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Abstract. In this paper, we study the boundedness of the Marcinkiewicz operator ug and their commu-
tators [b, ) on local and global Morrey type spaces LMpg o, and G Mg ., respectively. The problem of
boundedness of g and their commutators b, o] in local Morrey type spaces are reduced to the problem
of boundedness of the Hardy operator and general Hardy operator in weighted Ly spaces. This allows
obtaining sufficient conditions for boundedness for all admissible values of the parameters.
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1 Introduction and Notation

Morrey spaces and their properties play an important role in the study of local behavior of solutions
to elliptic partial differential equations, refer to [21,22]. The authors of [1,9] showed the boundedness in
Morrey spaces for some important operators in harmonic analysis such as Hardy-Littlewood operators,
Calderon-Zygmund singular integral operators and fractional integral operators. Guliyev in [12] defined
local Morrey type spaces and investigated the boundedness of operators above in the new class of spaces.

Let S"~! be the unit sphere in R” (n > 2) equipped with normalized Lebesgue measure do. Suppose
2 € Ly(S™1) with 1 < ¢ < oo is homogeneous of degree zero and satisfies the cancelation condition

/Sn,l 2(z'Ydo(z") = 0,

where 2’ = x/|z| for any = # 0. Marcinkiewicz operator 1, is defined by

naf@) = ([ 1Pl )

Fou(a) = /| Q(mT_‘ny,)lf(y)dy.

r—y|<t |z —

where

Let b be a locally integrable function on R", the commutator of b and p; is defined as follows

by po) () = ( / [Pt 1() %) -
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where o )
b o(z) = AT = Y) rp(g) — )
Fhetw) = [ R — bl

It is well known that Marcinkiewicz operator play an important role in harmonic analysis. Benedek et al.
[10] proved that if 2 € C*(S™~1), then py, is bounded on Ly (R™) for 1 < p < oc. The corresponding
commutator [b, 1] was first considered by Torchinsky and Wang in [24]. In 2002, Ding et al. [11] showed
that if 2 € Lq(S"™1), ¢ > 1, then p; is bounded on Ly (R™) for 1 < p < oo.

Suppose 0 < p, 8 < oo and w be a non-negative measurable function on (0, o), for any function
fe L;?C(]R”), we denote by LM oy, GMpg ., the local Morrey-type space, the global Morrey-type
space respectively with finite quasinorms

Il Lat,0,. = 0l (B0, | Lo (0,00) IfllGMe,. = sup. 1@+ M Lrtpp.

A

For w(r) = r~», 0 < A < n we get the variant of Morrey type space GMp, . introduced by D.R.
Adams [1], which were used by G. Lu [19] for studying the embedding theorems for vector fields of
Hormander type. For 6 = 0o, LMp.co,w = GMp,co,w are the generalized Morrey space Mp,.,(R"™)
introduced by T. Mizuhara [9]. When 6 = co, w = PP , it is the classical Morrey space.

In 1994 the doctoral thesisis [12] by V.S. Guliyev (see, also [13—16]) introduced the local Morrey-type
space LM, ,,. In [12] by V.S. Guliyev intensively studied the classical operators in the local Morrey-
type space LM, ,,, see also the books V.S. Guliyev [13] (1996) and [14] (1999), where these results
were presented for the case when the underlying space is the Heisenberg group or a homogeneous group,
respectively.

The main purpose of [12] (see also in [13-16]) is to give some sufficient conditions for the bounded-
ness of fractional integral operators and singular integral operators defined on homogeneous Lie groups
in local Morrey-type space LM ,,. In a series of papers by V. Burenkov, H. Guliyev and V. Guliyev (see
[3]-[6]) be given some necessary and sufficient conditions for the boundedness of fractional maximal op-
erators, fractional integral operators and singular integral operators in local Morrey-type space LMpg ;-
Recall that the global Morrey-type space G M,y ,, were introduced in [3], see also [4].

Therefore, the purpose of this paper is mainly to study the boundedness of Marcinkiewicz operator
and its commutators in local Morrey space and global Morrey space for any 0 < 6 < oco.

In what follows, we denote by C positive constants which are independent of the main parameters,
but it may vary from line to line.

2 Marcinkiewicz integral in local Morrey spaces

In this section, we study the boundedness of integral operators in local Morrey spaces and global Morrey
spaces. To state the main results, we first introduce some notations.

