s estimate the last term on the right-hand side of this inequality. We have

15l (By:gs,7) = Hb?ﬁ”W;";(B;;{sm <C 2. 1950w 515153

lor|=s;

<C Y Hf)aﬁHngsgv(Br) < Clolwm sty < Clf L, (5r) -

lo|=s;

where C' > 0 is a constant independent of f. Taking this estimate into account in (3.9) we
conclude the proof.
Theorem is proved.

32 Semisphere domain case

Using the above results, let’s establish an a priori estimate for the solution of the BVP
regarding the semisphere. We follow the scheme from the work [1]. Consider the BVP
(3.1), (3.2) in the case when 2 = B and suppu C B, for some r > 0. Denote by

L' (0;0) u(P) and B} (0;0) u (¢';0), j = 1,1; the following operators
L' (0:0)u(P) = X5 a5 (0)0u (P), P € Bf,

B} (0;0) u(2';0) = 2 la|=s, baij (0) 0%u (2;0), j=1,1;

(;0) e B, ={a/ e R"" 1 |2/| <r}.
Now, represent the BVP (3.1), (3.2) in the form
L (0:0)u(P) = f (P) + (L' (0:0) — L' (P;9)) u(P)
~L"(P;0)u(P)=F(P), Pc B/; (3.10)

and
B’ (0;0) u (2/50) = ¢j (2') + (B; (0;0) — B; (2';0)) u (2';0)

—Bj (2;0) u (2/;0) = ®; («), j=1,1; 2’ € B,. G.1D

Let’s estimate the HF”L,,)(BT*) and ||®; HW;,)L(BL;{SJ}). We have

I(E"(030) = L' (P;9) w(P)|| ()
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< |,18r|1§X llag (0) — ag (P)”Loo(Bj) HUHW;';(B,T) =o(r) HUHW;’;(Bj) :

HL// (P; 8) u(P)HLm(Bi) < C HuHngl(B;r) , (3.12)

where the constant C' > 0 is independent of w.
Also, taking into account the definition of the norm in Wp) (BL; ;) for the boundary

conditions, we obtain

1(B5(030) = Bj (@' )@’ 0) [y 1,13

= mj’;j [asj (0) = bas; (I',)HLOO(B;) u(x/;O)HWS(B;;{Sj})

o(r) ||85"u(93)llwn)» ey S 00l )

B! (2';0) u (2';0 < CYales: 10U (@50) || ym g s,
ACRICID) M o LT .

< CZ|a\<s]~ [0%u (2 )HW”)L I (Bf) <C HUHWZZ’;”(B;F) ’
p

where the constant C' > 0 is independent of w.
Now, let’s apply Theorem 3.1 to the BVP (3.10), (3.11). By this theorem, we have that
there exists a constant C' > 0, such that

< . .
sy <€ (1Pl [0 ) 00
Taking into account the expressions (3.10), (3.11) and the estimates (3.12), (3.13) for
F;(®;)Y, we obtain

11y, () < 1f1L, () + | ©:0) = ' (Pi0) w(P)| (509
1 POy u Py, 5y < 1Ly () + 00 Nl ey + € Nllyms (55
H( i H (e HW")‘(Bé;ﬁl)
l
H ((B' (0;0) — B («; a)) (x';()))

Hiwm (Byss)

Aol . <l
+0 (1) [[ullyym () + C ||u||v’;$_1(3¢) .

e

Wy (Brd1)
As a result, from (3.14) it follows

el 5 < © <||f||Lp>(B¢> o (2 m)

+o (7“) HUHW;')L(Bj) +C HUHW;;LA(B:r) . (3.15)

Let € > 0 be an arbitrary number. By Lemma 2.1, there exists a constant C = C; > 0,
such that

m— < m C .
||UHWP> I(Bf) =€ HUHWP) (Bf) + ||“||Lp>(3j)
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Let ro > 0 and € > 0 be sufficiently small such that the following inequality holds

Taking these relations into account in (3.15) we obtain

< ) . :
el sy < € (nfuLp)(B;) a1 uuan(Bj)) (3.16)

Thus, the following theorem is true.

