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Abstract. Let b = (b1,...,bm) be a finite family of locally integrable functions. In this paper the
—
authors study the boundedness of the commutators of multilinear singular integral operators T2 on
product generalized Morrey spaces LM;lx (;,}1 X ..o X LM;Z%”L- We find the sufficient conditions on
; N ' ,
(¢1,---,%9m,p) which ensures the boundedness of the operator T, from LMgf,‘fp}l X .. X LMZE:E%m

to LM;fpr}. In all cases, the conditions for the boundedness of Ty, are given in terms of Zygmund-
type integral inequalities on (p1,. .., om,p), which do not assume any assumption on monotonicity of

PlyeeesPm,@InT.

Keywords. Generalized local Morrey space - multilinear Calderén-Zygmund operator.

Mathematics Subject Classification (2010): Primary 42B20, 42B25, 42B35

1 Introduction

Multilinear Calderén-Zygmund theory is a natural generalization of the linear case. The initial work on
the class of multilinear Calderon-Zygmund operators was done by Coifman and Meyer in [12] and was
later systematically studied by Grafakos and Torres in [19]-[20].

Let R™ be the n-dimensional Euclidean space, and let (R™)™ = R™ x ... x R" be the m-fold product
space (m € N). For z € R" and r > 0, we denote by B(z, ) the open ball centered at = of radius r, and
by cB(gv, r) denote its complement. Let | B(z, r)| be the Lebesgue measure of the ball B(z,r). We denote

by ? the m-tuple (f1, f2, .., fm), ¥ = (y1,-..,yn) and d = dyy - - - dyn.
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In 2002 Grafakos and Torres [18]-[20] studied the multilinear Calderén-Zygmund operator which can
be written for z ¢ N7 suppf; as

Tm(?)(x) = /(]Rn)m K(z,y1, .. ym) fi(y1) - - - fm(ym) dyrdysz . . . dym,

where K (x,y1,...,ym) is the kernel function defined of the diagonal © = y; = ...ym in (]R")m"’1
satisfying
m —nm
|K(yo,y1,..-,ym)|SC1( > ka—yzl) ; (1.1)
k,1=0
and whenever 2|y, — | < 1 max |y; — ypl,
ly; —y5l < gogkgmly] Ykl
Cl|yj - y"\e
/ J
‘K(yOavyj7aym)_K(yO>7y]7aym)|§ m nm-+e’
( >y —yzl)
k,1=0

for some € > 0 and all 0 < j < m. Grafakos and Torres [18] proved that the operator K, : ? — Km(?)
is bounded from Ly, (R™) x ... x Lp,. (R™) to Lp(R™) forp; > 1(:=1,...,m)and 1/p=1/p1 +...+
1/pm., and bounded from L1 (R™) x ... x L1(R") to L1 (R").

Let b = (b1,...,bm) be a finite family of locally integrable_> functions, then the commutators gener-
ated by the m-th Calderén-Zygmund type singular integral and b is defined by:

TE(?)(QJ) = / K(z,y1,...,ym) H (bi(x) = bi(yi)) fi (i) dyrdya - . . dym.
(R™)™ i=1

In this work, we prove the boundedness of the multilinear singular integral operators 77, from product
generalized local Morrey space LM ™%} x ... x LM{™} to LM if 1 < py,....pm < oo and

1/p=1/p1+---+1/pm, and from the space LM;;”&}I X ... X LM;i?im to the weak space WLMHO“},

ifl1<pi,...,pm <o0,1/p=1/p1 +---+ 1/pm and at least one exponent p; equals one. In the case

b; € LC(?‘;\} for0 < A\; < 1/n,i=1,2,...,m, we find the sufficient conditions on the pair (¢1, p2)

—
which ensures the boundedness of the commutator operators 7} from LMZ;{i ?P}l X ... X LM];{ffg}am to

LMg,”ff}, 1<p,pi,q <oo,fori=1,2,... msuchthat1/p=1/p1 +...+1/pn+1/q1 + ...+ 1/qn.
By A < B we mean that A < C'B with some positive constant C' independent of appropriate quanti-
ties. If A < Band B < A, we write A &~ B and say that A and B are equivalent.

