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Abstract. In the Hilbert space H we study the solvability of boundary value problem for a second order
homogeneous elliptic differential-operator equation in the case when one and the same spectral param-
eter linearly enters into the equation and boundary conditions, moreover the spectral parameter in the
boundary conditions participates simultaneously both in front of the sought for function itself and in front
of the derivative taken respectively at the boundary points 0 and 1. Sufficient conditions for coercive
solvability of the considered boundary value problem in the space Lp((0, 1);H) (p > 1) were found.
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1 Introduction

Second order boundary value problems for elliptic differential-operator equations when one and the same
spectral parameter enters into the equation and the boundary conditions, were studied in different aspects
in many papers (see e.i. [1]-[3], [5]-[7], [10]-[11]).

In all these papers [1]-[3], [5]-[7], [10]-[11], the spectral parameter in the equation and boundary
conditions has the same order and the spectrum in the boundary conditions is either in front of the sought-
for function or in the front of the first derivative of the sought-for function taken respectively at the
boundary points 0 and 1.

In the Hilbert space H we study the solvability of boundary value problem for a second order ho-
mogeneous elliptic differential-operator equation in the case when one and the same spectral parameter
linearly enters into the equation and boundary conditions, moreover the spectral parameter in the bound-
ary conditions participates simultaneously both in front of the sought for function itself and in front of the
derivative taken respectively at the boundary points 0 and 1.

Thus, in the present paper, in a separable Hilbert space H , we consider the following boundary value
problem.

λu(x)− u′′(x) +Au(x) = 0, x ∈ (0, 1), (1.1)

B.A. Aliev
E-mail: aliyevbakhram@yandex.ru
Institute of Mathematics and Mechanics, Baku, Azerbaijan

O.R. Amiraslanly
E-mail: amiraslanlioqtaysdu@gmail.com
Sumgayit State University 1, Baku str, 43 ward., AZ 5008, Sumgayit, Azerbaijan



4 SOLVABILITY OF BOUNDARY VALUE PROBLEMS FOR...

(α1 + λβ1)u
′(0) + (α2 + λβ2)u(0) = f1,

(σ1 + λγ1)u
′(1) + (σ2 + λγ2)u(1) = f2,

(1.2)

where λ-is a spectral parameter, A is a linear close operator with everywhere dense in H domain of def-
inition and a resolvent decreasing as |λ|−1 for sufficiently large |λ| in some angles containing a negative
semi-axis; αi, βi, σi, γi (i = 1, 2) are any fixed complex numbers, moreover α1, β1, σ1, γ1 ̸= 0.

In the given paper we find sufficient conditions for the solvability of boundary value problems (1), (2)
in the space Lp((0, 1);H) (p > 1), establish some estimates (with respect to u and λ) for the solution.

Note that boundary value problems for second order ordinary differential equations with a spectral
parameter in the equation and boundary conditions were studied in a lot of papers. In particular, in the
paper [8], spectral parameter exists in the equation as λ, while in the boundary condition as a linear func-
tion with respect to λ, where the asymptotic behavior of eigenvalue and eigenfunction of the considered
boundary value problems are studied.

Now introduce some necessary denotation and notion that are used in the paper.
Let E1 and E be two Banach spaces. Denote by B(E1, E) Banach space of all bounded operators

acting from E1 to E, with ordinary operator norm. In the special case, if E1 = E, then B(E,E) := B(E).

Definition 1.1. A linear closed operator A is said to be strongly positive in the Hilbert space H , if
the domain of definition D(A) is dense in H , at some φ ∈ [0, π), for all the points µ from the angle
| argµ| ≤ φ (including µ = 0) there exists (A+ µI)−1 and for such µ it holds the estimation∥∥∥(A+ µI)−1

∥∥∥
B(H)

≤ C (1 + |µ|)−1 ,

where I is a unit operator in H, C = const > 0. For φ = 0 the operator A is said to be positive.

Self-adjoint positive definite operators acting in the Hilbert space H are the simplest examples of
strongly positive operators.

Note that the strong positivity of the operator A yields strong positivity of the operator Aα, α ∈ (0, 1).
Let A be a strongly-positive operator in H. As A−1 is bounded in H, then

H(An) :=
{
u : u ∈ D(An), ∥u∥H(An) =

∥∥Anu
∥∥
H

}
, n ∈ N

is a Hilbert space whose norm is equivalent to the norm of the graph of the operator A. If the operator A
is strongly positive in H, then the operator −A is a generating operator analytic for t > 0 of the semi-
group e−tA and this semigroup exponentially decreases, i.e. there exist two numbers c > 0, σ0 > 0 such
that

∥∥∥e−tA
∥∥∥ ≤ ce−σ0t, 0 ≤ t < +∞. By [[9], theorem 1.5.5] the operator −A1/2 generates an analytic

semigroup for t > 0, decreasing at infinity.

