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Abstract. In the Hilbert space H we study the solvability of boundary value problem for a second order
homogeneous elliptic differential-operator equation in the case when one and the same spectral param-
eter linearly enters into the equation and boundary conditions, moreover the spectral parameter in the
boundary conditions participates simultaneously both in front of the sought for function itself and in front
of the derivative taken respectively at the boundary points 0 and 1. Sufficient conditions for coercive
solvability of the considered boundary value problem in the space Ly((0,1); H) (p > 1) were found.
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1 Introduction

Second order boundary value problems for elliptic differential-operator equations when one and the same
spectral parameter enters into the equation and the boundary conditions, were studied in different aspects
in many papers (see e.i. [1]-[3], [5]-[7], [10]-[11]).

In all these papers [1]-[3], [5]-[7], [10]-[11], the spectral parameter in the equation and boundary
conditions has the same order and the spectrum in the boundary conditions is either in front of the sought-
for function or in the front of the first derivative of the sought-for function taken respectively at the
boundary points 0 and 1.

In the Hilbert space H we study the solvability of boundary value problem for a second order ho-
mogeneous elliptic differential-operator equation in the case when one and the same spectral parameter
linearly enters into the equation and boundary conditions, moreover the spectral parameter in the bound-
ary conditions participates simultaneously both in front of the sought for function itself and in front of the
derivative taken respectively at the boundary points 0 and 1.

Thus, in the present paper, in a separable Hilbert space H, we consider the following boundary value
problem.

u(z) — o'’ (x) + Au(z) =0, = € (0,1), (1.1)
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(1 + AB1) @/ (0) + (a2 + AB2) u(0) = fi,
(12)
(o1 + A1) ' (1) + (o2 + My2) u(1) = fo,

where A-is a spectral parameter, A is a linear close operator with everywhere dense in H domain of def-
inition and a resolvent decreasing as |A| ! for sufficiently large || in some angles containing a negative
semi-axis; «;, 34, 04,7 (i = 1,2) are any fixed complex numbers, moreover ay, 81,01,71 # 0.

In the given paper we find sufficient conditions for the solvability of boundary value problems (1), (2)
in the space Ly ((0,1); H) (p > 1), establish some estimates (with respect to  and \) for the solution.

Note that boundary value problems for second order ordinary differential equations with a spectral
parameter in the equation and boundary conditions were studied in a lot of papers. In particular, in the
paper [8], spectral parameter exists in the equation as A, while in the boundary condition as a linear func-
tion with respect to A, where the asymptotic behavior of eigenvalue and eigenfunction of the considered
boundary value problems are studied.

Now introduce some necessary denotation and notion that are used in the paper.

Let F7 and E be two Banach spaces. Denote by B(E7, E') Banach space of all bounded operators
acting from FE; to E, with ordinary operator norm. In the special case, if E; = E, then B(E, E) := B(E).

Definition 1.1. A linear closed operator A is said to be strongly positive in the Hilbert space H, if
the domain of definition D(A) is dense in H, at some ¢ € [0,), for all the points p from the angle
|arg u| < ¢ (including i = 0) there exists (A + uI) ™" and for such p it holds the estimation

A+ I_IH <CO+u)t,
Jearun], , <catin
where I is a unit operator in H, C = const > 0. For ¢ = 0 the operator A is said to be positive.

Self-adjoint positive definite operators acting in the Hilbert space H are the simplest examples of
strongly positive operators.

Note that the strong positivity of the operator A yields strong positivity of the operator A%, o € (0, 1).
Let A be a strongly-positive operator in H. As A~ is bounded in H, then

H(A") := {u cu € D(A™), ||“HH(A") = HAnu”H} €N

is a Hilbert space whose norm is equivalent to the norm of the graph of the operator A. If the operator A
is strongly positive in H, then the operator —A is a generating operator analytic for ¢ > 0 of the semi-
group e~ 4 and this semigroup exponentially decreases, i.e. there exist two numbers ¢ > 0, oo > 0 such

that eftAH < ce” 99 0 < t < 4c0. By [[9], theorem 1.5.5] the operator —Al/? generates an analytic

semigroup for ¢t > 0, decreasing at infinity.

