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Null controllability of heat equation with switching pointwise controls
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Abstract. In [1], the author analyzed the problem of two switching pointwise controls for null controlla-
bility of the 1-d heat equation with Dirichlet’s boundary conditions and obtained sufficient conditions for
null controls satisfying switching conditions. In this article, we consider the 1-d heat equation endowed
with arbitrary number (finite) of pointwise controls and under suitable conditions on the placement of
actuators, we show that our approach allows building switching controls.
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1 Introduction

Control problems for PDEs/ODEs arise in many different contexts and ways. A classical problem is
that of controllability. Roughly speaking, it consists in observing whether the solution of the PDE/ODE
can be driven to a given final target by means of a control applied on a sub-domain of the domain or
on the boundary. More precisely, the controllability problem may be characterized as follows. Consider
an evolution system either described in terms of partial or ordinary differential equations. Given a time
interval ¢ € (0,7, and initial and final states we have to find a control such that the solution matches
both the initial state at time ¢ = 0 and the final one at time ¢t = 7. This is a type of exact controllability
problem. There are different type of controllability problems: when the final target is achieved to zero,
then the system is null controllable or when the set of reachable states (set of final targets) is dense in the
space where the evolution system is satisfied, then the system is approximate controllable. However, in
finite dimensions, these apparently weaker notions often coincide with the exact controllability one. For
instance, when dealing with the problem of approximate controllability, as we know the system is said
to be approximately controllable when the set of reachable states is dense in R. But, in R the only close
affine dense subspace is the whole space itself. Thus, in finite-dimension, approximate controllability and
exact controllability are equivalent notions. But this is no longer the case in the context of PDE. Indeed, in
infinite-dimensional spaces there are strict dense subspaces, while in finite-dimension they do not exist.
These are classical problems in control theory and we recommend for instance, the book by Lee and
Marcus [6] for an introduction in the context of finite-dimensional systems and the book of Lions [5] for
an introduction to the controllability of PDE, also referred to as Distributed Parameter Systems.

In this paper, our aim is to build suitable switching pointwise controls for the controllability problem
of 1-d heat equation. To do this we first introduce a new functional based on the adjoint system whose
minimizers yield the switching controls. We show that, due to the time analyticity of solutions, under
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suitable conditions on the location of the controllers, switching control strategies exist in the 1-d heat
equation.

2 Switching Pointwise Controls

In this part, we would consider the problem of null controllability of the 1-d heat equation with pointwise
controls and obtain sufficient conditions for switching controls. But firstly we consider the problem in
which three controllers act at three different points in the interval (0, 1) and then we generalize the ob-
tained result. Consider the case in which three pointwise controllers act at three different points a, b, ¢ of
the space interval (0, 1) where the equation is satisfied:

Yt — Yoz = Ua(t)0a + up(t)dp + uc(t)de, 0<zx<1,0<t<T,
y(0,t) = y(1,t) =0, 0<t<T, 2.1
y(m70):y0(‘r)7 0<CE< 1.

Here, 64, dp and d. are Dirac delta functions located at points a, b and ¢ respectively. We consider the

problem of null controllability. More precisely, given an initial datum y° € L2 (0,1) we look for controls
ua(t), uy(t), uc(t) € L*(0,T) such that y(x, T') = 0 and the switching condition satisfies:

ua(B)up(t) =0, ua(t)uc(t) =0, up(t)uc(t) =0, Vi#£j, aete(0,T). 2.2)

We know that whenever a system is controllable, the control can be built by minimizing a suitable
quadratic functional defined on the class of solutions of the adjoint system (see e.g., [2], [3]).
For " in L?(0,1), we consider the solution ¢ : [0,1] x [0, 7] — C([0,T], L?(0,1)), of the following
backward Cauchy linear problem:

ot + pzz =0, O<zr<l1l,0<t<T,
©0(0,t) = p(1,t) =0, 0<t<T, (2.3)
o(z,T) = ¢°(x), O<z<l1.