2 Generalized local Morrey spaces

In the study of local properties of solutions to of partial differential equations, together with weighted
Lebesgue spaces, Morrey spaces M), x = M), y(R") play an important role, see [16], [28]. Introduced by
C. Morrey [32] in 1938, they are defined by the norm

PN
”fHMp,)\ = g;,SlTlI;OT P ||f||Lp(B(z,r))a

where 0 < A <n,1<p< oo
We also denote by WM, x = WM, ) the weak Morrey space of all functions f € WLLOC(R") for
which

A
f = sup r ?|f < o0
11w, e 1fllw L, (B(a.r) :

where W L,, denotes the weak Ly-space.
We find it convenient to define the generalized local Morrey spaces in the form as follows.



A.A. Hasanov, Sh.A. Muradova and E.A. Gadjieva 63

Definition 2.1 Let p(z, ) be a positive measurable function on R™ x (0,00) and 1 < p < co. We denote
by My, = Mp,(R™) the generalized Morrey space, the space of all functions f € L;)OC (R™) with finite
quasinorm
—1 1
= su xT,r B(x,r)| » .

I £l a,,.., IG]R“,F:">0§0( ) 1B(@, )P (I fllL,(B(z,r)
Also by WMy, = WMy o(R™) we denote the weak generalized Morrey space of all functions f €
WL},OC(R”)for which

-1 1
1fllwnm,, = sup  o(x,r) " [Bl@,n)| 7 [flwe,Br) < oo
z€R™,r>0

According to this definition, we recover the Morrey space M, , and weak Morrey space W M,

A—n

under the choice p(z,r) =7

My, = Mp,p A=n , WMy, x=WMp,,

pa,r)=r"7 plam)=r"7

Definition 2.2 Let p(z, ) be a positive measurable function on R™ x (0,00) and 1 < p < co. We denote
by LMy, = LMy, (R™) the generalized local Morrey space, the space of all functions f € L;OC(R”)
with finite quasinorm

_ _1
£, = supe(0,7) " BO,7)[ 77 | fllL,(B0.r))-
>0

Also by WLMp,, = W LMp ,(R™) we denote the weak generalized Morrey space of all functions f €
WL;,OC(]R”) Sfor which

—1 _1
I fllwea, ., = sup ©(0,7)" " |BO0,")| "7 | fllwiL,(B(0,r) < 0°-
ks
Definition 2.3 Let p(z,r) be a positive measurable function on R™ x (0,00) and 1 < p < oo. For any
fixed xg € R™ we denote by LMp{z,U} = LMZ;%B} (R™) the generalized local Morrey space, the space of
all functions f € L;OC(R”) with finite quasinorm

11 aggeer = 17 o + 2 o

Also by WLMI}{_fDO} = WLM;E’}(]R") we denote the weak generalized Morrey space of all functions
f € WLPC(R™) for which

1y prgzor = If (@0 + llwrLag,,, < oo

According to this definition, we recover the local Morrey space LM;KO} and weak local Morrey space
A—n

WLM;”S\O} under the choice ¢(zg,r) =1 »

Lo = L) o WEMRT = WL

p(xo,r)=r P e(zo,m)=r P

Wiener [35], [36] looked for a way to describe the behavior of a function at the infinity. The conditions
he considered are related to appropriate weighted L4 spaces. Beurling [3] extended this idea and defined a
pair of dual Banach spaces A4 and By, where 1/g+1/q" = 1. To be precise, A is a Banach algebra with
respect to the convolution, expressed as a union of certain weighted L4 spaces; the space By is expressed
as the intersection of the corresponding weighted L spaces. Feichtinger [15] observed that the space By
can be described by

_kn
1B, = 21;1(3)2 o [ fxkllL, &) 2.1
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where x is the characteristic function of the unit ball {z € R" : |z| < 1}, x is the characteristic function
of the annulus {z € R" : 2"~ < |z| < 2¥}, k = 1,2, .. .. By duality, the space A,(R™), called Beurling
algebra now, can be described by

OO_M
I£1la, =Y 27 7 I xkllL, @m- 2.2

k=0

Let B4(R™) and A4 (R™) be the homogeneous versions of B,(R™) and A4(R™) by taking k € Z in
(2.1) and (2.2) instead of k > 0 there.
If A < 0or A > n, then LMI;{‘?\O} (R™) = ©, where O is the set of all functions equivalent to 0 on R".

