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Abstract. In this paper we find the sufficient conditions on (1, ..., ¥m, ¢) wWhich ensures the bound-
—

edness of the commutators of (p, p)-admissible multilinear singular integral operators 7,2 from product

generalized local Morrey space LMéf, 20}1 X ... X LMI;{:?;,” to generalized local Morrey space LMI;{Z})} .
—

In all cases the conditions for the boundedness of 7,8 are given in terms of Zygmund-type integral in-
equalities on (o1, . . ., om, ©), Which do not require any assumption on monotonicity of 1, ..., om, @ in
.
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1 Introduction

The multilinear theory has been well developed in the past twenty years. Multilinear
Calderén-Zygmund theory is a natural generalization of the linear case. The initial work on
the class of multilinear Calderén-Zygmund operators was done by Coifman and Meyer in
[8] and was later systematically studied by Grafakos and Torres in [16,17].

The classical Morrey spaces, introduced by Morrey [41] in 1938, have been studied
intensively by various authors and together with Lebesgue spaces play an important role
in the theory of partial differential equations. Although such spaces allow to describe local
properties of functions better than Lebesgue spaces, they have some unpleasant issues. It is
well known that Morrey spaces are non separable and that the usual classes of nice functions
are not dense in such spaces. Moreover, various Morrey spaces are defined in the process
of study. Guliyev, Mizuhara and Nakai [19,40,42] introduced generalized Morrey spaces
M, ,(R™) (see, also [1,2,13,20,21,30,44]).

Let R™ be the n-dimensional Euclidean space, and let (R™)™ = R™ x ... x R" be

the m-fold product space (m € N). We denote by ? the m-tuple (f1, f2,..., fm), 7 —
(y1,...,yn) and d? = dy; - - - dyn.
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2 Commutators of (p, p)-admissible multilinear singular integral operators in . ..

Let 7 € Lé"f(R") X ... X Lé‘:s (R™). The multi-sublinear maximal operator M,, is
defined by

My (@) = supH ‘B o )l

B(z,r)

In [17] Grafakos and Torres studied the multilinear Calderén-Zygmund operator which
can be written for = ¢ ML supp fj as

Km(7)(x) = /(Rn)m K(z,y1,- s ym) f1(y1) - - frn(ym) dyrdyz . . . dym,

where K (x,y1,...,ym) is the kernel function defined of the diagonal x = y; = ...y, =
n (R™)™ ! satisfying

m
—mn
‘K(yanlw"aym”SCl(Z ’yk_yl|> )
k,1=0
and whenever 2|y; — y}| < 3 omax 1y; — Ykl
leyj - y§|E

’K(y077yj77ym)_K(y077y;77ym)’§ m mnte’
(kz |yk—yl\)
~0

)

for some € > 0 and all 0 < 5 < m. Grafakos and Torres [17] proved that the operator

Km(?) is bounded from L,, (R") x ... x L, (R")to L,(R™) forp; > 1(i =1,...,m
and 1/p=1/p1 + ...+ 1/py,, and bounded from L;(R") x ... x Li(R") to L1 __(R"™).

It is well known that multi-sublinear maximal operator and multilinear Calderérrrll-Zygmund
operators play an important role in harmonic analysis (see [10,15,17,18,23,36,37]).

Let b = (b1,...,by) be a finite family of locally integrable functions. The commuta-
tors generated by the m-th fractional integral K, and b are defined by

7 _ . 1
KA = [ Koo TT (00) = o) ) oz o

Let 7}, be a multi-sublinear operator.

Definition 1.1 ((p, p)-admissible multi-sublinear singular integral operator). Let multi-
sublinear operator T, will be called (p, p)-admissible multi-sublinear singular integral
operator, if:

1) T,, satisfies the size condition of the form

XB(z,r) ‘T <f1X]R"\B (z,2r)7 "7 ") meRn\B (@ 2T)>( )‘
fl yl fm( m)‘
0 / | d 1.1
XB(E’T) (Z) (RR\B(J:,Z""))m |(Z — Yy 2 — ym)’nm Y ( )

forx € R andr > 0;
2) Ty, is bounded from product Ly, (R™) x ... x Lp, (R™) to L,(R™).
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Definition 1.2 (weak (p, p)-admissible multi-sublinear singular integral operator). Let multi-
sublinear operator T,, will be called the weak (p, p)-admissible multi-sublinear singular
integral operator, if:

1) T,, satisfies the size condition (1.2).

2) Ty, is bounded from product Ly, (R™) x ... x Ly, (R") to the weak W L,(R™).

—
Let 7,® be a multi-sublinear operator.