This linear system is called the adjoint system corresponding to the 1-d heat equation with Dirichlet’s
boundary condition (see, e.g. [1], [2]). Let <p0 has the Fourier expansion

@ = Z Brwi(z), where wy(z) = v2sin(krz)
E>1
then the solution ¢ of adjoint system is of the form
272
plat) = Bre™ ¥ (). .4)
E>1

As we know that the null control of 1-d heat equation could be computed by minimizing the following

quadratic functional (see, e.g. [1])
o,_1 [T 2 2 2 Yo
I =5 [ Il + 160,08 + lote. 0] at - [ @)oo, 00z
0 0

over the class ‘H of initial data given by

T
= e [ el + o + ottt <

where o (z,t) is the solution of the adjoint system (3) associated to the final target ©°. We consider H
space endowed with the canonical norm

T 1
|w%H=[A (@) + (b, DI + (e, )Pt

constitutes a Hilbert space (see, e.g. [1]). It is easy to see that the functional J is continuous in H, and
strictly convex. Now, we give very important lemma on families of real exponentials. This lemma is
known as estimates on families of real exponentials (see e.g., [1], [3], [4]).
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Lemma 2.1 In our case, it is guaranteed that

T k2 (t—T) |2 —2n2k2T 42
’Zﬂke ‘dt201ze Bie
0

E>1 E>1
for a suitable positive constants ¢y > 0 which is independent from {f}, };>1-
By using this lemma, we obtain the following weighted observability inequality:
_on2p2
1°1Be = 1 Y e T [lwg (@) + lon(O) + wn()] B7- @5)
E>1

As we know that null controllability in time 7" implies approximate controllability in time 7. This comes
form the fact that all the range of the semigroup generated by the heat equation is reachable (see e.g.,
[2]). Therefore, we first prove the approximate controllability of the heat system in time 7" under some
conditions. For this, we will consider new functional very similar with previous one: for any ¢ > 0 and
any y' € L2(0,1)

T
1) = 5 [ [leta O + o0 O + ot PJat-+ 4 = m)e oo

1 1
+/ woyldw—/ y*(2)p(,0)dz,
0 0

where E is finite dimensional subspace of L?(0, 1) and 7z denotes the ortogonal projection from L?(0, 1)
over E.

Our aim is to build approximate pointwise control satisfying Dirichlet’s boundary condition. In other
words, given e > 0 we try to find (finite) approximate controls ug,, uj, u¢ such that the solution y. of heat
equation satisfies the following condition

llye(z,T) — ZJl||L2(0,1) <e (2.6)

For this to be true, the following property suffices (see e.g., [2])

If vt € (0,T") we have p(a,t) = ¢(b,t) = ¢(c,t) = 0, then p(z,t) =0
which is unique continuation property of the adjoint system.
Lemma 2.2 Assume that the following unique continuation property
vt € (0,T), pla,t) = p(bt) = p(c,t) =0 = @(z, 1) =0 2.7
holds, then the heat equation (1) is approximate controllable.

Proof. For obtaining approximate controllability of (1), we should minimize Je over . We have already
proved that Je is convex and continuous in H. On the other hand, in view of (7) above, one can prove that

0
im o 2@) 2.8)
1°11 20,1y 0 [19°11L2(0,1)
Let us give the proof of this coercivity property. In order to prove above inequality, let {w?} C
L?(0,1) be sequence of initial data for the adjoint sytem with ||go? [[£2(0,1) = oo Now normalize them by
~ (p'?