Definition 1.2. [[12], theorem 1.14.5]. Interpolation spaces (H(A™),H), ., of Hilbert spaces H(A™)
and H, where A is a strongly positive operator in H are determined by the equality

(H(A™), H)Gyp

T 4o tA, ||P
= {u tu € H, HUH(H(A"),H)Qm = /0 ¢~ 14mop HA”67 uHHdt < oo} ,

0e(0,1), p>1, neN.

Moreover, (H(A"), H), ,, := H(A"), (H(A"),H), , = H.
Denote by L,((0,1); H) (1 < p < o), a Banach space (for p = 2 a Hilbert space) of functions
x — u(x) : [0,1] — H, strongly measurable and summable in the p-th degree, with the norm

1 1/p
el o) = ( / Hu(x)ﬂf;,dx) < oo,
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by

Wi ((0,1); H(A™), H) := {u : A", ™ € Ly((0,1); H)}

a space of vector-functions with the norm

— [ A™ (n)
||u||Wp"((O,l);H(A"),H) T ||A UHLP((O,l);H) + HU ’ L,((0,1);H) ’

It is known that [[12], theorem 1.8.2], if u € W;'((0,1); H(A™)H), then

W) € (HA™H) oy 25 =0,(n=T)
T P

n

2 Homogeneous equations
Consider now boundary value problem (1.1), (1.2) in separable Hilbert space H.

Theorem 2.1. Let the following conditions be fulfilled:

1) A is a strongly positive operator in H.

2) ag, Bk, ok, Vi, (k = 1,2) are any fixed complex values, moreover a1, 81, 61,71 # 0.

Then for f;, € (H(A),H)%+ﬁ’p,k: = 1,2; p € (1,00) and for sufficiently large |\| from the an-
gle larg \| < o, where ¢ € [0,7) is some number, problem (1.1), (1.2) has a unique solution u €
Wg((O, 1); H(A), H) and for the solution it holds the estimation

IAHlullz, (0,1);8) T HUNHLP((OJ);H) + 1Al ((0,1):1)

2
_ 1_ 1
< C A 1<§:|fk||<H<A>,H>1 DT |fk||H>. (2.1)

1 ztap

Proof. From conditions 1) by [[13], theorem 5.4.2/6] for |arg \| < ¢ < m, there exists an analytic for

x > 0 and strongly continuous for > 0 semi group e_x(A+)‘I)l/2. By [[13], theorem 5.3.2/1] the
arbitrary solution of equation (1) belonging to sz ((0,1); H(A), H) , for | arg A| < ¢ has the form

u(z) = e_E(A'MI)l/le + e_(l_””)(AJ”\I)l/zgz, (2.2)

where g1, g2 € (H(A), H)ﬁ,p, are arbitrary elements.
Require the function u(x) of form (2.2) satisfy conditions (1.2).
(a1 +281) [~ (A+ADY2 g1 + (A + D)2 =D g
+ (a2 + AB2) [911 + ef(AjLM)l/zgz} =f1,
(01 4+ 2m) [= (A+ AD2em A (44 2012 )]

+ (o2 + dg) [e7 AT

g1+ 921] = fa.
Rewrite system (2.3) in the form:
[ (a1 + 281 (A+ADY2 + (a2 + 282)1] g1
+ {(041 +AB1) (A+ D' + (a2 + Aﬂz)l} AR gy =
[— (01 + M1) (A+ADY? 1 (02 + My2) I} e~ (AR,

+ [(01 A7) (A+ADY2 4 (00 + sz)l} g2 = fa.
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I+tpt (H(A),H)%jLﬁ_’p in the form of

2 D’

We can write this system in the space H := (H(A), H)1

the operator equation

o+ ron () = (1) .0
where A(\) and R(\) are operator-matrices of 2 x 2 dimension:
A(N) :
[f(ca FAB)A+FADY? 4 (g + /\Bgl)} 0
0 (714 200) (A4 A0 + (02 + X12) 1]

D(A)) = (H(A), H)y o (HOA) H

R(A) = e~ (AHAD'?
0 [(al FAB)(A+ADY2 + (ag + A\Bs) 1}
X
[~ (o1 4+ 291) (A +AD) 2 4 (03 + 22) 1] 0
D(R(\)) := H.