Definition 1.3 (commutator of (p, p)-admissible multi-sublinear singular integral opera-
_>

tor). Let multi-sublinear operator Tni’ will be called commutator of (p, p)-admissible multi-
sublinear singular integral operator, if:

_)
1) T,0 satisfies the size condition of the form

_>
b
XB(2,r) (2) ‘Tm <f1XR”\B(x,2r)’ S meR"\B(g:,Qr)> (z)’

T [bi2) — baCo)| 1)
< CXB(Z,T> (2) / L

(re\B(z20))" [z =100 2 = ym) [

dy (1.2)

forx € ILR)” andr > 0;
2) T.b is bounded from product Ly, (R™) x ... x Ly, (R") to L,(R").

In [36] (see also [34]), we prove the boundedness of the (p, p)-admissible multi-sublinear
singular integral operators 7;,, from product generalized local Morrey space LM;,{?, E’p}l X X

LM} to LM{® if1 < p1,...,pm < coand 1/py + -+ +1/pm = 1/p. Also in [36]
(see also [34]) we prove the boundedness of the weak (p, p)-admissible multi-sublinear sin-

gular integral operators T, from the space LM,\" 20}1 X ... X LMI;{,fff};,m to the weak space

WLM;ZZO}, ifl <pi,...,pm <o0,1/p1+---+1/py, = 1/p and at least one exponent
p; equals one.

In this paper, in the case b; € CBMO;I%, forO0 <\, <1/n,i=1,2,...,m, we find

the sufficient conditions on (@1, ..., ®m, ©) which ensures the boundedness of the com-
H

mutator of (p, p)-admissible multilinear singular integral operators 7,2 from LM];{ﬁ 29}1 X
C X LM};{,?};M to LMépr}, 1 < p,pi,q < oo, fori = 1,2,...,m such that 1/p =
pt+ ..+ 1pm+ 1+ ...+ 1/qm.

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A =~ B and say that A and B are
equivalent.

2 Preliminaries

For z € R™ and r > 0, we denote by B(x,r) the open ball centered at x of radius r,

by |B(x,r)| the Lebesgue measure of the ball B(x,r), and by ‘B (x,r) its complement.
Morrey spaces M), x = M, (R") introduced by C. Morrey [41] in 1938, they are defined
by the norm

_a
1, = Sup v P fll L, (Br))s

where 0 < A <n,1 <p < x.



4 Commutators of (p, p)-admissible multilinear singular integral operators in . ..

We also denote by WM, \ = WM, »(R") the weak Morrey space of all functions
f € WL(R™) for which

A
Ifllwag,, = sup 7 2l fllwe, () < oo
: z€R™, >0
where W L,, denotes the weak L,-space. These spaces play an important role in the study
of local properties of the solutions of partial differential equations, together with weighted
Lebesgue spaces.
We define the generalized local Morrey spaces as follows.

Definition 2.1 Let ¢(z,7) be a positive measurable function on R™ x (0,00) and 1 <
p < oo. We denote by M, , the generalized Morrey space, the space of all functions f €

L;)OC(R”) with finite quasinorm

_1
1 lagy = sup @z, ) B, )| 7 || fllL,Bm)-
zER™,r>0

Also by WM, , = WM, ,(R") we denote the weak generalized Morrey space of all func-
tions f € WL}DOC(]R”) for which

_1
HfHWMpW = Sup 90(-%'7T)_1 |B($,T)’ P ”fHWLp(B(z,T)) < 0.
z€R™,r>0

According to this definition, we recover the Morrey space M,,  and weak Morrey space
A—n

W M, » under the choice ¢(z,7) =1 7 :

My, = M, Aen WM, = WM, A=n .

p(z,r)=r P p(z,r)=r P

Definition 2.2 Let ¢(x, ) be a positive measurable function on R™ x (0,00) and 1 < p <
oo. We denote by LM, , = LM, ,(R") the generalized local Morrey space, the space of

all functions | € L;,OC(R”) with finite quasinorm
_1
I fllLas,,, = Sup 0(0,7) M B0,7)| "% || fllL,(B0:):
s

Also by WLM,, , = W LM, ,(R") we denote the weak generalized Morrey space of all
functions f € WL;,OC(]R”)for which

_1
Ifllwen,, = sug«p(O,T)‘l 1B, )| 1 fllwr,(B0m) < oo
r>

Definition 2.3 Let ¢(x, ) be a positive measurable function on R™ x (0,00) and 1 < p <

oo. For any fixed xy € R"™ we denote by LM;,;{pr} = LMI}{pr}(R”) the generalized local
Morrey space, the space of all functions f € LLOC(R”) with finite quasinorm

71 pgzer = 170 + oy,

Also by WLM;:?} = WLMI}{fOD} (R™) we denote the weak generalized Morrey space of all
functions f € WL},OC(]R”)for which

£y aggen = 150+ lwrag,, < o0
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According to this definition, we recover the local Morrey space LM 1;{95\0} and weak local
A—n
Morrey space WLMI;{Qf\O} under the choice p(zg,r) =7 » :
{zo} _ {wo} _
LM\ = LM%} sn,  WELMEY = WL .