Theorem 3.2 Let the system of operators {L (:0);Bj(0), j= m} satisfy the con-
ditions (i)- (iii) regarding the semisphere B;". Then, Irg; C > 0, such that for the solution
u (") =Wy (BF) : suppu C B, of the following BVP

L(P;d)u(P)=f(P), PeB, (3.17)

B (&) u(&) =9 (&), £€B,, j=1,, (3.18)

it holds the estimate

N/
lellye sy < © (nfan)(Bﬂ (201 I uuup)(m)) ,

p)

for¥r e (0,rp) .

33 General Case

Now, consider the general case of a bounded domain {2 C R™. Before moving on to the
next presentation, let’s prove the following lemma, which is essential for proving the main
theorem.

Lemma 3.1 Let the function ) be defined on 0f2 and assume that suppp C v C 0f2.
Suppose there exists a neighborhood (n-dimensional) U of ~ such that we can bijectively

map the set U (2 onto the closure of the semisphere B, using a mapping T, so that
T (1) = B., where 7 = U\ 0f2. Moreover, T and its inverse T are continuously
differentiable up to order m. Let ¢ (z) = ¢ (T~ (2';0)), 2’ € B. Then, there exists a
constant § > 0, independent of 1) (but depending on the distance p (vy; OU) ) such that

-1 .
0 ||¢||W;;(T;{j}) < H@HW;;(B;;{]'}) <0 ||¢||W$(T;{j}) , Vi=0,m-1
Proof. The proof is carried out in exactly the same way as in the work [2] ( see, p. 126,

Lemma 14.2). Let I, € [W;; () ;W (7 da)] and I, € [W;; (Bf): W (B;;da)}

be trace operators. For ¢ € W (Bl;{j}) take ¥ € Wy (Bf): I'p¥ = o, such that

1w 54y < 2lelwm sy -

Letw € C*(B) : w/py) = 1and suppw C BF. Setu = T (wd). It is evident that
suppu C B; and (I+9) /4 = 1. By the assumption on 7', we have

< = —
lulhs ) < C Wl () Vi =0 =1,
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where C' > 0 is independent of ¥; u (but depends on p (v; OU) ). We have
H’l/}HW;V)L(T;{j}) < Hu”ws'—j(U) <C H'ﬂng—f(B;r) <C H@HWS(Bg;{j})'
By the same reasoning, it is proved that there exists 3C > 0 such that
lellwm s < C 1 lwm gy -
Lemma is proved.
Now, let’s prove the following main theorem.
Theorem 3.3 Let 2 C R"™ be a bounded domain with boundary 82 € C™ and let

the elliptic operator L (P;0) and the boundary operators B (P;0), j = 1,1; satisfy the
conditions (i)-(iv). Then there exists a constant C > 0 such that

l m
lllyrs ) < € (umuw B, \uHL,,)(Q)) | Vu e WH(2).

W

Proof. Taking into account condition (iv) on the boundary 02, we assume that Zﬁc:l W =
1 is a partition of unity in {2, where the functions {wk}ll have the following properties. Each
wg, k = 1,1, is infinitely differentiable and if suppwy ¢ (2, then suppwy C Uy, for
some neighborhood from (iv). Moreover, we assume that 77, (suppwy) C B,fg forrg > 0
from Theorem 3.2.

Now, consider the case when suppwy ¢ (2. By assumption suppw C B,J,B, where
wé: g}(k) o wg. Set ¥ = Tjyu. From the conditions on T, it directly follows that
30 > 0:

< <! = ) )
4 ||LU19HW§>(B%) > HwkuHWZf)(Ui(k.)) <4 ||OJU||W§)(B%) , Vk=1,m (3.19)

Let’s denote by L and Bj, 4 = 1,1; the images of the operators L and B, j=1,1,
under the mapping T; ), respectively . Then, according to Theorem 3.2, we have

Bl (55, < C (HE @, g+ B ) bl )

(3.20)