Represent A(\) in the form
AN = A1) + Az (),

where
[—al (A+AD)Y/2 +a21} 0
A1(N) =
0 [al(AJrM)l/? +021}
D(A1(X) = D(A(N)),
=81 (44202 + o1 0
Az (N) =
0 [71(A+)\I)1/2]} + vol

D(A2(N)) = D(A(N).
Show that the operator A()) in the space H for sufficiently large |A| from the angle |arg A\| < o < 7
has a bounded inverse, acting from H into H; := (H(A),H)% » + (H(A),H)% p» and it holds the
P’ P’

estimation
AA‘lH <O N, 2.5
[a0 e,y <N (25
where C' > 0 is a constant, independent of \.
As formally

AR = A1) + Mo () = Mo () [T+ A7 A () 4207

and

ANt =1 [1 + xlAl(A)AQ(A)*l} A (2.6)

the from representation (2.6) it is seen that for that it suffices to show that
a) the operator A5 L(X), for sufficiently large | \| from the angle | arg A| < ¢ < 7 boundedly acts from
H to H; and it holds the estimation

HAQ(A)_IHB(H,HQ =G @7
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where C' > 0 is a constant, independent of \;
b) the operator (I + /\711¢11()\)A2(/\)71)_1 for sufficiently large |A| from the angle |arg A\| < ¢ < 7
boundedly acts from H; to H; and it holds the estimation

H(I+A‘1Al(/\)Az_1()\)_ <c, (2.8)
B(Hy)
where C' > 0 is a constant, independent of .
Prove a). As formally
1/2 -1
(-1 (A +A1)12 + a1 0
As(N) = ,
-1
0 [m(AJrAI)l/Q +721}

then in order to show a), it suffices to show that:
a1) the operator (A + AI )_1/ 2 for sufficiently large |A| from the angle |arg A\| < ¢ < 7 boundedly
acts from (H (A), H)%+% p into (H(A), H)% p» and it holds the estimation
P’ p’

H(A+ AD) WH

B (H(A) H)

<
) T ¢ (2.9)

where C' > 0 is a constant, independent of .

-1
a2) the operator [I +s(A+ AT )71/ 2 for sufficiently large |\| from the angle | arg A| < ¢ bound-

edly act from (H(A), H)% p into (H(A), H)% p» and it holds the estimation
P’ P’

H [I Fs(A+ /\I)*W} -

<g¢<l, 2.10
B, ) (210)

where s is any fixed complex number.
a1) was proved in [4].
Prove ag). By [[13], lemma 5.4.2/6] for sufficiently large |A| from the angle |arg A\| < ¢ < m we have

c

) |A|1/2,
c

B(H(A) ~ |AV?

],
(2.11)

A

s(A+AI)*1/2H

Then by the interpolation theorem [[12], theorem 1.3.3] and [[13], lemma 5.4.2/6] the operator s(A +
)\.1)71/2 boundedly acts from (H(A), H), ,, into (H(A), H) ,, for any 6 € (0, 1) and it holds the estima-
tion

s(A+ M)*WH
B((H(A).H)s.,)

H(A+ I/QHB(H) Aﬁﬂ'

(2.12)

= CH (4+2D) 1/2HB(H(A))

We take 0 = % Then for sufficiently large |\| from the angle |arg A\| < ¢ < m, the operator

(A+ /\I)_% boundedly acts from (H(A), H)% p into (H(A), H)% p and it holds the estimation
p’ p’

e
(wramy )~

(2.13)

s(A+ D) WH



8 SOLVABILITY OF BOUNDARY VALUE PROBLEMS FOR...

where C' > 0 is a constant, independent of . So, for sufficiently large |A| from the angle |arg A\| < ¢ <,
-1
the operator [I +s(A+ /\1)1/2} boundedly acts from (H (A), H)% p into (H(A), H)% p and itholds
P’ D’
estimation (2.10), i.e. a2) is proved. From the representations we get.