p(zo,r)=r P p(zo,r)=r P

Wiener [45,46] looked for a way to describe the behavior of a function at the infinity.
The conditions he considered are related to appropriate weighted L, spaces. Beurling [4]
extended this idea and defined a pair of dual Banach spaces A, and B, where 1/¢+1/¢’ =
1. To be precise, A, is a Banach algebra with respect to the convolution, expressed as a
union of certain weighted L, spaces; the space By is expressed as the intersection of the
corresponding weighted L, spaces. Feichtinger [12] observed that the space B can be
described by

_kn
1fllg, =sup2 o | fXkllL, @) 2.1
k>0

where Y is the characteristic function of the unit ball {z € R™ : |z| < 1}, xy is the
characteristic function of the annulus {x € R™ : 2*=1 < |z| < 2}, k = 1,2,.... By
duality, the space A,(R™), called Beurling algebra now, can be described by

. _kn
1F1La, = Y27 L xallz, ey 2.2)
k=0

Let B,(R") and A,(R") be the homogeneous versions of B,(R") and A,(R") by taking
k € Zin (2.1) and (2.2) instead of k£ > 0 there.

If A < 0Oor A > n,then LM;?;\O} (R™) = ©, where O is the set of all functions equivalent
to 0 on R™. Note that LM, o(R") = L,(R™) and LM, ,(R") = B,(R").

Bp,u = LMp,so WBP,M = WLMMJ

(0,r)=rnun’ (0,r)=rmn’

Alvarez, Guzman-Partida and Lakey [3] in order to study the relationship between cen-
tral BM O spaces and Morrey spaces, they introduced A-central bounded mean oscillation
spaces and central Morrey spaces By, ,(R") = LM, 5 4npu(R™), p € [—%, 0]. If p < _zl?
or yu > 0, then B, ,(R") = ©. Note that Bp _1(R") = L,(R") and B, o(R") = B,(R").

7 P .
Also define the weak central Morrey spaces W By, ,(R™) = W LM, y,npp(R™).

The following statements, containing results obtained in [40,42] was proved in [19,21]
(see also [2,20,29,33]).

Theorem A. [19,20] Let g € R", 1 < p < oo and (¢1, p2) satisfy the condition

> dt
| et § < Contann) @3

where C does not depend on xy and r. Then the Calderén-Zygmund operator K = K1 is

bounded from LM;@OI} to LMngOQ} for p > 1 and from LM 1{201} to WLM 1{7202} .

The following statements, containing results in Theorem A was proved in [2], see also
[22,29,33].



6 Commutators of (p, p)-admissible multilinear singular integral operators in . ..

Theorem B. Let xg € R", 1 < p < oo and (1, @) satisfy the condition

fessoe — < Colxo,T), (2.4)
tr t

o ess inf 1 (xg, s)s% dt
/

where C' does not depend on xg and r. Let the operator K is bounded from LM;f;’l} to

LMY for p > 1 and from LM{} to W LM,
In [36] we give the boundedness of multi-sublinear singular integral operators in product
generalized local Morrey spaces.

Theorem 2.1 Let xg € R, m > 2,1 <py,...,pm <ocowithl/p=1/p1+ ...+ 1/pm
and (@1, ..., pm, ) satisfies the condition

n

oo ess inf [T, ¢;(zo, s)sPi
/

feseme dt < (z0,7), 2.5)
tr "
where the implicit constant does not depend on r.

If T, be a (p, p)-admissible multi-sublinear singular integral operators, then the oper-
ator T, is bounded from product space LM;;L; 29}1 X ... X LMgi?im to LMI;{pr} forp; > 1,
1=1,...,m.

If T,, be a weak (p, p)-admissible multi-sublinear singular integral operators, then the

o}

operator T}, is bounded from product space LMp{l,gol X ..o X LMéi?s};m fo WLMIngO}fO”
Dbi 2 1,7/: ]-7"'7m’ min{p17"‘7pm} =1L

From Theorem 2.1 we get the following corollary proven in [26] (see also [27]) about
boundedness of multilinear singular integral operators on product generalized local Morrey
space.

Corollary 2.1 Letxg € R", m > 2,1 <py,...,pm <ocowithl/p=1/p1+ ...+ 1/pn
and (o1, - .., pm, ) satisfies the condition (3.15). Then the operator K, is bounded from
product space LMI;{i?p]; X ...X LMéffim fo LMI}{fDO} forp; > 1,4 =1,...,m, and
from product space LMI;{ffo}l X ... LM;Z?};T” to WLM;,{TPO} forp; >1,1=1,...,m,
min{py,...,pn}t =L

From Theorem 2.1 we get the following corollary about boundedness of (p, p)-admissible
multi-sublinear singular integral operators on product generalized Morrey space.