Note that LM, o(R™) = L,(R™) and LM, »(R") = Byp(R™).

Bp,u = LMy, W By, = WLMp,,

©(0,r)=run’ o(0,r)=rnn’

Alvarez, Guzman-Partida and Lakey [2] in order to study the relationship between central BM O
spaces and Morrey spaces, they introduced A-central bounded mean oscillation spaces and central Morrey
spaces Bp u(R"™) = LMy nynpu(R™), p € [*%,O}. If u < f% or u > 0, then By ,(R™) = ©. Note
that Bp,_ (R") = Lp(R™) and B, o(R") = Bp(R™). Also define the weak central Morrey spaces

1
. e
WBp u(R"™) = WLMp ntnpu(R™).
The following statements, containing results obtained in [31], [33] was proved in [21], [23] (see also

[11, [41-[7], [22D).
Theorem 2.1 Let g € R™, 1 < p < oo and (1, p2) satisfy the condition

e dt
/ 901(5170,15)? < Ca(xo,7), (2.3)
.

where C does not depend on xg and r. Then the operator T is bounded from LMéfaol} to LM;;@Z} for
p > 1 and from LMi{g;ol} to WLMl{‘Z;;} forp=1.

Corollary 2.1 Let 1 < p < oo and (¢1, p2) satisfy the condition

[ e@nf <coten, @4)

where C does not depend on x and r. Then the operator T is bounded from My, o, to Mp o, for p > 1
and from My o, to WMy o, forp=1.

The following statements, containing results Theorem 2.1 was proved in [1], see also [24].

Theorem 2.2 Let zo € R", 1 < p < oo and (1, ) satisfy the condition

dt < C p(ao,7), 2.5)

oo ess inf @1(xg,s)s?
/ <00
I

t<s
t§+1

where C does not depend on xy and r. Let the operator T is bounded from LMé:’,,"l} to LMp{fDO} forp>1
and from LMl{fpol} to WLMi{fP”}.
Remark 2.1 1t is obvious that if condition (2.3) holds, then condition (2.5) holds too. In general, condition
(2.5) does not imply condition (2.3). For example, the functions
1 _n n
gpl(r):iﬂ_ﬁ, pa(r)=r P(1+TB), 0<pB<—
X(1,00) (T)T P p
satisfy condition (2.5) but do not satisfy condition (2.3) (see [24]).

Inspired by this, we consider the boundedness of the commutators of multilinear singular integral
—

operators 7,2 on product generalized Morrey spaces LM%} x ... x LMS™}, .
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3 The multilinear singular integral operators in the product spaces LM;E1 ,?P}l . X LM;fff,a’,m

In this section we are going to use the following statement on the boundedness of the Hardy operator

t
(Hg)(t) := %/0 g(r)dr, 0 <t < co.

Theorem 3.1 ([8]) The inequality

ess supw(t)Hg(t) < cess supv(t)g(t)
>0 t>0

holds for all non-negative and non-increasing g on (0, c0) if and only if

t

t d

A;:wpw/ _dr
t>0 t Jy esssupuv(s)

0<s<r

and ¢ = A.

In this section, we will prove the boundedness of multilinear singular integral operators on product
generalized local Morrey space. The following theorem was proved in [27].

Theorem 3.2 Let xg € R", 1 < p1,...,pm < oo and 1/p = 1/p1 + -+ + 1/pm. Then, for 1 <
D1y, Pm < 00 the inequality

”Tm(?)HLp(B(xo,r)) ST%/Z HHfiHLpi(B(mo,t))tigildt (3.1
T oi=1

holds for any ball B(zo,r) and for all | € LRR™) x ... x LS(R™).
Moreover, if at least one exponent p; equals one, the mequality

o m
HT"L(?)HWLP(B(mO,r)) S 7"5/2 H Ifillz,, (Blaopt 7 dt (3.2)
o=l
holds for any ball B(xzq, ) and for all ? € Ll"C (R™) x ... x Lé,‘jﬁ (R™).

Now we give the boundedness of multilinear singular integral operators on product generalized local
Morrey space.