Definition 1.2. [[12], theorem 1.14.5]. Interpolation spaces (H(An),H)θ,p of Hilbert spaces H(An)

and H , where A is a strongly positive operator in H are determined by the equality(
H(An), H

)
θ,p

:

=

{
u : u ∈ H, ∥u∥(H(An),H)θ,p

:=

∫ +∞

0

t−1+nθp
∥∥∥Ane−tAu

∥∥∥p
H

dt < ∞
}
,

θ ∈ (0, 1), p > 1, n ∈ N.

Moreover, (H(An), H)0,p := H(An), (H(An), H)1,p := H.

Denote by Lp((0, 1);H) (1 < p < ∞), a Banach space (for p = 2 a Hilbert space) of functions
x → u(x) : [0, 1] → H, strongly measurable and summable in the p-th degree, with the norm

∥u∥Lp((0,1);H) :=

(∫ 1

0

∥u(x)∥pH dx

)1/p

< ∞,
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by

Wn
p

(
(0, 1);H(An), H

)
:=
{
u : Anu, u(n) ∈ Lp((0, 1);H)

}
a space of vector-functions with the norm

∥u∥Wn
p ((0,1);H(An),H) :=

∥∥Anu
∥∥
Lp((0,1);H)

+
∥∥∥u(n)∥∥∥

Lp((0,1);H)
.

It is known that [[12], theorem 1.8.2], if u ∈ Wn
p ((0, 1);H(An)H), then

u(j)(·) ∈
(
H(An),H

)
j+ 1

p
n ,p

, j = 0, (n− 1).

2 Homogeneous equations

Consider now boundary value problem (1.1), (1.2) in separable Hilbert space H.

Theorem 2.1. Let the following conditions be fulfilled:
1) A is a strongly positive operator in H .
2) αk, βk, σk, γk, (k = 1, 2) are any fixed complex values, moreover α1, β1, δ1, γ1 ̸= 0.

Then for fk ∈ (H(A), H) 1
2+

1
2p ,p

, k = 1, 2; p ∈ (1,∞) and for sufficiently large |λ| from the an-
gle | arg λ| ≤ φ, where φ ∈ [0, π) is some number, problem (1.1), (1.2) has a unique solution u ∈
W 2

p ((0, 1);H(A), H) and for the solution it holds the estimation

|λ| ∥u∥Lp((0,1);H) +
∥∥u′′∥∥

Lp((0,1);H)
+ ∥Au∥Lp((0,1);H)

≤ Cφ |λ|−1

(
2∑

k=1

∥fk∥(H(A),H) 1
2
+ 1

2p
,p

+ |λ|
1
2−

1
2p ∥fk∥H

)
. (2.1)

Proof. From conditions 1) by [[13], theorem 5.4.2/6] for | arg λ| ≤ φ < π, there exists an analytic for
x > 0 and strongly continuous for x ≥ 0 semi group e−x(A+λI)1/2 . By [[13], theorem 5.3.2/1] the
arbitrary solution of equation (1) belonging to W 2

p ((0, 1);H(A),H) , for | arg λ| ≤ φ has the form

u(x) = e−x(A+λI)1/2g1 + e−(1−x)(A+λI)1/2g2, (2.2)

where g1, g2 ∈ (H(A), H) 1
2p ,p,

are arbitrary elements.

Require the function u(x) of form (2.2) satisfy conditions (1.2).

(α1 + λβ1)
[
− (A+ λI)1/2 g1 + (A+ λI)1/2 e−(A+λI)1/2g2

]
+(α2 + λβ2)

[
g1I + e−(A+λI)1/2g2

]
= f1,

(σ1 + λγ1)
[
− (A+ λI)1/2 e−(A+λI)1/2g1 + (A+ λI)1/2 g2

]
+(σ2 + λγ2)

[
e−(A+λI)1/2g1 + g2I

]
= f2.