Corollary 2.2 Let m > 2,1 < p1,...,pm < cowith1/p = 1/p1 + ... + 1/py, and
(@1, -, ©m, ) satisfies the condition

n

oo ess Inf [T, iz, s)sm
/

R — S olar), (26)
tr 13
where the implicit constant does not depend on x and r.

If T, be a (p, p)-admissible multi-sublinear singular integral operators, then the op-
erator Ty, is bounded from product space My, ,, X ... X M, .. to My, for p; > 1,
1=1,...,m.

If T, be a weak (p, p)-admissible multi-sublinear singular integral operators, then the
operator Ty, is bounded from product space My, ,, X ... x My .. to WM, forp; > 1,
i=1,...,m min{p1,...,pm} =1
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From Corollary 2.2 we get the following corollary proven in [26] (see also [27]) about
boundedness of multilinear singular integral operators on product generalized Morrey space.

Corollary 2.3 Letm > 2,1 < p1,...,pm < cowith 1/p = 1/p1 + ... + 1/py, and
(@1, .-+, ©m, ) satisfies the condition (2.6). Then the operator K, is bounded from prod-
uct space My, o, X ... X My, . to My, forp; > 1,1 = 1,...,m, and from product
space My, o) X ... X My, o, to WM, ,forp; > 1,i=1,....,m, min{p1,...,pm} =1

3 Commutators of (p, p)-admissible multilinear fractional integral operators in the

{20} {wo}
product spaces LMJIFOS X ... X LM3*L

Let T be a linear operator. For a function b we define the commutator [b, T'| by
[0, T]f () = b(z) T'f () = T(bf)(x)

for any suitable function f. If Tisa Calder6n-Zygmund singular integral operator, a well
known result of Coifman, Rochberg and Weiss [9] states that the commutator [b, f] f=
bTf — T(bf) is bounded on L,(R™), 1 < p < oo, if and only if b € BMO(R™).
The commutator of Calderén-Zygmund operators plays an important role in studying the
regularity of solutions of elliptic partial differential equations of second order (see, for
example, [6,7,11,14,28,29,31-33,35,43]). In [5], Chanillo proved that the commutator
b, Io]f = blof — I,(bf) is bounded from L,(R") to Ly(R™), (1 < p < ¢ < o0,
=3~ &)ifandonlyif b € BMO(R").
The definition of local Campanato space as follows.

Definition 3.1 Let 1 < g < ocoand 0 < \ < % A function f € quOC(R”) is said to belong
to the CBM Oéjﬁ?}(Rn) (central Campanato space), if

1 1/q
z = _— _ qd
HfHCBMO;)\O} 21;18 <’B((ZI(), 7’)|1+>\q /B(xmr) ‘f(y) fB(IO,T)’ y) < 007

where

1
f mrz/‘ f(w)dy.
Blzoxr) |B($0,T‘)| B(zo,r) ( )
Define
CBMO,Y (R") = { € LP(R") = Ifllgpgopz < o0

In [38], Lu and Yang introduced the central BM O space CBM O4,(R") = CBM Oé%} (R™).

Note that, BMO(R"™) C C’BMO{]{%}(R"), 1 < ¢ < 0. The space CBMO;‘QCO}(R”) can
be regarded as a local version of BMO(R"), the space of bounded mean oscillation, at
the origin. But, they have quite different properties. The classical John-Nirenberg inequal-
ity shows that functions in BMO(R") are locally exponentially integrable. This implies
that, for any 1 < g < oo, the functions in BMO(R™) can be described by means of the
condition:

sup (7 [ 170 = alta) " < .

r>0

where B denotes an arbitrary ball in R™. However, the space C BM Oéx‘)} (R™) depends on
q. If ¢1 < ¢o, then CBMO;;O}(]R”) G CBMOéfO}(R”). Therefore, there is no analogy
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of the famous John-Nirenberg inequality of BMO(R™) for the space C BM O;‘xo}(R").

One can imagine that the behavior of CBM Oém} (R™) may be quite different from that of
BMO(R™).

Lemma 3.1 [24,25,39] Let b be a function in CBMOYY} (R™), 1 < g < 00,0 < A< 1
and ri,r9 > 0. Then

1

1 7 -
L b= twlidn) =€ (141022 bl o
(IB(azo,rl)P“‘q /B(:L"o,rl) (4) = bB(@o,r2)] y> _C< + o > [ HC’BMO;/\U}

where C' > 0 is independent of b, r1 and 7.

Lemma 3.2 Let zg € R™, m > 2, 1 < p,p;, ¢i < 00, bj € CBMOL™S} for 0 <\ < 1,
1 = 1,2,...,mand% = p%%— oo+ i—i— q% + ...+ q%‘ Then, for the commutator of
(p, p)-admissible multilinear fractional integral operators TP the following inequality

m

n 0
n t
||T7?L(f)||LP(B(a70,7‘) | | ||bi IICBMO{Z(;} re /2 <1 +1n ;)
i=1 37\ T

ml
T

H'Mg

'U\ﬁ

Xt HHszLPz(B(xot)dt
=1

holds for all B(xo,r) and all f; € L}

loc

(R™),i=1,2,...,m.