Theorem 3.3 Let zg € R", 1 < p1,...,pm < ocowithl/p=1/p1 + ...+ 1/pm and (o1, .., om,P)
satisfies the condition

n

o essinf [ ¢i(zo,s)sPi
/

t<s<oo
-
toi T

dt S o(xo,r). (3.3)

Then the operator Ty, is bounded from product space LM;1 20}1 SoX LM;;:O};,M to LM{wO}for p; > 1,
i =1,...,m, and from product space LMZ;{f?p}l X LMZ;{:L?;,” to I/VLM{C'“0 forpi>1,i=1,.
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Proof. Let1 < p1,...,pm < oo and T e LMéﬁ?p}l SoX LM};{QE‘% By Theorems 3.1 and 3.2 we
have

m o]
1 _n_q
TP aggegr S sup (0.7 H/tm Vil (5o 0t
' i=17T

r Pi
_ 1
wwnwm m/ 1l (oo 2y

r>0

= su xo, T W _pi
T>ISZ.ZHI“"( ’ / Wil By ®

P
n

m
-2 1
sﬂwmmromw
p 'r’>0

Pi
Lp; (B(zo,r™ n))

—HMMMW

=1
When p; = 1,4 =1,...,m, the proof is similar and we omit the details here.
From Theorem 3.3 we get the following corollary proven in [27] about boundedness of multilinear singu-
lar integral operators on product generalized Morrey space.

Corollary 3.1 Let1 <pi,...,pm <ocowithl/p=1/p1+...+1/pm and (o1,...,pm, ) satisfies the
condition

oo ess inf @;(z s)sl%

<s<oo

H/ — dt < p(z,r). (3.4)
tPi

Then the operator T, is bounded from product space Mp, p, X ... X Mp,. om t0 Mp , for p; > 1,

1 =1,...,m, and from product space Mp, o, X ... X Mp,, o, to WMp. , forp; >1,i=1,...,m

4 Commutators of multilinear singular integral operators in the product spaces
LMD x o LMok,

Let T be a linear operator, for a function b, we define the commutator [b, T'] by

b, T1f(z) = b(z) Tf(x) - T(bf)(x)

for any suitable function f. If T be a Calderén- -Zygmund singular integral operator, a well known result
of Coifman, Rochberg and Weiss [13] states that the commutator [b, T]f = bTf — T'(bf) is bounded on
Ly(R™), 1 < p < oo, if and only if b € BMO(R™). The commutator of Calderén-Zygmund operators
plays an important role in studying the regularity of solutions of elliptic partial differential equations of
second order (see, for example, [10], [11], [14]). In [9], Chanillo proved that the commutator [b, Io|f =
blaf — Ia(bf) is bounded from Ly(R™) to Lg(R™), (1 < p < g < oo, £ = £ — %) if and only if
b€ BMO(R™).
The definition of local Campanato space as follows.

Definition 4.1 Let 1 < ¢ < oo and 0 < A\ < L. A function f € LLOC(R") is said to belong to the

n

CBM O;]{T’)? t (R™) (central Campanato space), if

1 ag 1/q
”fHCBMoéff} SUP (W B(zo.r) |f(y) — fB(:ro,'r‘)| Z/) < oo,
where
1
z0,m) — dy.
IB(2o.r) | (z0,7)]| B(sorr) f(y)dy
Define

CBMO (R™) = {f € LY*(R") - 1l g paroteor < oo}
q,
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In [29], Lu and Yang introduced the central BMO space CBMO4(R") = CBM Oé?o} (R™). Note that,

BMO(R"™) C CBMOéIO}(]R”), 1 < g < oo. The space CBMO;J“'D}(R”) can be regarded as a local
version of BMO(R™), the space of bounded mean oscillation, at the origin. But, they have quite different
properties. The classical John-Nirenberg inequality shows that functions in BM O(R™) are locally expo-
nentially integrable. This implies that, for any 1 < g < oo, the functions in BM O(R"™) can be described
by means of the condition:

1 1/q
sup (ﬁ/B [f(y) — fBquy) < 00,

where B denotes an arbitrary ball in R™. However, the space CBM OéZO}(R”) depends on ¢. If ¢1 <
q2, then CBM Oéf 0]’(R") % CBM Oéf 0}(]R”). Therefore, there is no analogy of the famous John-
Nirenberg inequality of BAMO(R"™) for the space CBM Oéz[’}(R"). One can imagine that the behavior
of CBM Oém} (R™) may be quite different from that of BMO(R"™).