Definition 2.1 Let 0 < p, 6 < oo, we denote by 2y the set of all functions w which are non-negative,
measurable on (0, 00), not equivalent to 0 and such that for some t > 0,

[w() Ly (,00) < 00

Moreover, we denote by (2, g the set of all functions w which are non-negative, measurable on (0, c0),
not equivalent to 0 and such that for some t1, ta > 0,

1) g (61.00) < 005 [0 P10 0,00) < 00-
In [12], the following result was shown

Lemma 2.1 Let 0 < p, 0 < oo and w be a non-negative measurable function on (0,00), then the
following is true

1. Ifforall't > 0, ||w(r)|L,(t00) = 00, then LMypg ., = GMpg ., = O, where O is the set of all
functions equivalent to 0 on R™.
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2. Ifforallt >0, ||w(r)r"/p\|L9(07t) = oo, then any functions f € LMpg ., continuous at 0, f(0) =0,
and for 0 < p < oo, GMyg ., = O. Consequently, in the sequel, we always assume that either
w E g orw € \Qp’g.

Let Lp,(0,00) be the weighted Lebesgue space of function f on (0,00) for which | f[lz, ,(0,00) =
(fs |f(x)|”v(:c)d1:)1/p < oo and let H denote the Hardy operator

T
Hg(r) = / g(t)dt, 0 < r < oo.
0

Therefore, we have the following theorem

Theorem 2.1 Let 2 € Ly(S"™ 1), 1 < ¢ < oo, be a homogeneous of degree zero and satisfy the can-
cellation condition. If for any ¢ < p < oo, 0 < 61, 02 < oo, w1 € (29, an dwy € (2p,, suppose
that

_pr _pr_ _Pr _P_g9,_
v(r) :w?1 (r ")T n 1, u(r) :wgz (r n)r n—02—1
Assume the operator H is bounded from Lg, ,,(0,00) to Lg, ,,(0,00) on the cone of all non-negative non-
increasing functions ¢ on (0, 0o) satisfying the condition tlim @(t) = 0, then the Marcinkiewicz operator
— 00
pg is bounded from LM,g, o, to LMpg, o, and from GMyg, ., to GMpg, 1, ( in the latter case, it is
assume that wy € 2y, 9, and wa € 2,9, ).

Proof. For any ball B = B(xq, r), function f(z) can be divided into two parts: f = fx4p +fXrr\4B =
f1 + f2, thus we have

leeflle, ) < llkefill,s) +lkefllL, ) =1 + L2 2.1
For I1, by L, (R™) boundedness of p, in [2], we have

n [ dt
B < Clfll,am) < 0% [ Ifln,aeon o 22)

where the constant C' > 0 is independent of f.
For I, we first estimate p(; f2(x) for any z € B, since y € R™ \ 4B, it has the following inequality:
|z —y| > |y — zo| — | — 0| > %|y — xg| > 3r, therefore we obtain

20 — y)| ar\*
naseo) < [ EEZ W ) ( /x_qu ts) dy

- O/R 192G =) ¢ ay

map |z =yt
192(z)]

g/ = f(z = 2)dz
R\ B(0,3r) K
O dt
:C/ |2(2)f(xz — 2) 7 dz
R™\ B(0,3r) 2 "

o dt
SC/ / L2 f(x —2)|dz——=
[ L 12O = Dl

o / dt
< Iz, 5n) | (/B(O e dz) e
s ,t P

since ¢/ < p < oo, for any | — zg| < 7, |2| < t, it has the following inequality: |z — z — 2¢| <
|z] + |z — xo| < 2t, hence we have

m\‘ -

> 1 dt
@) < Ol [ ([ irwrat
3r B(zo,2t tr

> dt
<2, 1) Hf”L,,(B(:po,t))F.
s
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Thus for I5, we have
I < C|92||p, sn-1yr? H.f”L,,(B(:vmt))F' (2.3)
K
Finally, by the definition of local Morrey space and inequalities of (2.1) — (2.3), we show
= llwa(M)llee fllL, B0,m) L4, (0,00)

o0
< Cllun(ryr? / PN, 30,0y 24, (0,00

ke flloa,

Oawg

= a7 [ 1l 0y T 0001

Let g(t) = I, 0.2y ulr) = w§? (7% ) r=5 702" then
lh2fll Loy, < CIHIT) L, 1\ (0,00)- (2.4

Let v(r) = w?l( )rf%fl, by the weighted L, boundedness of Hardy operator H and inequality
(2.4), we have

It f Moy < Clam o .0,
1

:c(/o A0S oyt (™ )r‘%‘ldr)
= ([T oyt 1)

=ClIA L, B w1y, (0,00) = ClFN M6, -

3k

where the constant C' > 0 is independent of f.