Proof. Without loss of generality, it is suffice for us to show that the conclusion holds for
m = 2.
Let B = B(xo,7), f1i = f{ + fi° and fo = f3 + f5°, where [} = fixop and

I7° = fiX@2m)e » for i = 1.2. Thus, we have
T (£ o) ()] < TS0 (9, £9) ()]
+ TP (£ 15°) (@) + [T (122, 9) ()] + TS (122, £5°) ().

So,

bi,b b1,b b1,b 0o
N7 (11 o)l < TSP 2, £y sy + TSP (2, 1590y )

b1,b o) b1,b 0o £00O
TSP (820, DNy + 1T (122, 159 )
= I+ I+ IIT+1V.

Let us estimate I, II, III and IV, respectively.
Since

)
b1)B)(b2(z) — (b2)B) — (b1(z) — (b1)B)(ba(y) — (b2)B)
— (b1(y) — (b1)B)(b2(x) — (b2)B) + (b1(y) — (b1)B)(b2(y) — (b2)B),  (3.1)
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then
1T (2, ) 3y < (01 = (b1) ) (B2 — (b2) B)Ta(FL, £9) 1, ()
+ [[(br = (b1) B)Ta(f7, (b2 — (b2) B) £3) I L, ()
+ [ (b2 = (b2) B)T2((b1 — (b1)B) f7, £2)1,(B)
+ | To (b1 — (b1)B) 7, (b2 — (b2)B) f5) 1, (B)
=L+ 1o+ I3+ 1. (3.2)
Let 1 < p,q < oo, such that 1 = i + i and = 1 = —|— . Then, using the Holder’s

inequality and by the boundedness of Tg from product Lp1 (R™ ) X Ly, (R™) to Lp(R™) for
each p; > 1(i = 1,2), we have

I S [(by = (b1)B) (b2 — (02)B)l| Loy T2 (f7, ) L)
S o1 = (01) Bl L, () 102 = (b2) Bl| L, (B | f1ll 2, 2B) | f2l L, 2)

R S
S b1 = (1) Bl (3162 = (02)Bl L, () Pt

X x . R
/27" 1 Allz,, Bow) 12l L, (B( O’t))t(ﬁJri)”H

n

S./ ||b1||CBMO<§1z,O/\}1 Hb?HCBMOiQI?)\}Q re

o0 t\2 n( Ll
X/ (1+mt) Catde)4n Gt ) ) s aoy Ioll (Beoyae: B3)
2 r

T

Let 1 < 7 < oo, such that 7% = q% + % Then similar to the estimate of (3.3), we have

Iy S {61 — (01)BlIz,, () I T2(f7, (b2 — (b2)B) )|, ()
S 161 = (01)BllLy, () 17112, @) (b2 = (b2)28) £2 | . (mmy

S b1 = (01) Bl 2, () 102 = (b2) Bl L, 28) 112, 2B) | f2llL,, 2B) (3.4)
where 1 < s < 22 suchthatlzp%+i:%—p%+%.

From Lemma 3.1, it is easy to see that

[b; = (bi) Bl Ly, (B) < Cr 16l

CBMOL™)
and
16i = (bi) Bl Ly, (B) < i = (bi)28llL,, 28) + |(bi) B — (bi)2B]|L,, (2B)
o n;
< Cru IIbiHCBMOm, (3.5)
fori=1,2.
Then,

n

IR ”blHCBMo{“O} ||bz||CBMo{zo} e

o0 n 1 _
X/2 (1+1HT) (MHZ)JF ( ) Nl (Baom 1 21l (B dt-

T
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Similarly,

n
]3 5 ”blHCBMO{Io} ||b2||CBMO{IO} re

r

oo n 1 _
x/2 (1+l ) (AIHQ)JF( ») 1Hf1||L,,1(B(zO,t))||f2HL,,2(B(x0,t))dt

Moreover, let 1 < 71,79 < o0, such that % = p% + q% and % = p% + q%. It is easy to
see that % = %1 + 712 Then by the boundedness of 75 from product Ly, (R™) x L,,(R"™)
to Lz(R™) with 1/p = 1/p1 + 1/ps for each p; > 1(i = 1,2), Holder’s inequality and

inequality (3.5), we obtain
Ly S (b = (00)B) 7 2,y ey (B2 = (82)B) f5 | ., (mem)

S M1br = (01) Bl Ly, @2B)llb2 = (02) Bl L,, 2B) | fill L, 2B) | f2l L, 2)

2
S oo Pellopyogy 7 [~ (1+1n7)

nlA1+A n(L+L)—
x (i) 4n(Gg) -1 1fillz,, (Bo.) 12l Ly, (B(zo.£))dt-

Therefore, combining the estimates of 11, 15, 15 and T}, we have

T

Let us estimate II.
Similarly with (4.2), we have

TS (£2, 159 1, )
= [|(b1 = (b1) B) (b2 — (b2) B) T2 (7 £5°) |1, ()
+ [1(b1 = (01) B) T (f7, (b2 — (b2) B) ) 1, ()
+ (b2 = (b2) B) T2 ((b1 — (b1)B) 17, f5°) 1, ()
>")

+ | T2((br — (b1)B) f1 (b2 — (b2)B) f3
::Ill—i-IIg—l—IIg—l-ILl.