Lemma 4.1 [25,26,30] Let b be a function in CBMO(EQK;}(R”), 1<g¢g<o00< A< % andry,rg > 0.
Then

1
1 K T‘l
—— b(y) —b 9d <Cl|1 ‘l —‘ b 20}
(B($07r1)|1+)\q /B(:co,n)l (y) B(zo,r2)| y> < ( + nr2 I HCBMO;AO}

where C > 0 is independent of b, r1 and rs.

Theorem 4.1 Let zp € R, 1 < p,p;,q; < o0, b; € LC(K&{ for0 < \; < %, i =1,2,...,m and

1_ 1 1 4,1 1 i ;
p=p ottt o Then the inequality

p

m ) m m 1 m
b n t\™ N> Ai—n 3 —i—l

1T )l Lo (Bzory) S | N0ill; otzor T l+In—) t = =17 I fill Los (B(2o,t))

Lci=g . ’

i=1 di>Nig T i=1

holds for all ball B(zo,r) and all f; € LY

loc

R™,i=1,2,...,m.

Proof. Without loss of generality, it is suffice for us to show that the conclusion holds for m = 2.
Let B = B(xo,7), f1 = f{ + f° and fo = f9 + f5°, where f? and f° are as in the proof of
Theorem 3.1, for 7 = 1.2. Thus, we have
T (11, f2) (@)
b1,b ba,b b1,b b1,b
= 1" (10, ) (@) + TR (R, 15°) (@) + T4 (17, 1) (@) + TEP P (R, £5°) (@),

So,

N7 (f1 £l oy < TSP P2 (0, )L, oy + TSP "2 (12, 15901, ()

TS (122, M),y + TS (122, 159 e, e
=1+ II+I1II+1V.

Let us estimate I, II, IIT and IV, respectively.
Since,

(b1(x) = b1(y))(b2(z) — b2(y))
= (b1(z) — (b1)B)(b2() — (b2) B) — (b1(z) — (b1)B)(b2(y) — (b2)B)
b1)B)(b2(x) — (b2)B) + (b1(y) — (b1)B)(b2(¥y) — (b2)B)- “4.1)

I
—
o>
S
—
N~
=
I
—
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Then,

TS 2 (2, ), )

= [l(by = (b1)B) (b2 — (b2) B)T2(f1. )l By + I(b1 — (b1) B)T2(f, (b2 — (b2)B)S2) 1, ()
+I(b2 — (b2) B)T2((br — (b1) ) FY, )1, () + [ T2((b1 — (b1)B) 1, (b2 — (b2)B) )|, ()
=151+ I+ 13+ 14. 4.2)

Let 1 < p,g < oo, such that % + p% and

Lemma 2.3, we have

_ 1 1_ 1 1 : he s .
= 3 = 30 T ;- Then, using the Holder’s inequality and
I S (br = (b1)B) (b2 — (b2))BHL7(B)HT2(f?7 fg)HLF(B)

S b = (b)) Bz, ) lIb2 = (b2)BllL,, (3) I f1llL,, @By f2llL,, 2B)

(5r )

S by = (01)Blz,, () llb2 — (02)BllL,, (B)T

00 dt
X/ Hfllle(B(:co,t))||f2||Lp2(B($o¢))W

2r

S ”bl”wif&i ”b2”LC§:&}2T;

° t (L Yy
X/ (1410 )G e el (Bao i 43)
2

T

Let1 < 7 < o0, such that % = q% + % Then similarly to the estimate of (4.8), we have

I S b1 — (bl)B”qu(B)HTQ(f?v (b2 — (02)B) )l (B)
S by — (bl)B”qu(B)Hf?”Lpl(]R")”(b2 = (b2)28) 311, (&)
S by = (01) Bz, () lb2 = (02)BllL,, 2B)lf1llL,, 2B) 1f2]lL,, 2B) (4.4)

i_ 1,1 _1_
where 1 < s < oo,sucht.hat; = te =7
From Lemma 2.1, it is easy to see that