0 _
O = o
I ||<P2HL2(0,1)

so that ||go~9|| £2(0,1) = 1. On the other hand, let ; be the solution of adjoint system with initial data cp?
Then we would have

T
1 . -~ -
T@NeN20,1) = 563lz201) /O (12500, O + 1856, + 125 (e, ) e
1

1
~0 ~0 0 ~
ell(T = 72)@ L20) + / 20y da — / 4 ()¢5 (2, 0)d.
0 0

The following two cases may occur:
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1. liminf;_, o fOT [\nﬁj(a, 2 + @5 (5, 0% + |35 (c, t)ﬂ dt > 0. In this case we have
0 0
Je(@5)/ 15l L2 (0,1) — o0

o TT - - -
2. liminfj o [, [\apj(a,t)|2 + 130, 1) + |<pj(c,t)\2} dt = 0.
For the last case, since 4,53-) is bounded in L?(0,1), by extracting a subsequence we can guarantee that

4,59 — 9% weakly in L2(0, 1) and so weakly in %, moreover

T
0 2 2 2
o [ [letan + o0 + el

is lower semi-continuous in the weak topology of H.
Therefore we would obtain

T

T
/0 [, 0 + b D + (e, ) < limint /0 (16500, 0P + 1856, 0 + (e, ] dt,

where 9 is the solution of adjoint system with given initial data 4°. Therefore we obtain the following
condition

vt € (0,7),9(a,t) = ¢(b,t) = ¥(c,t) = 0.
From (7) we conclude that ¢ = 0. Therefore ¢° = 0 and aﬁ? — 0 weakly in L2(0, 1) and consequently

1
/ Y (2)3; (2, 0)da — 0,
0

and
1
/ ¢9y1dx — 0.
0

Furthermore, E is being finite-dimensional, = would be compact operator and then 7 Egﬁ? — 0 strongly
in L2(0,1). Consequently,
0
(I —7E)@jllr2(0,1) = 1

as j — oo. At the end, we obtain our coercivity property

Je(¢9) Yo '
liminfio] > lim inf [e+/ Py dx f/ Y (m)géj(:v,())dm} =e
Jroo ||<Pj|\ ] 0 0

Therefore J. admits an unique minimizer ¢° € #. That means, for any 4" € LQ(O, 1) and h € R we have
Je(@Y) < Je(@° + hp®). Namely,

T
T+ ) = 1@ = [ o)+ SO0, 0000.0) + (e vt )
T
v [ ot + o0+ et
0
+ell( = me) (@ + m)Iao) — U = 72)2° 2o,
1 1
+ / hyOytde — / hy(z, O)yo(ac)dx > 0.
0 0
We know from triangular inequality that

(1 = 7B) (@ + bl 2201 = T = 7B} N 20| < RIINT = 70)0 201y 29)
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Now, let us define

def

T
A (a0 (a,0) + @b, 00 (b 1) + dle (e, ) at

0

Then using above inequality and after considering the cases: h > 0, h < 0 and taking h — 0 at the end,
we would get the following inequality:

1 1
‘A+/ Vylde — / z/)(w,o)yo(x)dx‘ < e[||((1 - TrE)wOHLQ(O,l)] (2.10)
0 0
Now, if we take uq (t) = —@(a,t), up(t) = —@(b, ), uc(t) = —@(c, t), and multiplying the heat equation

(2.1) with initial data y°(z) € L?(0,1) by ¥ which is the solution of adjoint system (2.3) with initial data
4" and integrating by parts we finally get

1 1
A= [ w0y @~ [y 1)
0 0
By combining these two and letting E = 0,' we finally get
to 1 0
|| 1) = ] < el

for every 1)° € L2(0,1) which is equivalent to
ly(z,T) =y llz2(0,1) < e 2.11)

Therefore for every € > 0, by using variational approach, we obtain the following approximate controls

utel(t) = 7¢€(a7t )
up(t) = —pe(b, 1), (2.12)
uc(t) = —@e(e, t

Now, to get null controls, we should prove that u§ (), u§ (t), u&(t) are uniformly bounded in L2(0,T). We

know that the space of null controllable initial data is the dual one #'. Therefore, to get null controllability
of (1), we should put some conditions on the Fourier coefficients {yg} k>1 of initial datum 0.