LP) (

Taking into account the expression of the operator L, we obtain

L(u)= ) aa(z)d; (u(x)) / 2=0(y)

la|<m

WS(B;O;@

=3 aa @@ @WO@) = daly) 000 (y),

lo|<m lo|<m

where a,, (y) = aq (0 (y)), for Vo : || = m. The other coefficients a,, (), for Vo : |a| <
m, are expressed through the coefficients aq (6 (+)) and it holds that a, € Lo (Byh).
Consequently, for ¢ > 1 itis true

/ rLu<x>|de::c=e<y>|:/
Uik) B,

Lo (y)|" [det (3)] dy,
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where |det 6’ ()] is the Jacobian of 6 (). From here, it directly follows that 36 > 0:

OLulL, () < HD?‘ Yu € W (Uiw)

< -1
<94 ”LUHWP)(UM))

Lyp) (B%)
Analogously, we establish
< .
[z, () < constllully, ()

From (3.19) and (3.20), we obtain

<
”wkuHWS(Ui(k)) <

< B; (wd)), H . 21
= (HL Rl w0) + Il ) + |35 o W;’;‘(Béo;éz)> oy
Let’s estimate the term HB] (wﬁ)ll H . Set ¢ = Bj (w9) &p; = Bj (wiu).
Wi (810
Then, by the definition of the trace we have that 34 € W7 (Uitry) &30 € Wy (B;}), such

that I, 0 = gbj&FB;Oﬁ = ﬁj, where 7; = Uy, (1042 and I7; FBLO are the corresponding
trace operators. Applying Lemma 3.1 we have

B (w? H < C||B; (wru o ,
B @0, oy = Vs Gl
where 7 = Z;zkl)(B;O) C 0f2. It is easy to see that ( see, also [2], p. 135)
Bj (wku) = wgp; + Z Cj;g;aaﬁwkaau,
|Bl+|al<s;
|al<s;

where Cj.5., € C" ™% (Ui(k)). Consequently

Z Cj;g;aaﬁwkao‘u

Bl +|al<s;
o< W (ri{s;})
< Z Cj;g;aaﬁwkaau <C ||u||W$71(Ui(k)) .
18]+ <s;
lor|<s; W:;—Sj Uiy

Let9; € Wg)"” (Ui(k))’ such that I9; = ¢; and

1950 0y < 2103 -
Then we have

. < : m—s. < i m—s; < j m .
||wk(70JHW;Y)7‘(T;{Sj}) > ||Wk19]‘|wp> I (Uiry) = ¢ ||19J”Wp> I(Uiry) = CHSOJ”Wp) (ri{s; 1)
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Taking these relations into account in (3.21), we finally obtain

m < L
ot uy0) < € (I @l ) + ol (1)

Y/
+ H(%)lHW;@(nél) + HUHW;SL_I(UZ'(IC))) '
On the other hand, we have

L(wpu) = wpL (W) + Y da () 0%y,

|o|<m—1

where G, € Lo (£2), Va:|a] < m — 1. From this, it directly follows that

< m— .
12 Gl ) < € (1701, ) *+ Tl )
By Lemma 2.1 for Ve > 0, there exists C' = C; > 0 such that
m— < m .
HUHWP) YUiwy) =€ Hu”Wp) wiky +C HUHLP)(UZ-(;C))
Therefore
W;;(aﬂ;éz)> ‘
(3.22)

So, if suppwg ¢ {2, then the estimate (3.22) holds. On the other hand, for {2, =
supp wi C §2 by the results of the work [9], the interior Schauder-type estimates hold

l
nwwmmwmsc(m&mm+dwmwm+mmwm+wwm1

lullwrs oy < € (1612, () + lull, () -

It is evident that

HWkUHW;’)l(Qk) < Cllullym ) »

for some C' > 0. Taking these relations into account, we have

ey = O [Sharerr,,, o < Shet lontllpay

W@
l
sc<wuwm+dwmﬁm+wwwuwmw+hmwm>
Taking £ > 0 sufficiently small such that C'e < %, we obtain

l
m < ] .
Wwwm—ooﬂ%m+w%wmwmy”W%M>

Theorem is proved.
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