1
p1°

n

+nA;
165 — (00)BllL,, (3) = Cra ™" [1bs]]

rclro) o
and
[bi = (bi)BllL,, (B) < Ibi = (bi)2BlIL,, (2B) + [(b:)B — (bi)2BlL,, 2B)
<Cra bl ooy 4.5)
q1,21

fori=1,2.
Then,

Iy S b1l eoy o2l oty 77
rolro) 1P2Wple)
o0
t\2 (A +A)n—(L+-L)n—1
></ (1+ln;) R TR 1111z, (B(zo.t) 121l L,, (B(xo.t))dt-
2r
Similarly,
I3 S b1l ooy 02l oty 77
l HLqu,OMH ”chzg\z

1

e )2, (A1 4+A2)n— (2 +L)n—1
X/2 (1+1ﬂ ) At Gt y)n 1111z, (B(xo.t) 2]l L,, (B(x0,1))dt-

r T
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1 _ 1 1 1 _ 1 1 :
Moreover, let 1 < 71,72 < oo, such that m=mta and = =t o It is easy to see that
% = Til + % Then by Lemma 2.3, Holder’s inequality and (4.5), we obtain

LSl = 4) ) Iz, ey ll(b2 = (b2)B) 2L, &)
S by = (1) Bz, 2B)llb2 — (b2) BlIL,, 2B) I fill L, 2B) I f2llL,, (2)

n
N Hbl”LCéfg}l HbzllLCj;&}z”

° t\2 A+ n— (2 +L)n—
></ (1+1n ;) ARGy ty) 1”fl”Lpl(B(:z:g,t))||f2HLp2(B(:1zo,t))dt' (4.6)
2

T

Therefore, combining the estimates of I, Iz, I3 and I4, we have
15 bl b2 B
S 101 {zo} 1|02 {zg} TP
chlg1 LC‘12 vO)‘Z

> E\2, (A +A2)n— (= +-L)n—1
X/2 (1+1ﬂ;)t TP 110z, (B@o.ty 12l L, (B(xo.t))dt-

r

Let us estimate II.
It’s analogues to (4.2), we have

TS (1, 1591, )

= [[(b1 — (b1) B) (b2 — (b2) B) T2 (1 £5°) Il 1, () + (b1 — (b1) B)Ta(f7, (b2 — (b2)B) 591, ()

+ (b2 = (b2) B)T2((b1 = (b1) B) ST, F5°) 1, () + IT2((b1 = (b1)B)fT, (b2 — (b2) B) f5°) 1, ()
=11+ I+ I3+ 14 .7

Let1 < p,g < o0, such that
(3.4), we have

_ 1 1 _ 1 1 : e .
=0t and = = at e Then, using the Holder’s inequality and

Sl
Q|

11 S |(by = (b1)B) (b2 — (02))2Bll L, () IT2(F2, £5°) I, (B
S by = (01)BllL,, (B)llb2 — (b2)BllL,, (B) I f1llL,, 2Bl f2llL,, 2B)
(gr +Has)ntM+A2)n (F-+50)n

<
S b1l ey 121l oy 552 v

) t 2 —(i-i-i)n—l
></2 (1+1n;) top e 1111z, (B(o,t) 121l L, (B(x0,t))dt

T

S by ||LCX&}1 ||b2|\LC§;&)2T5

> t\2 O BT RV
X/z (1+1n;> fAatAn= Gy t,) 1”flHLPl(B(:z:o,t))”fZHLpz(B(mo,t))dt' (4.8)

T

Moreover, using (1.2) and (3.2), we have

ITo(f7, (b2 — (b2) B) f5°) ()|
|b2(y2) — (b2) BlIf2(y2)]
S/ZB\f1(y1)|dy1 /(23)c dyo.

lzg — y2|2”

It’s obvious that

1510l S Wl eml28 49)
2
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and

/ [b2(y2) — (b2) BlIf2(y2)1
on Y2
(2B)° lzo — y2|
> dt
| t2n+1 i| dy2

< /(2 . b2(y2) — (b2) BI| f2(y2)] [/|

To—Y2

< = I—(L 41y dt
s, 102(y2) = (02) B(ao )| Loy (Bwo. ) 121l L, (B(xo.0) | Blxo, )] 772 7 %2 5y

T

e _1 o dt
+/ |H(bz)3(mo,t)*(bz)B(mo,r)|||f2||Lp2(B(zo,t))|B(3«"07t)|1 "2 it

2r
o0 a1 _(Ly1y dt
+2 1 +
Sl\b2||LCq{;0A}2/2 |B(zo,)[2 " "2\ f2ll L,,, (B(z0,t))| B(0,1)] (5 “)thH
» r