Lemma 2.3 Assume that the Fourier coefficients {yg} k>1 of initial datum y¥ of (1) satisfy the finiteness
property
o272k T

2 |wi (@) + lwg (b)2 + |wy(c)

k>1

z lyi|* < oo. (2.13)
Then, y° € H' which is the dual one of H and our approximate controls ug(t), uy(t), us(t) would be
uniformly bounded in L*(0,T).

Proof. Using (5) and Cauchy-Schwarz (CS) inequality (see e.g., [8]), we would get the following

1 1
2 2

0 0 -1 0 2 —1,\2
‘ Zk21 ykﬁk‘ - C‘ Zkzl YRpVkBrvy, ‘ C<S o ‘ Zk21(ykvk) Zk21(ﬁkvk )
- ol S T
Zk21(/3kvk ) Zk21(5kvk )
o2m k2T 0213
<cf W8] < o,
];1 lwi(a)? + |wi (D)2 + |wk (c)?

! In this case, finite approximate controllability turns out to be approximate controllability of (1)
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where
627r2k2T 1

~Nwr@P F [or O + [wr ()2

Uk

As aresult we get 3° € "

Now, we will prove that our approximate controls ug (¢), uj(t) and ug(t) satisfy uniform boundedness
in L?(0,T). Note that u§(t) = —@e(a,t), ul(t) = —pe(b,t), uS(t) = —@e(c,t) where @e(x,t) solves
adjoint system (3) with initial data @8 at time ¢ = T obtained by minimizing the functional .J when
E =0and y! = 0. At the minimizer ¢?, we have Je(3Y) < Jc(0) = 0. This implies that

;/OT {|¢e(a7t)l2 +@e(b,1)* + |¢e(c,t)|2}dt < ‘/Olyo(:r)gﬁe(x,())dx‘.

From (5), we have
. 2
O] Jy 4 @)pel, 0)da

‘Zkzl 513“1:2‘

T
/ [Ge(a D)% + [e (b, DI + |eer )]2dt <
0

for suitable C' > 0 which is independent from {3, } E>1-
Since {wy,(x)}>1 form orthogonal basis in L%(0, 1) after some simplification, we have

. 2
T . . ) 0’2@1 ygﬁk‘
| [ toctas +16et0. 0 + lgete ] < 7200
0 ‘ 2 k>1 BEve '
But applying Cauchy-Schwarz inequality, we obtain
A 05 |? A 0 —1?
C‘ Dok>1 ykﬂk’ C‘ > k>1 YR VkBEYy, ‘
’2@1 5/%“1;2‘ ’Zk21(/8kvlgl)2‘
cS é‘ Zk21(ygvk)2H Zkgﬂﬁkvk_l)z‘ . 0 .2
< - =C (wRvw)”.
‘ > k>1(Bryy, )2‘ k>1
Hence, at the end we get the following result
T ~
| [ 1@ + 160,08 + 6etc. 0] < €3 lon PRI < . (2.14)
0 k>1

where C' > 0 is independent from { Bk }>1- Since we know that

T
2 X 2 15 2, . 2
IIUZ(t)HLz(o,T)S/O [Be(a, )" + [6e(b, )7 + |pe(c, 1) dt,

and similarly, the above inequality is valid for u and wu¢.
Now, using (14) we conclude that Ve > 0, u§ (t), u§(t) and u&(t) are uniformly bounded in L?(0, T).

Therefore, by using Lemma 2.3, we conclude that under the assumption of finiteness property, ug (¢),
uf,(t) and u&(t) are uniformly bounded in L% (0, T') and so, by extracting subsequences, we have u, — uq,
up — up and ug — uc weakly in L%(0,T). Using the continuous dependence of the solution of the
heat equation, we can show that ye(z,T) converges to y(z,T) weakly in L?(0,7) which implies that
y(x,T) = 0 (easily seen by letting y* = 0 in (6)), i.e., the limit controls wq, u; and u. fulfil the null
controllability requirement.