IL,(B)

Let1 < p,q < oo, such that
we have

I S {I(b1 = (b1)B) (b2 — (b2)2B) || Ly () I T2 (f7, £5°) |1y
S 161 = (01) Bl Ly, ) 102 = (b2) Bl| Lo, (B | 1]l 2, 2B) | f2l Ly, 2)
(L

q1

1
p

1 1 1
+E)n+(/\1+)\2)nr(a+5)n

S ”blHCBMOéfg\}l HbZHCBMO;g;O)LT

> I\2,—(L+Ll)n-1
X/2 (1+1H;> i Grtss) 1fillz,, (Bo) 12l L, (Bo.6))dt

r

S ”blHCBMo{IO} ||bz||CBMo{zo} Y

T

o0 n 1 _
x/2 <1+1 7> (M“Q% ( ) 1”leLpl(B(IOat))Hf2HLP2(B

oo n 1)
X/2 (1+1Hr> (MHQ)JF( ) 1”f1||Lp1(B(xo,t))||f2||Lp2(B(

(3.6)

(zo,t))dt*

3.7

= p% + p% and % = q% + q%. Then, using Holder’s inequality

o dt. (3.8)
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Moreover, we have
ITo(f7, (b2 = (b2)B) f5°) ()]
b2(y2) — (b2)B||f2(y2)|
< [ [ i

‘900 — Y2

It’s obvious that

/2 Al S 1Al e 2] (3.9)
and

/ |b2(3y2) — (52)B\|f2(y2)|d

— on Y2
(2B) |0 — Yol

o gt
< / ba(y2) — (02) 51 fo12) / AT,
(@2B)c [ wo—y2|t2n+1}

S OOHb( ) = (b2) Bao ) YL f2l NI B( )Ifi oy _dt
~ 2(Y2 2) B(x0,t) | Lgy (B(wo,t)) 1721 Lp, (B(z0,t)) 142\ L05 £2n+1

©° -1 dt
+ i |(52) Bao.t) = (b2) Bao,n)| 122y, (BGwo.n | Blao, ) 72 555

T

< b | Bao, 0] 1o |B(ao, 1)~ tas) &
~ 11V2 CBMO(E;OA}Q - o, 21| Lp, (B(ao,t)) 2205 £2n+1
o0 dt

t 1—L
#Weleogey (1407 B0 0P el 0 Bl O

—n n\ ———1
S el g [ (L)l (3.10
a2,22 J2r
Therefore, from (3.9) and (3.10) it follows that
ITo(f7, (b2 — (b2)B) f5°) ()]

1—L —ntndg— 2t 1
S Hb?HCBMOgg\}QHleLm(?B)pB’ & /2r (1+1 *) S 1f2l| L, (B(zo.t))dt

o n)\ 1
S 1l ot / (1+1n- ) G £, e | ell g oy

Thus, let 1 < 7 < oo, such that % = qil + % then similarly to the estimate of (3.3), we
have

Iy = ||(b1 — (b1)B)T2( 7, (b2 — (b2)B)J5) 1, ()

S 161 = (01)Bllz,, (B I T2 (£7; (b2 — (b2)B) f59) | . ()
‘B’>\1+i+%

o n)\ ( n—1
<[ (14m? ) . Al B0 12l Baniydt
i
< Bill, ooy 12l "/°°1 In 1)’
~ IV1 {z0} 1|02 {zg} TP (—i—nf)
chls\1 CBMOQ2,0>\2 2r r

nlA1+A n(L+L)-1
o (ate) (L) 1£1llz,, (o) 121l 1, (B dt- (.11
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Similarly, we have

113 5 HblHCBMO{xO} Hb2HCBMO{wO} ’f'P

00 n 1)
></2 <1+1 *) (A1+A2)+ ( ) l”fl”Lpl(B(zo,t)) [ f2ll 2., (B(zo,t))d-

Let us estimate 114.
Since,

[ To((b1 — (b1)B) f7, (b2 — (b2)B) £5°) ()]
|b2(y2) — (b2)BHf2(y2)|dy

< [ - 0ol [
< [ I~ @oslinoi [ PR

2

and
Ap+1--L
/QB!bl(yl) = (b0)Bll A (y)ldy S HblHCBMOéff’)\}l IBI™ i  fill,, @) (312)