* i A 1-L dt
et [ (1410 E) B0 O ol o B0 O3 ey
< o )2 —n4niy— 2 —1
Sleally iy | (1+m )7 5 N f2ll 1y, (Blao ) dt- (4.10)

Therefore, from (4.9) and (4.10), it follows that
ITo(f7, (b2 — (b2) B) f5°)(2)]
2 p—

-1 [ t Fnde— 1
S llball ooy Lz, 2y 2B / (1102 ) T Bl (5t
2,22 2r r
o0
N2 pag—(L+L)yn—1
ST / (1410 ) e Y Al (g ) 12l (o -
92,72 J2r
Thus, let 1 < 7 < oo, such that 1% = q% + %, then similarly to the estimate of (4.8), we have

Ty = [[(by — (b1)B)T2(f1, (b2 — (b2) B) £5°) I, ()
S b1 = (01) Iz, () IT2 (7, (b2 = (b2)B) F5°) |1, ()

A+t 41
5”blHLCif&}l”bQHLCi:f)A}zB et

o t Qn)\zf(iJri)nfl
<, (1+ln;>t PL P2 11111z, (B(zo.t) 121l L,,, (B(x0,t))dt
,
< ||b =0} |0 w0} TP
S 1||LC;1&}1|| 2||LC§2&}2

o 1\, (A 4A)n— (L + L)n—1
<] (1+1n;> t P2 il (Bo,t) 1211 Ly (B (x0,6)) AE- (4.11)

r

Similarly, we have
I3 S b1l aeor 02]l oo 77
H ||LC‘11:0>\1 ” |‘ch2&2

e N2 (A +Aa)n— (L 41 )n—1
></2 (1+1H;) AR TS 1f1llz,, (Bo.tn 121l L,, (B(xo,t))dt-

T

Let us estimate I1y.
Since,

T2 ((b1 — (b1)B) f1, (b2 — (b2) B) f5°) (@)
5/ ‘bl(yl)—(b1)3||f1(y1)|dy1/ ‘172(312)_(172)B||f2(?-12)|dy27
2B (2

B)e |z — ya2[?"
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and
A+1—-L
/23 (b1 (1) = (b1) Bl 1 (wa)ldyr S Mlball, oimo) 1B YA, @By (4.12)
q1,A1
Then, by (4.10) and (4.13), we have

IT2((b1 — (b1)B) 7, (b2 — (b2) B) f5°) ()]

> N2 () —n(L+-L)—1
S 11l g0y 1021l ooy /2 (1102 ) PTG g 12l (3o
q1:A1

qa2:A2 r

Therefore,

11y =[|T5((b1 — (b1) B) ST, (b2 — (b2)B) 5L, ()
S Mbrlly gty 1021l o) e
q1:2A1 92,72

> N2 n(g ) —n(t+-L)—1
X/z (1+ln;)t P il (B ) 121l L, (B (2o .)) -

r

Combining the estimates of [1;-114, we have
IS bl ieoy 0201 eo) 77
LC<11,0>\1 LC«zgxz

> t\2 (L1
></ (1+1n;) grdtre)nGrty,) 1||f1”Lpl(B(zo,t))”fQHLm(B(a:o,t))dt-
2

T

Similarly,
n
IIT < ||by : bo (0} TP
<01l sty 102 oy

o )2 n(A14+X2)—n(E+-1)—-1
X/2 (1+1n;)t rite2l | flln,, (Baeay 120l Ly, (B(xo.t))dt-

T

For IV, we have

TS (12, £5°) 1, )

< |[(b1 = (b1)B) (b2 — (b2) B)T2(f1°, f2) L, By + (b1 — (b1) B)T2 (17, (b2 — (b2) B) f2°)I 1, (B)
+11(b2 = (b2) B)T2((b1 — (b1)B) f1°s f2°) 1, (B) + IT2((b1 — (b1)B) 17 (b2 — (b2) B) f27)I L, (B)
=1V +IVo + IV3 4+ 1V}.