On the other hand, by the definition of global Morrey-type spaces, it only need to g(t) = || fH (B@oi— )

just like local Morrey-type spaces, we also obtain the boundedness in global Morrey spaces.

In order to obtain sufficient conditions of the Marcinkiewicz operator, we shall apply the known
necessary and sufficient conditions ensuring boundedness of the Hardy operator H from one weighted
Lebesgue space to another one for any non-negative nonincreasing function g (see, for example [7,8]).

Lemma 2.2 Let g be a non-negative nonincreasing function and u, v weight functions on (0, 00).

(a) If 1 < 61 < 6y < o0, then the inequality

fos) 1/64 00 1/61
( / <Hg>92<t>u<t>dt) sc( / 991<t>v<t>dt> 2.5)
0 0

holds if any only if
1

¢ o _% ¢ 1
Bjp :=sup (/ u(r)r 2d7‘) (/ ’U(’f‘)d?") < 00,
t>0 \Jo 0
> t 0 o
© 23 1
B :=sup (/ u(r)dr) ’ / %dr < o0.
t>0 \Jt 0 (forv(p)dp) '

(b) If0 < 01 < 1,0 < 01 <0y < o0, then the inequality (2.5) holds if any only if B11 < oo and

o) % t *é
Bag := sup (/ u(r)dr) </ U(r)dr) < 0.
t>0 \J¢ 0

and
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(c) If1 <01 <00, 0< 02 <0 <oo, 0 # 1, then the inequality (2.5) holds if any only if

0162

¢ 0 02 0102
6,-0

B3 = /00 M e u(t)teth < 00
0 fot v(r)dr

and

Byo i— /OOC (/toou(r)dr>012 (/Otwdr>%

T o(p)dp) "t

61 —09
9102
9/
t o1
(U v()dp)

(d) If 1 =05 < 01 < oo, then the inequality (2.5) holds if any only if
01 —1

t =T o1
oo u(r)rdr \ 7
By = /0 (m) u(t)tdt < o0,

! 9/

t dr+t [ d 6;—1 1
and Bys 1= sup;~q (fo u(r)rfgrv(r){th u(r) T) X (ffoo u(r)dr) dt] < o0.
(e) If0 < 02 < 01 = 1, then the inequality (2.5) holds if any only if

0o 2
t 0 1—605
By = /OO Jo wlryr2dr) T u(t)t®? dt < o0
0 fg v(r)dr

and

65 05 T
[e%e] [e%e] 1—67 1 S 051
Bso = / (/ u(r)dr) ( inf / v(p)dp) x u(t)dt < 00.
0 ‘ 0<s<t s J

(f) If 0 < 02 < 01 < 1, then the inequality (2.5) holds if any only if B31 < oo and

016

0o 6162 0o 2 6162

gf1—02 01 —05

Bga = / sup ———————— (/ u(r)dr) x u(t)dt < oo.
0 0<s<t (f()s U(p)dp) 01 —05 t

(g) If0 <61 <1, 02 = o0, then the inequality (2.5) holds if any only if

B7 := ess sup L(t)
0<s<t ([ w(r)dr)

(h) If1 < 61 < 0o, b2 = oo, then the inequality (2.5) holds if any only if

t0-1 Oy
Bg := ess sup u(t) / ———dr < o0.
>0 0 Jov(s)

< 00.

|
S
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(i) If 01 = 00, 0 < 02 < o0, then the inequality (2.5) holds if any only if

1
02 b2

e ¢ dr
Bo = / /7 w@ydt | < oc.
0 o esssupv(y)
o<y<r

(j) If 01 = 02 = oo, then the inequality (2.5) holds if any only if

t
d
Bjg :=ess supu(t)/ — T <.
>0 o esssupo(y)
o<y<r

From Theorem 2.1 and Lemma 2.2, we obtain the following result.

Corollary 2.1 Let 2 € Lq(Snfl), forany ¢ < p < oo, 0< 01, 63 < oo, wy € 29, and wo € (2,
suppose that any of condition (a) — (j) is satisfied, then the Marcinkiewicz operator ¢, is bounded from
LMyg, w, t0 LMyp, 4, and from GMpg, o, 10 GMpg, o, (in the latter case, it assumes that w1 € §2;, 9,
and wa € 29, ).

Note that if §; = 02 = oo, that is, condition (j) is satisfied, then the operator 1, is bounded from gen-
eralized Morrey space My, , to generalized Morrey space My, w.,, Which extend to the result of Guliyev
etal.in [17].