(2.3)

Rewrite system (2.3) in the form: [
− (α1 + λβ1) (A+ λI)1/2 + (α2 + λβ2)I

]
g1

+
[
(α1 + λβ1) (A+ λI)1/2 + (α2 + λβ2)I

]
e−(A+λI)1/2g2 = f1,[

− (σ1 + λγ1) (A+ λI)1/2 + (σ2 + λγ2) I
]
e−(A+λI)1/2g1

+
[
(σ1 + λγ1) (A+ λI)1/2 + (σ2 + λγ2) I

]
g2 = f2.
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We can write this system in the space H := (H(A), H) 1
2+

1
2p ,p

·
+ (H(A),H) 1

2+
1
2p ,p

in the form of
the operator equation

(A(λ) +R(λ))

(
g1
g2

)
=

(
f1
f2

)
, (2.4)

where A(λ) and R(λ) are operator-matrices of 2× 2 dimension:

A(λ) :

:=


[
−(α1 + λβ1)(A+ λI)1/2 + (α2 + λβ2I)

]
0

0
[
(σ1 + λγ1) (A+ λI)1/2 + (σ2 + λγ2) I

]


D(A(λ)) := (H(A),H) 1
2+

1
2p ,p

·
+ (H(A),H) 1

2+
1
2p ,p

R(λ) := e−(A+λI)1/2

×


0

[
(α1 + λβ1)(A+ λI)1/2 + (α2 + λβ2) I

]
[
− (σ1 + λγ1) (A+ λI)1/2 + (σ2 + λγ2) I

]
0


D(R(λ)) := H.

Represent A(λ) in the form
A(λ) = A1(λ) + λA2(λ),

where

A1(λ) :=


[
−α1 (A+ λI)1/2 + α2I

]
0

0
[
σ1(A+ λI)1/2 + σ2I

]


D(A1(λ) = D(A(λ)),

A2(λ) :=


[
−β1 (A+ λI)1/2 + β2I

]
0

0
[
γ1(A+ λI)1/2I

]
+ γ2I


D(A2(λ)) := D(A(λ)).

Show that the operator A(λ) in the space H for sufficiently large |λ| from the angle | arg λ| ≤ φ < π

has a bounded inverse, acting from H into H1 := (H(A),H) 1
2p ,p

·
+ (H(A),H) 1

2p ,p
and it holds the

estimation ∥∥∥A(λ)−1
∥∥∥
B(H,H1)

≤ C |λ|−1 , (2.5)

where C > 0 is a constant, independent of λ.
As formally

A(λ) = A1(λ) + λA2(λ) = λA2(λ)
[
I + λ−1A1(λ)A2(λ)

−1
]
,

and
A(λ)−1 = λ−1

[
I + λ−1A1(λ)A2(λ)

−1
]−1

A2(λ)
−1 (2.6)

the from representation (2.6) it is seen that for that it suffices to show that
a) the operator A−1

2 (λ), for sufficiently large |λ| from the angle | arg λ| ≤ φ < π boundedly acts from
H to H1 and it holds the estimation ∥∥∥A2(λ)

−1
∥∥∥
B(H,H1)

≤ C, (2.7)



B.A. Aliev and O.R. Amiraslanly 7

where C > 0 is a constant, independent of λ;
b) the operator

(
I + λ−1A1(λ)A2(λ)

−1
)−1

for sufficiently large |λ| from the angle | arg λ| ≤ φ < π

boundedly acts from H1 to H1 and it holds the estimation∥∥∥∥(I + λ−1A1(λ)A
−1
2 (λ

)−1
∥∥∥∥
B(H1)

≤ C, (2.8)

where C > 0 is a constant, independent of λ.
Prove a). As formally

A2(λ)
−1 :=


[
−β1 (A+ λI)1/2 + β2I

]−1
0

0
[
γ1(A+ λI)1/2 + γ2I

]−1

 ,

then in order to show a), it suffices to show that:
a1) the operator (A + λI)−1/2 for sufficiently large |λ| from the angle | arg λ| ≤ φ < π boundedly

acts from (H(A), H) 1
2+

1
2p ,p

into (H(A), H) 1
2p ,p

and it holds the estimation

∥∥∥(A+ λI)−1/2
∥∥∥
B

(
(H(A),H) 1

2
+ 1

2p
,p
,(H(A),H) 1

2p
,p

) ≤ C, (2.9)

where C > 0 is a constant, independent of λ.

a2) the operator
[
I + s (A+ λI)−1/2

]−1
for sufficiently large |λ| from the angle | arg λ| ≤ φ bound-

edly act from (H(A),H) 1
2p ,p

into (H(A), H) 1
2p ,p

and it holds the estimation

∥∥∥∥[I + s (A+ λI)−1/2
]−1

∥∥∥∥
B

(
(H(A),H) 1

2p
,p

) ≤ q < 1, (2.10)

where s is any fixed complex number.
a1) was proved in [4].
Prove a2). By [[13], lemma 5.4.2/6] for sufficiently large |λ| from the angle | arg λ| ≤ φ < π we have∥∥∥s (A+ λI)−1/2

∥∥∥
B(H)

≤ C

|λ|1/2
,∥∥∥s (A+ λI)−1/2

∥∥∥
B(H(A))

≤ C

|λ|1/2
.