However, we check that our null controls do not fulfil the switching condition (2) in general (see e.g.,
[1]). Therefore, we realize that minimizing J over H just solves the problem of null controllability of
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heat system, but we still have no switching controls. For getting switching controls, we will consider the
following functional Js, which is a variant of our functional J, with the same coercivity properties, allows
building switching controllers:

T

T
1) = 5 [ max{leen e oR e i — [P @e@od. @)

The functional Js : # — R is well defined, continuous thanks to well-poseness of adjoint system (3)
and convexity comes from the following inequality: for given a1, as, b1, b2 € R,

max((ay + az)?, (b1 + b2)?) < max(ai, b?) + 2max(araz, bibs) + max(a3, b3). (2.16)

Same as before, we consider the problem of approximate controllability, i.e., for all ¢ > 0 we could
find (finite) approximate controls ug (t), uj(t) and ug(t) such that the solution y. of heat equation satisfies
(6). For obtaining approximate controls, we should consider the following new functional very similar
with (15): for any € > 0 and any y' € L%(0,1)

. L
T’ =5 /0 max { lp(a, D1, 10(0,6)%, p(e, O }dt + ell (T = 7)o,y

1 1
N / Oylde - / o (@), 0)de,
0 0

where E is finite dimensional subspace of L?(0,1) and w5 denotes the orthogonal projection from
L%(0,1) over E. Observe that when y! = 0 and E = 0 we would obtain our previous functional .Js.

Lemma 2.4 Assume that the following unique continuation property

it € (0,7) : p(a, )] = (b, )] = (e, I} > 0= p =0 2.17)
holds. Then, the heat equation (1) is approximate controllable.
Proof. We skip the proof of that lemma which is closely related with Lemma 2.2 (see e.g., [1]).

Hence, from Lemma 2.4, we know that for getting approximate controllability of (1), we need to have
(17). Since we know that
{t€(0,T): |¢(a,t)|
{t€(0,T): |¢(a,t)|
{t€(0,T): |¢(a,t)|
Therefore, we obtain that

|4 (b )
|4(b, )
[ (b,

lb(e, )} C{t € (0,T): [¢(a,t)] = [¢(b, 1)},
lb(e, I} C{t € (0,T) = [9(b, t)] = [¥(e, )},
[¥(e, )} € {t € (0,T) : [¢(e, t) = [(a, t)[}-

L (e (0,7) : [b(a, )] = (b, 1)},
LY (€ (0,7) : [w(b,6)] = [¢(c, )]},
I8 {t e (0,T): (e, t)] = [(a, )]},

are of positive measure. Now using again the Fourier representation of solution of (3) we have
plat) £o(b,t) = 3 Bre™ © T (wy(a) £ wy (b)),
k>1

The function ¢(a, t) + (b, t) are time analytic for ¢t < T (see e.g., [1]). Consequently, if they vanish for a
set of time instants of positive measure, then they vanish for all ¢ < T'. It is then easy to see, by multiplying

2
above identity by the real exponentials e ™" (t=T) successively, starting from n = 1 and taking limits as
t — —oo, that

ﬁk(wk(a):l:wk(b)) = 0, Vk 2 1.
To conclude that 8, = 0 for all k£ > 1, it is sufficient to show that

wg(a) £ wg(b) = sin(kwa) £ sin(kwb) # 0 Vk > 1.
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This holds if and only if
atb#m/k, Vk>1, meZ. (2.18)
Similarly, we have
b+c#m/k, Vk>1, meZ. (2.19)
cta#m/k, Vk>1, meZ. (2.20)

As a result, under irrationality conditions (18), (19), and (20) we have the unique continuation property.
Observe that if the unique continuation property satisfies, then for ¢ # 0, we have 1 5, 1¢ and I are
of measure zero. Now define

Sa € {t € (0,T) : |p(a, )] > max(|p(b, 1), |(c, )|
)l

def

)}
Sy =A{t € (0,T) : @(b,t)| > max(|e(a,t)], [¢(c,t)[) }
def

Se = {t € (0,T) : |p(c, )| > max(|e(b, )], [#(a; t)])}.