Then, by (3.10) and (3.13), we get
To((b1 = (01)B) [ (b2 — (b2) B) f5°) ()| S ||1?1||CBMO$OA}1 H52HCBMO§;&}2

e n)\ A
x/2 <1+ln ) T Hf1||Lp1 B(ao.t)) 1121 Ly, (B0, At

r

Therefore,

11y =||Ta((by — (b1)B)f1, (b2 — (b2) B) f5°) | 1, (B)
S ”blHCBMO{xO} HbQHCBMO{QCO} 7";

> AL+A 11y g
></2 (1+1 7) o) tyy) 1 fllz,, (Bo) 1 f2llL,, (B(xo,0) -

-
Combining the estimates of 11;-114, we have

n

I's ”blHCBMojfg}l ||b2||CBMO§;&}2 Y

o INZ n(A+xo)+n(E+L1)-1
X/2 (1—!—111;) () n(Gr+75) 1f1llz,, Bzow) | f2llL,, (B(xo.t)) dE-

T

Similarly,

e t\2 n{A1+A n(L+L)-1
X/2 (1+1H;) t Ouire) (5 47) 1fillz,, (Bzo.) 112l L, (B(xo,t)) -

r

For IV we have
1752 (1%, 159 1y )
< (b1 = (b1)B) (b2 — (b2) B) T2 (f1°, f2°) || L, (B)
+ [[(b1 = (b1) B) T2 (f1°, (b2 — (b2)B) f )||L,,(B)
+ [|(b2 = (b2) B) T2 ((b1 — (b1)B) f1°, f2°) L,(B)
+ 172((br — (b1)B) f1°, (b2 — (b2)B) f3°)
= IV1 +IVo 4+ IV3+ IV,

Iz, (m)
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Let us estimate Vi, IVs, I'V3 and IV, respectively.

Let 1 < 7 < o0, such that % = qil + q% + % Then, from Holder’s inequality and
inequality (3.5), we get

IVi S [(b1 = (b1)B) |y, ()| (b2 — (52) B) |, (B) ||T2(ff°,f§°)||LT(B)

A+A2)+(E+)+7
5 HblHCBMO{zo} HbZHCBMO{ZO} |B| ' ’ T

(L ly_g
x/2 11l 2, (Bt 121 Ly (B0, oy +o) =L gy
T
< n
= N2 n(ai+re)+n( 241 ) -1
></2 (1—!—111;) t"( 1 2) n(p1 pz) HleLpl(B(a:O,t)) HfQHLpQ(B(xO,t))dt-
T

Moreover, we have
|To(f1°, (b2 — (b2)B) [3° ( )l

ba( (b
/ / |ba(y2) 2>BHf1(y1)Hf2(y2)|dyldyg
@By Jepye  (|ro —y1l + [zo — y2 )"

S [ o 20~ Gl 2l Ay

2n+1
wo—y1l+lzo—y2| ¢

LT i) () ) - Gl g

Since,

n(i-L)
fity)ldyr S| f ot P,
Lmﬂhmnl 1z, (o)

and

/ o) — (b2) 5| fo(u) | d
B(xo,t)

< 1-(E42)

S 102(y2) = (92) Bag,) | Ly, (B 1 f2ll 1, 1B (@0, t)[7 72 "2
1—L

+ 1(62) B(wo,t) — (02) B(wo,r |||f2||Lp2 |B(wo,t)| 72

(LpL
A,nbﬂthﬁfo{qﬂ|zacro,>| 2| fallr,, |B(xo. 1)@

2 92

)

1—-L
+MﬂwMWQO+M>B@mWWMMJMmﬁ!”
q9,

Ao— 4
sn@%mmﬁ%(rung R Y Py

Then,

[e.o]

£\ 2
To(f1°, (ba — (b >0 < |6 w 1+1In-
Mhh(%%ﬁhh%m&é(ﬂﬂ

nig— (

Xt HleLp1 B(ao,t)) 1121 Ly (B(zo.0)) dt- (3.13)
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Let 1 < 7 < o0, such that % = q% + % Then, from Holder’s inequality and inequality
(3.13), we have

IVa S [|br = (01) Bl Ly, () IT2(fT% (b2 = (b2) B) f2°)| L ()
< b ey || . »
~ ” IHCBMO;?A}l H 2”03]\40;5270)\}2 r