(2.11)

Then by the interpolation theorem [[12], theorem 1.3.3] and [[13], lemma 5.4.2/6] the operator s(A+

λI)−1/2 boundedly acts from (H(A), H)θ,p into (H(A), H)θ,p for any θ ∈ (0, 1) and it holds the estima-
tion ∥∥∥s (A+ λI)−1/2

∥∥∥
B((H(A),H)θ,p)

≤ C
∥∥∥(A+ λI)−1/2

∥∥∥1−θ

B(H(A))

∥∥∥(A+ λI)−1/2
∥∥∥θ
B(H)

≤ C

|λ|1/2
.

(2.12)

We take θ =
1

2p
. Then for sufficiently large |λ| from the angle | arg λ| ≤ φ < π, the operator

(A+ λI)−
1
2 boundedly acts from (H(A), H) 1

2p ,p
into (H(A),H) 1

2p ,p
and it holds the estimation

∥∥∥s (A+ λI)−1/2
∥∥∥
B

(
(H(A),H) 1

2p
,p

) ≤ C

|λ|1/2
, (2.13)
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where C > 0 is a constant, independent of λ. So, for sufficiently large |λ| from the angle | arg λ| ≤ φ < π,

the operator
[
I + s(A+ λI)1/2

]−1
boundedly acts from (H(A), H) 1

2p ,p
into (H(A), H) 1

2p ,p
and it holds

estimation (2.10), i.e. a2) is proved. From the representations we get.[
−β1 (A+ λI)1/2 + β2I

]−1
= − 1

β1

[
I − β2

β1
(A+ λI)−1/2

]−1

(A+ λI)−1/2 , (2.14)

and [
γ1 (A+ λI)1/2 + γ2I

]−1
=

1

γ1

[
I +

γ2
γ1

(A+ λI)−1/2

]−1

(A+ λI)−1/2 , (2.15)

by estimation (2.9) and (2.10) it follows that the operators
[
β2I − β1 (A+ λI)1/2

]−1
and[

γ2I + γ1 (A+ λI)1/2
]−1

for sufficiently large |λ| from the angle | arg λ| ≤ φ < π boundedly act from
(H(A),H) 1

2+
1
2p ,p

into (H(A), H) 1
2+

1
2p ,p

and it holds the estimation:∥∥∥∥[β2I − β1 (A+ λI)1/2
]−1

∥∥∥∥
B

(
(H(A),H) 1

2
+ 1

2p
,p
,(H(A),H) 1

2p
,p

) ≤ C,

∥∥∥∥[γ2I + γ1 (A+ λI)1/2
]−1

∥∥∥∥
B

(
(H(A),H) 1

2
+ 1

2p
,p
,(H(A),H) 1

2p
,p

) ≤ C,

where C > 0 is a constant, independent of λ.
Consequently for sufficiently large |λ| from the angle | arg λ| ≤ φ < π the operator A2(λ)

−1 bound-
edly acts from H into H1 and it holds estimation (2.7).

Prove now b). From the representation of the operator A1(λ) and A2(λ)
−1 and by equalities (2.14),

(2.15) we have:
λ−1A1(λ)A

−1
2 (λ)

= λ−1


α1

β1

[
I − β2

β1
(A+ λI)−1/2

]−1

0

0
σ1
γ1

[
I +

γ2
γ1

(A+ λ2I)−1/2

]−1



+λ−1(A+ λI)−1/2


−α2

β1

[
I − β2

β1
(A+ λI)−1/2

]−1

0

0
−σ2
γ1

[
I +

γ2
γ1

(A+ λI)−1/2

]−1

 .

