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Abstract. In this paper, we study some embeddings into the total Morrey-Guliyev spaces
Ly (RE 4, (x')Vdx) associated with Laplace-Bessel operator on R}; ;. These spaces generalize the
Morrey space associated with the Laplace-Bessel operator on Ry | so that L, y(Ry ,, (x')Vdz) =
Lo axaRE 4 (2')7dz) and the modified Morrey spaces associated with the Laplace-Bessel operator on

P sothat Ly \(RY , (2)7dz) = Ly x o(RE 1, (') da).
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1 Introduction

Lety; >0,...,7 > 0and

n 82 k Za

be the Laplace-Bessel differential operator defined by setting, for suitable functions f and
reRE ..

Morrey spaces, introduced by Morrey [21], play an important role in the regularity the-
ory of PDE, including heat equations and Navier-Stokes equations. In harmonic analysis,
Morrey spaces are crucial for analyzing the behavior of integral operators and providing
conditions for the global existence of solutions to nonlinear PDEs, such as the Schrodinger
equation. The total Morrey-Guliyev spaces L, » ,(R"), introduced by Guliyev [8], extend
the Morrey space L, »(R™) by including the second parameter ., which can be seen as the
intermediate spaces between Lebesgue spaces and Morrey spaces. The norm in these spaces
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2 Embedding of total Morrey-Guliyev spaces associated with Laplace-Bessel operator

is defined by a combination of the norms of L, y(R") and L,, ,(R™), which allows a wider
range of behavior. Let 0 < p < oo, A € R, u € R, [t|; = min{1,¢}, ¢ > 0. The total
Morrey-Guliyev spaces Ly, » ,,(R™) are the set of all locally integrable functions f with the
finite (quasi-)norm

_A ©
1Ly, = sup [ty " /7 [1fllL, (B,
zER™, >0

where B(z,t) denotes the ball centered at x with radius ¢ > 0. Here the norm in the case
p < Xis equal to the maximum of the norms of L, y(R™) and L, ,(R"). Total Morrey-
Guliyev spaces can be viewed as generalizations of both classical and modified Morrey
spaces. In particular, the case where A =  corresponds to classical Morrey space, and the
case where 1 = 0 corresponds to modified Morrey space L,, A(R™), see [1,2,5-7,9-20,
22-24].

Suppose that R” is n-dimensional Euclidean space, z = (z1,...,2,) € R”, |z|> =
S 22,12 = (w1,...,2%) € R*, 2" = (zpi1,...,2n) € RF o = (2/,2") € R",
n>2RE, = {r = (@,2") e R 2y >0,...,2 >0}, 1 <k <n, E(x,r) =
{y e RE, |l —yl <r}h B, = EQOr),y = (v,--5%), 11 > 0,y > 0,

W=yt o @) =] ka-
For measurable E C R}, suppose |E|, = [p(z')Vd, then |E,|, = w(n,k ,Y)rQ
Q = n + ||, where

n—k 2+l
wn k) = [ @ye =T ﬁrg%>

=1 2

The paper is organized as follows. In Section 2, we present some definitions and auxil-
iary results. In Section 3, we give some embeddings into the total Morrey-Guliyev spaces
Ly u(RE , (2')7dx) associated with Laplace-Bessel operator on R

2 Preliminaries in the Laplace-Bessel setting on R}’ |

Definition 2.1 Let L,(R}. ,, (2')7dx) be the space of measurable functions on Ry, | with
finite norm

1/p
\vmpky)w@:</n\<>w Vm) S 1<p<w.

R+

For p = oo the space L(XW(RQ ) is defined by means of the usual modification

170ty ) = 55 sup @)1

z€RY |

Let 1 < p < oo. We denote by W Ly(Ry, |, (2')7dz) the weak L,(R}. , ()Ydx) space

defined as the set of locally integrable functions f(x), x € Ry; , with the finite norms

@yds) =sup 7 |{z R, [f(x)] > T}‘i/p'

[ fllwr,®
>0

n
k4
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Definition 2.2 Let 0 < p < oo, \,u € R, [t]y = min{l,t}, t > 0. We denote by
L, ML(RZL 4, (@")7dx) the total Morrey space (= total B-Morrey space), associated with

the Laplace-Bessel differential operator as the set of locally integrable functions f(z),
x € Ry ., with the finite norm

xGRZ Lt

1/p
_2 I3
1Ly rp®E , (ayde) = sup. [tly " [1/t)7 (/ |f(y)IP (y/)fydy> :
’ >0 E(z,t)
We denote by W Ly » (R}, (2)dx) the weak total B-Morrey space the set of all
classes of locally integrable functlons [ with the finite norm

1/p
_A

f n (@)rde) = Sup " [1/t]{ supr / y')dy .