We know that J¢ admits an unique minimizer ¢ € 7. Namely, for any ¥'° € L?(0,1) and h € R
sufficiently small, we would have J§(¢°) < J&(¢° + hty®). Hence by using variational approach, for all
€ > 0, we obtain the following approximate switching controls

utez(t) = _XSQQZJG(C% t)’ ’U,g(t) = _Xsb¢€(b7 t)7 uz(t) = _XSC()@E(Q t):

where xg, is the characteristic function defined on the set S; which gets 1 in S; and O otherwise for
i = a,b,c. Using Lemma 2.3, as ¢ — 0, we obtain the null switching controls. In conclusion, we have the
following result

Theorem 2.1 Assume that points a, b, c in the interval (0,1) are such that the irrationality conditions hold
(ie,a+bb+tccta# m/k). Let the initial datum y° be in H' which is the dual one of the space
H. More precisely, assume that Fourier coefficients of 30 satisfying (13). Then, for all T > 0O, there exist
switching controls

ua(t) = —p(a, t)xs,, up(t) = —p(b,t)xs,,  ue(t) = —p(c,t)xs.,

satisfying switching condition (2) and that the solution of heat equation (1) satisfies
y(z,T) =0,

i.e, null controllability are satisfied. These switching controls obtained by minimizing the functional (15)
over H.

In general, we could examine the case in which n € N, pointwise controllers act at n different points
(a;);=T of the space interval (0,1).
Consider the heat system

Yt — Yoz = Y _pq Ua; (1)0a;(z), 0<2<1,0<t<T,
y(0,t) = y(1,¢) =0, 0<t<T, (2.21)
y(ac,()) = yO(m)’ 0<a <.

Here now, given an initial datum 3 € L?(0, 1) we are looking for controls {ua, (t)}:=% € L?(0,T) such
that null controllability of heat equation holds, i.e, y(x,T") = 0 and switching condition satisfies:

Ua; (B)ua, () =0, Vi#j, aete(0,T). (2.22)

At first, we consider the approximate controllability problem. To obtain approximate switching con-
trols, one should minimize an appropriate quadratic functional over suitable Hilbert space, and under
some conditions on the Fourier coefficients of y°, we will get our desired null switching controls satisfy-
ing switching property. Consequently, we obtain following general new result for switching controls:
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Theorem 2.2 Assume that points {a; ;izg in the interval (0,1) are such that the irrationality conditions
hold ( i.e, a; = aj, are irrationals Yi # j ). Let the initial datum y° be in H}, which is the dual space of
class of initial data of adjoint system (3)

T n
Ho= {0 /0 S (s, 1) 2dt < oo},

i=1
More precisely, let y° be of the form
0 0 27 k2T 02
Yy = Z yrwi(z) with TQWM < 0.
k>1 k>1 Zi:l lwi (ai)]

Then, for all T > 0, there exist switching controls {uq, (t)}:=7 € L*(0,T) satisfying (22) and that the
solution of heat equation satisfies
y(z,T) =0,

i.e, null controllability are satisfied. These switching controls are
Ua; (1) = —p(ag,t), ua;(t) =0 forj#i, inSe, Vie{l,2,..,n}

where
Sas = {t € (0,1) s Ip(ai, ] > max {lp(a;, )} ],
1<j<n

J#i
and $° = p(x,T) is the minimizer of the functional
o, 1 [T 2 '
T =5 [ max et [ @0
0 1S’L§n 0

where $(x,t) is the solution of (3) with initial data 3°.
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