Hence, by estimations (2.10), (2.13) for sufficiently large |λ| from the angle | arg λ| ≤ φ < π we have

|λ|−1
∥∥∥A1(λ)A2(λ)

−1
∥∥∥
B(H1)

≤ C

|λ| < q < 1. (2.16)

From estimation (2.16) it follows that for sufficiently large |λ| from the angle | arg λ| ≤ φ < π there
exists (

I + λ−1A1(λ)A2(λ)
−1
)−1

and boundedly acts from H1 into H1 and it holds estimation (2.8). This proves b). From representations
(2.6) by estimations (2.7) and (2.8) for sufficiently large |λ| from the angle | arg λ| ≤ φ < π we get
estimation (2.5). Then from equation (2.4) we have(

I +A(λ)−1R(λ)
)(

g1
g2

)
= A(λ)−1

(
f1
f2

)
. (2.18)
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Using the representations A(λ)−1 and R(λ) we can show that for sufficiently large |λ| from the angle
| arg λ| ≤ φ < π the operator A(λ)−1R(λ) boundedly acts from H1 into H1 and it holds the estimation

∥∥∥A(λ)−1R(λ)
∥∥∥
B(H1)

≤ C

|λ| (1 + |λ|) e−ω|λ|1/2 ≤ q < 1. (2.19)

Hence, by the Neumann identity, for | arg λ| ≤ φ < π and |λ| → ∞,

(
I +A(λ)−1R(λ)

)
= I +

∞∑
k=1

(
−A(λ)−1R(λ)

)k
, (2.20)

where the series in the right side of (2.20) converges in the norm of the space of bounded operators in H1.

By from (2.18), (2.19) for sufficiently large |λ| from the angle | arg λ| ≤ φ < π we have

(
g1
g2

)
=
(
I +A(λ)−1R(λ)

)−1
A(λ)−1

(
f1
f2

)
.

Consequently, for sufficiently |λ| from the angle | arg λ| ≤ φ the elements g1 and g2 may be repre-
sented in the form:

gk = (Ck1 (λ) +Rk1 (λ)) f1 + (Ck2 (λ) +Rk2 (λ)) f2, k = 1, 2, (2.21)

where

C11 (λ) =
[
− (α1 + λβ1) (A+ λI)1/2 + (α2 + λβ2) I

]−1
, C12(λ) = C21(λ) = 0,

C22(λ) =
[
(σ1 + λγ1)(A+ λI)1/2 + (σ2 + λγ2)I

]−1

Rkj-are some bounded operators acting from (H(A), H) 1
2+

1
2p ,p

into (H(A), H) 1
2p ,p

for | arg λ| ≤ φ and
|λ| → ∞. Moreover, from estimations (2.5) and (2.19) it follows that for | arg λ| ≤ φ < π and |λ| → ∞

∥∥Rkj (λ)
∥∥
B

(
(H(A),H) 1

2
+ 1

2p
,p
,(H(A),H) 1

2p
,p

) ≤ ∃C−ω|λ|1/2 , ∃C;ω > 0. (2.22)

From the representation A(λ)−1 it also follows that for sufficiently large |λ| from the angle | arg λ| ≤
φ < π for the operators Rkj(λ) there hold the following estimations

∥∥Rkj (λ)
∥∥
B(H)

≤ Ce−ω|λ|1/2 , ∃C;ω > 0. (2.23)

Substituting (2.21) into (2.2) we get

u(x)

=

2∑
k=1

{
e−x(A+λI)1/2 (C1k (λ) +R1k (λ)) + e−(1−x)(A+λI)1/2 (C2k (λ) +R2k (λ))

}
fk.
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Then, for sufficiently large |λ| from the angle | arg λ| ≤ φ, we have

|λ| ∥u∥Lp((0,1);H)
+
∥∥u′′∥∥

Lp((0,1);H)
+ ∥Au∥Lp((0,1);H)

≤ C

2∑
k=1

|λ|


 1∫

0

∥∥∥e−x(A+λI)1/2C1k (λ) fk

∥∥∥p
H

dx

1/p

+

 1∫
0

∥∥∥e−(1−x)(A+λI)1/2C2k (λ) fk

∥∥∥p
H

dx

1/p

+

1∫
0

(∥∥∥e−(1−x)(A+λI)1/2R2k (λ) fk

∥∥∥p
H

dx
)1/p+

(
1 +

∥∥∥A(A+ λI)−1
∥∥∥)

×


 1∫

0

∥∥∥(A+ λI)e−x(A+λI)1/2C1k (λ) fk

∥∥∥p
H

dx

1/p

+

 1∫
0

∥∥∥(A+ λI)e−(1−x)(A+λI)1/2R1k (λ) fk

∥∥∥p
H

dx

1/p

+

 1∫
0

∥∥∥(A+ λI)e−(1−x)(A+λI)1/2C2k (λ) fk

∥∥∥p
H

dx

1/p

+

 1∫
0

∥∥∥(A+ λI)e−(1−x)(A+λI)1/2R2k (λ) fk

∥∥∥p
H

dx

1/p

 .