Wlwry s oyam = sup Uy 1/1]¢ >0 {yGE(x7t):|f(y)\P>r}( )

Tyt
We note that
LP >\( Z—i—a( ,)’ydl‘) Cw WLp)\( Z+, (SU/)’Yd$) and

I llwe, @y, @yrde) < I llL, a@®p |, @)vda)-

RE+>

Let us note that if A = p, then Ly \ (R} ) = Ly u(Ry |, (2)dx) is the Morrey
space associated with Laplace-Bessel operator on R} ., WLy, (RY ) =
W Lpu(Ry ., (2")7dx) is the weak Morrey space associated with Laplace-Bessel oper-
ator on Ry |, see [3,4,7] and if 11 = 0, then Ep,\W(RZJr) = Ly (20~ (RE ) is the mod-
ified Morrey space associated with Laplace-Bessel operator on R}’ o sz, Ay (R +) =
W Ly, (x,0),4(R} ) is the weak modified Morrey space associated with Laplace-Bessel op-
erator on RZ 4 see [7].

We note that

LP,O,’Y( Z,Jr) = LP( Z,Jra (.I‘I)Wd.%'),

andif A <0or A > Q, then L, \ ,(R} ,) = ©.
Note that

Ly 00y~ (RE 1) = Lpo(RE ) = Lyon(RE ) = Ly(RE ., (') dz),
WLy 0,0)(RE 1) = WLpo(Ry ) = WLyo,(RE ) = WL,(R} 4, (z')Vdx),

L p,(AA), 'y(RZ +) = Lp,)x W(RZ +) Lp,(A,O),W(Rk:,-i-) = Lp,)\,'y(Rk,+)a
I lwryp @y @ydey S W llL, 0 ®e  @)vde) therefore

L}L/\,u( k,+>( )’de) C WLp,)x,M( k,+> (.%'/)vdl')

and

Lp,)\,u(RZ7+, (m’)vdx) Cx Lp,/\,v(Rz7+)a n< A and HfHLp,A,—y < ||f||Lp,A,M(R27+,(z’)7dz)7
2.1
Lp,)x,u(RZ,—i-v ( ) diL') pu’y( ) 0= < Xand ||f”Lpp.'y >~ HfHLpAu ,(ac’)'de)a
N 2.2)
and if~)\ < Oor A > @, then Ly, o(RE ) = Lpxy(Ry,) = WLy, (RE )
= WLy (R} ) = 6, where © = O(R], ) is the set of all functions equivalent to 0
on Ry



4 Embedding of total Morrey-Guliyev spaces associated with Laplace-Bessel operator

Lemma 2.1 If0<p<ooand0 < pu <\ <Q, then

Lpxu( Z,+7 (')Vdx) = Lpany(Ri ) N Lp (R 1)

and
1ALy n ey oy = 000X {2y 1Ly}

Proof. Let [ € LPA,M(RZ,JF,(:L")'de) and 0 < p < X < Q. Then from (2.1) and
(2.2) we have that f € Ly (R} ;) N Ly~ (R} ) and max {HfHLp,M, 1fllzy,.s} <

||f|’Lp,)\7#(RZ7+,(x’)7dx)~
Now let f € Ly x (R} ,) N Ly, (RE ). Then

1/p
_A y
1By i) = sup [f)y ” [1/8)7 ( /E ( t)\f(y)\ﬁ(y’ﬁdy>

ZE€RY  t>0
1/p

= max{ sup <t_A/ |f(y)P (y’)de> )
z€RY | 0<t<1 E(z,t)

‘DERZ,+7

1/p
su t_“/ P (y)d < max , )
o G N ECR ANy I N2y}

Therefore, f € Ly x (R} |,

Lp,/\,v(RZ,Jr) N Lp#n(RZ,Jr) Cw Lp,/\,u(RZ,Jrv (ml)ydm’)

(2')7dx) and the embedding

18 valid.
Thus

Lp«\,u(RZva (z')dx) = Lp«\n/(RZ,Jr) N Lp,u,v(RZ,Jr)

and
max { [l L, nqs 1| 2pr } = Wy s Ry @y van)-

Corollary 2.1 If0 < p <00, 0 <A < Q, then

Lp,/\,v(RZ,Jr) = Lp,/\ry(RZ,Jr) N LP(RZHN <$/)7d37)
and
171z, = max {1 ey rs 11y oy, oryran) | -
Lemma 2.2 If0<p<ooand 0 < pu <\ <Q, then
WLP,/\M( 11?:,+’ (xl)vdx) = WLp«\ﬂ( Z+) N WLP,/M( 11?;+)

and
1AW Ly (RE  (2)1da) = maX{HfHWLp,)\(Rz#,(z’)"fdw)7 ||f||WLp,H(R2’+,(:v’)7da;)} :
Lemma23 If0<p <00, 0< <A <Qand0 <y <o <Q, then

Lpasgn (R 45 (2)d2) Co Lp g pus (RY 4, (2) d)

and

1Ny gy @ @rydz) < NNy, 0 RE L (@) rdo)-
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Proof. Let f € Ly, 4y (R} |, (2')7d2), 0 <p < 00,0 <A <A <Q,0< 1y < pp <
Q. Then