_ —1
[—ﬂl (A+ADY?% 4 521} . —% {1 - % (A+ )\I)_I/Q} (A+AD)~1/2, (2.14)
and
_ -1
[71 (A+ D)2 +721} o % [I+ % (A+ AI)’1/2] (A+AD)"1/2, (2.15)

-1
by estimation (2.9) and (2.10) it follows that the operators [Bg[ —p1(A+ )\I)l/ﬂ and

-1
[72[ +y1 (A+ AT )1/ 2] for sufficiently large |\| from the angle | arg A| < ¢ < 7 boundedly act from

(H(A), H)é—i-% p into (H(A), H)%—i-% » and it holds the estimation:
P’ P’
-1
H[ﬁzfﬁl (4+AD"?] <C,
() .y ) )
-1
H[wum (4+AD"?] <c,

(M) .y ) )

where C' > 0 is a constant, independent of \.
Consequently for sufficiently large |\| from the angle | arg A| < ¢ < 7 the operator A5 ()~ bound-
edly acts from H into H; and it holds estimation (2.7).
Prove now b). From the representation of the operator A;()) and A»(\)~! and by equalities (2.14),
(2.15) we have:
AT AT (AT

-1
a1 B2 71/2}
— I —=(A+ I 0
B1 { /3’1( )
-1
-1
0 2 {1+ B(AJFA?J)—W}
71 71
oz [, B —12|
~22 1 24+ AD) 0
B B
AN A+ A2
-1
0 i [I+12(A+/\I)—1/2}
7 71
Hence, by estimations (2.10), (2.13) for sufficiently large |\| from the angle | arg A\| < ¢ < 7 we have
_ _ C
N < s <<t 2.16
N T < <a (2.16)

From estimation (2.16) it follows that for sufficiently large |A| from the angle | arg A\| < ¢ < 7 there

exists
-1

(1+ xlAl(A)Az(A)*l)

and boundedly acts from H; into H; and it holds estimation (2.8). This proves b). From representations
(2.6) by estimations (2.7) and (2.8) for sufficiently large |\| from the angle |arg \| < ¢ < 7 we get
estimation (2.5). Then from equation (2.4) we have

(1+ A(/\)_lR(A)) <g1> — AN (g) . (2.18)

g2
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Using the representations A(X\) ! and R()\) we can show that for sufficiently large | A| from the angle
|arg \| < ¢ < = the operator A(A\)~1R()\) boundedly acts from H; into H; and it holds the estimation

HA(/\)’IR()\)H < S ppe N < (2.19)

B(Ey) ~ Al
Hence, by the Neumann identity, for |arg A| < ¢ < 7 and |A| — oo,

(I—i—A(A)_lR(A)) —I+ i (—A(A)_lR(A))k, (2.20)
k=1

where the series in the right side of (2.20) converges in the norm of the space of bounded operators in H .
By from (2.18), (2.19) for sufficiently large |A| from the angle |arg A\| < ¢ < m we have

() = (o) ()

Consequently, for sufficiently |A| from the angle | arg A| < ¢ the elements g; and g2 may be repre-
sented in the form:

gk = (Cr1 (A) + Ry (V) f1 + (Cra (V) + Rpa (V) f2, k=1,2, (2.21)

where

C1r ) = [~ 01+ A8 (A+ADY2 4 (02 £ 28 1] Crah) = Cn(¥) =0,

Caa(N\) = [(0'1 + A1) (A+ )\1)1/2 + (o2 + A’YQ)I} -

Ry j-are some bounded operators acting from (H(A), H) into (H(A), H) ., for |arg A| < ¢ and

1 1
PRTR 2
|[A| = oco. Moreover, from estimations (2.5) and (2.19) it follows that for |arg Al Sp ¢ < mand || = oo

, —w[xt? .
(| R (A)HB( ) <3c , 3w > 0. (2.22)