(2.24)

Estimate the first term in the right hand side of inequality (2.24) for sufficiently large |λ| from the
angle | arg λ| ≤ φ < π.

As [
− (α1 + λβ1) (A+ λI)1/2 + (α2 + λβ2) I

]
[(

α2I − α1(A+ λI)1/2
)
+ λ

(
β2I − β1(A+ λI)1/2

)]
= λ

(
β2I − β1(A+ λI)1/2

)[
I +

1

λ

(
β2I − β1(A+ λI)1/2

)−1 (
α2I − α1(A+ λI)1/2

)]

= −λβ1(A+ λI)1/2
(
I − β2

β1
(A+ λI)−1/2

)

×

[
I +

1

λ

α1

β1

(
I − β2

β1
(A+ λI)−1/2

)−1(
I − α2

α1
(A+ λI)−1/2

)]
,

C11 (λ) =
[
− (α1 + λβ1) (A+ λI)1/2 + (α2 + λβ2) I

]−1
= − 1

λ

1

β1
(A+ λI)−1/2S(λ),

where

S(λ) =

(
I − β2

β1
(A+ λI)−1/2

)−1

×

[
I +

1

λ

α1

β1

(
I − β2

β1
(A+ λI)−1/2

)−1(
I − α2

α1
(A+ λI)−1/2

)]−1

.
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From estimation (2.11) and (2.12) it follows that

∥S(λ)∥B(H) ≤ C, ∥S(λ)∥
B

(
(H(A),H) 1

2
+ 1

2p
,p

) ≤ C. (2.25)

Therefore by [[13], theorem 5.4.2/1] and (2.25) for the first term of the right side of inequality (2.24)
for sufficiently large |λ| from the angle | arg λ| ≤ φ < π we have

|λ|

 1∫
0

∥∥∥e−x(A+λI)1/2C11 (λ) f1

∥∥∥p
H

dx

1/p

= |λ| 1

|λ|
1

|β1|

 1∫
0

∥∥∥(A+ λI)−1/2e−x(A+λI)1/2S (λ) f1

∥∥∥p
H

dx

1/p

≤ C
∥∥∥(A+ λI)−1

∥∥∥
B(H)

 1∫
0

∥∥∥(A+ λI)1/2e−x(A+λI)1/2S (λ) f1

∥∥∥p
H

dx

1/p

≤ C

1 + |λ|

[
∥S(λ)f1∥(

H(A),H 1
2
+ 1

2p
,p

) + |λ|
1
2−

1
2p ∥S(λ)f1∥H

]

≤ C |λ|−1

[
∥f1∥(H(A),H) 1

2
+ 1

2p
,p

+ |λ|
1
2−

1
2p ∥f1∥H

]
.

By [[13], theorem 5.4.2/1] and estimation (2.22), (2.23) for the second term of the right hand side of
inequality (2.24), for sufficiently large |λ| from the angle | arg λ| ≤ φ < π we have

|λ|
2∑

k=1

 1∫
0

∥∥∥e−x(A+λI)1/2R1k (λ) fk

∥∥∥p
H

dx

1/p

≤ |λ|
∥∥∥(A+ λI)−1

∥∥∥
B(H)

2∑
k=1

 1∫
0

∥∥∥(A+ λI)e−x(A+λI)1/2R1k (λ) fk

∥∥∥p
H

dx

1/p

≤ C ·
2∑

k=1

(
∥R1k(λ)fk∥(H(A),H) 1

2p
,p

+ |λ|1−
1
2p ∥R1k(λ)fk∥H

)

≤ Ce−ω|λ|1/2
2∑

k=1

(
∥fk∥(H(A),H) 1

2
+ 1

2p
,p

+ |λ|1−
1
2p ∥fk∥H

)

≤ C|λ|−1 ·
2∑

k=1

(
∥fk∥(H(A),H) 1

2
+ 1

2p
,p

+ |λ|
1
2−

1
2p ∥fk∥H

)
.

The remaining terms of the right hand side of inequality (2.24) are estimated in the same way. The
theorem is proved.

Acknowledgments. The authors would like to express their gratitude to the referee for his/her very
valuable comments and suggestions.
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