> t\2 n| A1+ n(t+L)-1
></2 (1+ln;) t (nt2a) (5475 1|z, (Bo) 1F2l L, (Bo.1)) At

r

Similarly,

I‘/3 5 Hbl”CBMO{JCO} Hb2HCBMO{10} T;

oo " 1)
X/2 ( +In ) (A1H2)+ ( ) Y Allz,, (o 1 F2llz,, (o) dt-

r

Similar to the estimate of (3.13), we have

|T2(b1 — (b1)B) 17, (b2 — (b2)B) f3° ()|

S [ ) = Gaslbatoe) ~ (B2)sll Al fae)
(2B)c J(2B)°

X </OO t2iil)dy1dy2 /200 </B(:v0,t) |fi(y1) — (bl)BHfl(y1)|dy1>

z0—y1|+|zo—y2| T

dt
X b — (b dys) ——— < ||b 20} |0 x
(/B(xo’t)| 2(y2) — (b2)Bl[ f2(y2)| y2) £2ng1 ~ [ IHCBMOL?A}lH QHCBMO(EQ&}Q

o0 1)
X/2 ( +1nr) ) () 1HleLpl(B(xo,t))Hf2\|Lp2(B(x0,t))dt-

T

Thus,

Vi 5 HblHCBMO{zo} ||52||CBMO{ZO} e

oo " 1)
></2 ( +1In ) (MHQ)JF( ) 1Hfl”Lpl(B(:co,t))||f2||Lp2(B(zo,t))dt-

r

Then, from the estimate of 1V;-1V,, we deduced that

IS HblHLC{To} 102 ey rv

42,22

oo n 1)
></2 (1+1 ) gratxa)n(345;) 1”fIHLpl(B(aco,t))||f2||Lp2(B(aco,t))dt'

T

So, combining the estimates of I, I1, I1] and IV, we have

b1,b n
1T (s )l ) S W00l oasotony P2 lloparoteny 77
21 42,72

[o@) n 1 _
></2 (1+1 7> gratx)n(343;) 1”fIHLpl(B(wo,t))Hf2||Lp2(B(;r0,t))dt- (3.14)

T

Therefore, we complete the proof of Lemma 3.2.

Now we give the boundedness of the commutator of (p, p)-admissible multilinear sin-
gular integral operators T2 in product generalized local Morrey spaces.
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Theorem 3.1 Letxg € R, m > 2,1 <pi,...,pm <ocowithl/p=1/p1+...+1/pm+
1/ + -+ 1/gm, bi € CBMOYS} for0 < A\ < 1,1 <i S mand (g1, om. )
satisfies the condition

o0 AN IR S ” » dt
/ <1 + In > t =1 =1"" ess inf | I vi(zo, 8)sPi - < (zo, 1), (3.15)
T
,

t<s<o0 -
=1

where the implicit constant does not depend on r.
Then the commutator of (p, p)-admissible multilinear singular integral operator Tn‘; is

bounded from product space LMZ;{MP}1 oo X LM;Z?;m to LMéf,f)}.

Proof. Let zg € R, 1 < p1,...,pm < coand | € LM} x ... x LM{™} By
Theorem 1 in [24] and Lemma 3.2 with va(r) = (x0,7) ", v1(r) = p(x0,7) !, we have

o0

1 t\m
(Pl o 1L losmopy s e [~ (141m7)

=1

nZ>\1+

Z L _n_
Xt = HHszm B(zoyt)

m
S HHb HCBMO{GEO} Sup H‘Pz ‘TO7 ) 17&7;77 Hfi”Lpi(B(xo,r))
=1 =1

m m
=1 =1

From Theorem 3.1 we get the boundedness of (p, p)-admissible multi-sublinear singular

integral operators in product generalized Morrey spaces.

Corollary 3.1 Letm > 2,1 < p1,...,pm < ocowithl/p=1/p1+...+ 1/pm +1/q1 +
.+ 1/qm, b € CBMOéf&EforO <N < 1<i<mand(¢r,...,om,¢) satisfies

the condition

& t\" n i Ai—n i = n dt
/ <1 +In > t =1 i=1"" ess inf H wi(x,s)sri - < oz, ), (3.16)
, T

where the implicit constant does not depend on x and .
Then the commutator of (p, p)-admissible multilinear singular integral operator Tnt; is
bounded from product space My, ,, X ... X My, . . to M, .

From Theorem 3.1 we get the boundedness of multilinear singular integral operators in
product generalized local Morrey spaces.
Corollary 3.2 Let zyp € R, m > 2, 1 < p1,...,pm < nm/a with 1/p = 1/p; +
+ /P + a1+ oo+ 1fgm, b € CBMOYS for0 < & < L1 <i<m

N
and (@1, ..., 9m, ) satisfies the condition (3.15). Then the operator K,° is bounded from
product space L]W][,{1 ?p}l X LMéff};m to LMI;{fDO}.

From Corollary 3.2 we get the boundedness of multilinear singular integral operators in
product generalized local Morrey spaces.
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Corollary 3.3 Letm > 2,1 < pi1,...,pm <nm/awithl/p=1/p1+...+1/pm+1/q1+
oot 1/gm, b € C’BMO;‘:i};forO <\ < % 1 <i<mand (p1,...,0m,p) satisfies

—
the condition (3.16). Then the operator K% is bounded from product space My, o X ... X
Mp,, o, 10 Mp,p.
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