Let us estimate I'Vy, IVa, IV3 and IV, respectively.
Let 1 < 7 < oo, such that % = q% + q% + L. Then, from Holder’s inequality and (3.5), we get

;
Vi S |[(br = (01) B Iz, ()l (b2 — (b2) Bl 1, By I T2 (f1°, F2) I 2, ()
ArtA2) (G + g5 )+
S ball ooy b2l imgy |BIOTTADFarFa)t
q1,A1 2,22
o —n(E+1)-1
></2 1f1llz,, (Bo.tp 21l L,y (B(zo,ept 71 727 "dt
T
< ||b * b » r%
S 1\|LC$1&}1H 2||ch{2&}2
[ (14 E) G £l at
) n ULy, (B(zo,t)) 121 Ly, (B(20,t)) 4

r T
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Moreover, by (1.2) and (3.2), we have
[T (f1°, (b2 — (b2)B) f2° ()]
/ / b2 (y2) (bz)Bl|fl(yl)||fz(yz)|dyldy2
2B)e J(2B)¢

(|wo = y1| + zo — y2|)?"

o0

dt
S il - sl [ ot v
(2B)° J(2B)° lwo—y1l+|zo—y2]|

S R N A N A R TS s

T

Since,

n(l—-L
[ Al S 1, et
B(xo,
and

/ b2 (y2) — (b2) Bl fo ()|
B(zo,t)

< 1-(55+25)
S 162(y2) = (2) B(ag,t) 1Ly, (B(xo,t)) 121l L,y [ B(zo, O P2 T a2

_ 1
+1(02) Bao,t) — (02) Bao,m |1 £2]11,, | Bxo, )]~ 72

L (4L

S0l oy 1B o, 017 12l | Bwo,0) Gataz)
q2,

1— L

bl oy (1410 2) [Blao, 011 ol 2, | Boo, )] 75
a2,72

2 nis—-2+n
S b2l pteoy (1+1H *) 2 T foll L, (B (2o t)) -
2,22 r
Then,
T2 (f1°, (b — (b2) B) f2°)(2)]

o )2 nia— (4L )n—
~ HbQH c{zo} /2 (1 +In ;) t 2 (pl +p2) 1Hf1||Lp1 (B(:L‘(),t))HfQHLpg(B(mOvt))dt' (413)

q2,22 T

Let 1 < 7 < oo, such that % = q% + % Then, from Holder’s inequality and (4.13), we have
1Va 5 [by = (1) Bllz,, (3 I T2(fT°, (b2 — (b2) B) )| .. ()
S b1l otwoy 102l Lot} e
q1,M1

o A+ Aa)n—
></2 (1+1n ) M An=(or Hf1||Lp1(B 200121l L,, (B(zo.1))dt:

T

Similarly,
V3 5 ”blHLC{%)\} [[b2] Lot} re
q1»

></2 (1+1 )t(MHZ)n G +p2)n_lelanl(B(wo,t))Hf2||Lp2(B(wo,t))dt'

r

Similar to the estimate of (4.13), we have

[T2(b1 — (b1)B) f1°, (b2 — (b2) B) f2~ (2))
< /(23)0 /(23)0 [b1(y1) — (b1) BlIb2(y2) — (b2) BIIf1(y1)]If2(y2)] [/

[zo—y1|+|zo—y2

oo

dt
| W} dy1dya

UL e —eosinein] [ [ ) - @sl i) g

T

o0
1\ 2, n(A14+A2)—n(2+ L)1
< e 1 2 P P
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Thus,
n
IVy < by o1 ||b 3 TP
S HLC;IT)OA}I | 2||ch{;&}2

> t\2 (tA2)n— (2 +L)n—1
X/2 (1+1ﬂ;)t PLT P2 111z, (B(zo,t) 2l L, (B(x0,t))dt-

T

Then, from the estimate of IV7-1Vy, we deduced that

Vs ”blHLCLff,"fl Hbzlchgg};’?

*° £\ 2 (L4 Ly
X/2 (1+1H;) A= Grt,) 1Hf1||Lm(B(zo,t))HfzIILm(B(xo,t))dt

T

So, combining the estimates for I, I7, 111 and IV, we have
IS (11, £2) )
S leall oy Nl ey 77
X /2:0 (1 +1In ;)Qt(Al—HQ)n_(ﬁ—i_%)n_lHflanl(B(xo,t))Hf2||Lp2(B(;co,t))dt- (4.14)

Therefore, we complete the proof of Theorem 4.1.
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