1/p
_ A1—A2p—A1 D (0/\Y
i = mas{sup (2o [ o)

vERY , 0<t<1

o (e [P @)} < Uy

IERZ_H >

Lemma24 I[f0<p <00, 0< A< Qand0 < pu<Q, then
Lp@u(R 4, (2)7dz) Cp Loo(RE ) Cr Ly (R 4, (27)dx)
and

1F N Lpr o®r , @yrdn) < @ ks DY flloon ) < IFIlLy o e

P (@)da)-

Proof. Let f € Loo(R} ). Thenforallz € R} and 0 <t <1

1/p
(tA /E( ) !f(y)lp(y/)my> < (k)7 ey ) 0S A< Q

and for all x € RZ# andt > 1

1/p
(t_Q/ !f(y)!p(z/)”dy> < w(n, k)P fll o -
E(x,t)

Therefore f € L, x o(R}

ri» (2')7dx) and

”fHLp’)\’Q(R" (z")Vdx) S W(TL, kary)l/prHLoo(RZ"F)'

kot

Let f € Ly qu(R} ,, (2')7dz). By the Lebesgue’s Theorem we have

fin £l [Py = 1@ aes R,
t—0 E(z,t)

Then fora.e. x € RZHF

1/p
@) = (i B0k [ 1@l dy
t—0 E(z,t)
1/p
sty s (09 [ p)P)ay
zeR} ,, 0<t<1 E(z,t)
w(n, k,v)~ /prHLpQN(RH,( Yrda)-
Therefore f € Loo(R} ;) and
Loy ) < w(n k)P F Il o (RY, (2/)7da)-
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Corollary 2.2 If0 < p < o0, then

Lyo(R}, 4. (2')'dz) = Lyq(Rf ., (2')dx) = Loo(RY. 1)

and

1z, 0@y @ya) = 17, wr . @ryrdn) = w(n, k,y)'/" Il 2oy ,)-

ko
Lemma2S5 If0< A< Q0< u<@Q0<a<@Q—-Axand0 < B < Q — u, then for
Q=X <p< ngﬂ

o Sp<

Lpu(RE 1, (2')dz) Cr L1 g-a,-sRE 1, (2)"dx)

and for f € Ly » (R}

iy (@')Vdx) the following inequality

1110 ao-s®p (@) ds) < w(n, k,y)P 1Ly r @Y (2y7da)

is valid, where 1/p+1/p' = 1.

Proof. Let0 < a < Q,0< A< Q, f € Lp,A,u(Rz,_;_? (')7dx) and % <p< % By
the Holder’s inequality we have

Ly o ao-p., = SUD t“_Qth_B/ FW)I(Y') dy
1ALy 0—a0—p) s z€g7t>0[]1 [1/t]; E(m)\ W)y

1/p
< sup [0 [/P7° ( /E ( t)uf(y)r)p(y'wy> Bz, 1))/

z€G,t>0

—Q/p [ ]a—@ Q-4

< w(n, k)Y sup (it ty 7 [/t !

z€eG,t>0

1/p
X ([ﬂIA [1/t]iL/E( t)lf(y)\p(y’)”dy)

Q—pu _Q=2
/ _ ,5 (6%
< w(n,k,y)'P HfIIL,,,A,Migg([tht Do

Note that

Lp_pg -2 _Qa Q-
sup ([t]l t_l) v P [t](ll Po= max{ sup t% " » ,Suptﬁ - } < 0
>0 0<t<1 t>1
QoA @n

o B

Therefore f € L1,g—a,q-s(R} ,, (2')7dz) and

”f”LLQ_Q,Q_,;(RQ&,(x/)vda;) < w(n, kﬁ)l/p HfHLp’)\’u(RZ’_'_,(g;/)de;)-

From Lemma 2.5 we get the following
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Corollary 2.3 If0 < p <A< Q,0< a < Q — \ thenfor &2 < p < &t
LP,A,u(Rzﬁra (x’)”dx) Cx Ll,Qfa(RZ,Jr’ (ﬁl)vdﬂﬁ)

and for f € Ly \ (R} |, (2')Vdz) the following inequality

11z g a®y , (@)rde) < w(n, k)P 1Ly r @ (2yda)

is valid.

Corollary 2.4 If0 < A< Qand 0 < o < Q — A, then forp = Q=2

Ly (R 4, (2')7dz) C L1,g-af Tt (2')Vdz) and
1o a®y , (@) rde) < w(n, ke, y)'/P 11z, 0y, 2y da)-

Corollary 2.5 [f0 < A < Qand 0 < a < Q — A, thenfor &2 <p< ¥

Lya(RE ., (2')de) C Lig-a(RE . («/)dz) and
|

Remark 2.1 It should be noted that in the case n = k = 1 lemmas 2.1, 2.2, 2.3, 2.4 and
2.5 were proved in the paper [22].

ey g a®y , (@)yrdzy < w(n, k)P Az, s e | (oryvda)-
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