(H(A)H) 0 (HA)H)

From the representation A(\) ™! it also follows that for sufficiently large |A| from the angle | arg \| <
@ <  for the operators Ry, () there hold the following estimations

<ce M 30.u >0, (2.23)

||Rkj (’\)HB(H) =

Substituting (2.21) into (2.2) we get
u(x)

= > {em = AR (O () + B ) 4+ e OO (0o () 4 Ropy ()] S
k=1
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Then, for sufficiently large |\| from the angle | arg A\| < ¢, we have

1
RN P o8 HL,)((O,U;H) AUl L, o 1),

9 1 1/p
—z(A+AI)? P
<o | [ e i) fi| do
k=1 o
1 1/p
(- 1/2 P
+ ( (& (1 )(A+AI) Cgk (A) fk HH dm)

0

+0/1(

e~ (=D ATAD 2 () kaZ dx) 1/1 + (1 + HA(A FAD! H)

; e 2.24
</ H(A+ e " ARAD o0 ka: dm) -
0

1/p
+ (/ H(A FADe AmDARD B 1 HZ daz)

0

—

1 1/p
(11— 1/2 p
. ( [t ane-omiannicy kaHdw)

0

1 1/p
+ (/ H(A AN (mRARAD 2 B ) kaZ dx)
0

Estimate the first term in the right hand side of inequality (2.24) for sufficiently large |\| from the
angle |arg A\| < p < 7.
As
[_ (a1 + AB1) (A+ADY? + (a2 + AB2) I}

[(a2 = ar(a+ADY?) 1 (Bl = Br(A4+AD)'?)]
— (521 ~Bi(A+ )\1)1/2) {1 n % (521 _Bi(A+ mlﬂ)f1 (a21 —al(A+ M)Wﬂ

:7A51(A+/\I)1/2( gz(A+/\I) 1/2)

A B B1

-1
[4+19 (1— B2(A4an) 1”) (z_ jf(AHI)‘”Q)] :
1

Cut () = [~ (o0 +380) (A+ADY 4 (ar + 28 1] =~ L4 an 2500,

€
A

y\H

where

S(A):( %(AHI) 1/2)1

1

) -1
41 (1_@(A+M)—1/2) (I—QQ(A+>\I)_1/2>} .

X
A B B1 aq
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From estimation (2.11) and (2.12) it follows that

H(A),H
(H(A) )%+ﬁ,p

IS < €, 15O, e (2.25)

Therefore by [[13], theorem 5.4.2/1] and (2.25) for the first term of the right side of inequality (2.24)
for sufficiently large |A| from the angle | arg \| < ¢ < 7 we have

1 1/p
. 1/2 P
A [l en o p)] as
0

1/p

1
N —1/2 —x(A+AD)/? P
= N 3 T /H(A—H\I) e S()\)lede
0

1/p

< C"(A+>\I)—1HB(H) /1H(A+/\[)1/2e—x(A+,\1)1/2S()\) lei;d“”
0

< ¢

14| H(A),H

ISV £l ( ) +NETE |s<A>f1||H}

S+osp
—1 1_ 1
<O Al ay,my, o H AP Al
2T 32p 0P

By [[13], theorem 5.4.2/1] and estimation (2.22), (2.23) for the second term of the right hand side of
inequality (2.24), for sufficiently large || from the angle | arg A| < ¢ < 7 we have

2 : 1/2 p 1/p
| |k§_1 / e 1k (A) fr 4
- 0

1/p

2 1
-1 —z(A4+AD)Y/? p
<\ H(A+M) HB(H);; /H(A+M)e Ryp (V) kaHd:r
- 0
2 1
<C-Y (Hle(/\)fkH(H(A),H)i ot AT ||R1k(/\)fk||H)
k=1 2’

2
— w12 1
< Ce I E:(||fk|\(H(A)7H)L+1 +A T IIkaH)
2 p

k=1 2p’

2

_ 1_ 1
<o S (el m, ., + M ).

k=1 2’
The remaining terms of the right hand side of inequality (2.24) are estimated in the same way. The

theorem is proved.
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