3 Commutators of Marcinkiewicz integral in Local Morrey spaces

In this section, we consider the commutators generalized by the singular integral operator, Marcinkiewicz
operator and BMO function. A local integrable function f € L'°¢(R™), if it satisfies

1
[b]]« = sup

S b(y) — b dy < oo,
zern,r>0 [B(@,7)| B(w,r)‘ ) = b5

where B(z, r) is ball centered at = and radius of 7 and bp(, ) = Wﬂlﬂ’)l fB(I " b(y)dy, then b belongs
to BMO, and || - ||« is the norm in BMO. Meantime, it has the following equivalent condition

v
sup L b(y) = bp e, |Pdy | < oo
£ER™,1>0 |B(z, )] B(z,r) @)

for any 1 < p < co. Besides this equivalent property, the following estimate is very convenient in appli-

cations.

Lemma 3.1 Let b € BMO(R"™). Suppose 1 < p < oo, x € R", and R > 2r > 0, there exist constant
C > 0, such that

R
1bB(z,R) = 0Bz, < Cln?”f||BMO~

These lemmas are obvious, we omit here, reader can consult [15].

In the discussion of boundedness of Marcinkiewicz operator in local Morrey-type space, we use the
Lp « boundedness of the Hardy operator. However, when we consider its commutator, it is not enough
to the weighted L, boundedness of the Hardy operator. In the following, we introduce a general Hardy
operator.

Definition 3.1 We will say that K is a general Hardy-type operator if it has the form

Kow) = /0 " ke, Holt)dt,

where the kernel k(x,y) satisfies

(i) k(z,t) >0, 0<t<um
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(ii) k(z,t) is increasing in x and decreasing in t;
(iii) k(z,t) = k(z,2) + k(z,t), 0<t<z<a.

Such kernels are called Oinarov kernels.

Remark 3.1 k(x, t) = 1, then K is the classical Hardy operator; k(x,t) = & (%), where @ satisfies
P(ab) = P(a) + P(b), 0 < a < b < oo, meets the demands.

Therefore, we get the following theorem

Theorem 3.1 Let 2 € Ly(S"™1), forany ¢ < p < 00, 0 < 61, 02 < 00, w1 € 2p,, w2 € g, and
b € BMO, and

v(r) = wfl (r_%) 7“_%_1, u(r) = wgz (r_%> o021

If the Marcinkiewicz operator pg is bounded from Ly, ,,(0,00) to Lg, ,,(0,00), then the commutator
[b, 0] is bounded from LMpg, o, to LMy, v, and from GMpg, ., to GMyg, ., (in the latter case, it
is assume that wy € 2, g9, and wa € §2;, 9, ).

Proof. For any ball B = B(x, r), function f(z) can be divided into two parts: f = fx4p+ Fxrm\aB =
f1 + fo, thus, we have

b, nlflliz, ) < b, pelfillL, ) + b nelfllr, ) = J1+ J2. (3.1)
For J1, by Lp(R™) boundedness of [b, 1] in [3], we have

J1 <C|fllL,aB)y < Cr? /3 ||f|\LP(B(:E,2t))t%ﬁ7 (3.2)

T

where the constant C' > 0 is independent of f.

For J2, observe that for any z € B, since y € R" \ 4B, it has the following inequality: |z — y| >

1 .
ly — zo| — | — 0| > §|y — xo| > 3r, therefore we obtain

Q@ =90y by 1£(y)|dy

naB [T —yl"

Wwdh@”ﬁ/

S/‘ 2O 0 — b = 2)] I (@ — 2)ld=
R™\ B(0,3r)

2™

< dt
—c | 126:)] (o) ble = )| 5 - 2 [ v
R™\B(0,37) K
> dt
<o [ [ 196 b sl e~ iy
3r
+cérém“ M e 20) — b £ — 2)ldz iy

dt
+c/ /‘ 2] 6@ — 2) — bpgay 2| | (@ — 2)|dz- 20
3r JB(o, t) B(wo,2t) tn+l
=K1+ Ko+ K3, 3.3)
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since ¢/ < p < oo, for any |z — zg| < 7, |2| < t, it has the following inequality: |z — 2z — 2o| <

|z| + | — o] < 2t, hence we have

o dt
K §0|b($)—b3\/ / 12(2)f (& = 2)ldz 7
3r JB(0t)

1
7

1
q , q
e -vpl [ ([ ieera) ([ ire-are)
3r B(0,t) B(0,t) t

1
7

o0 , q dt
< Ote) = bl |2l 50 | ( /. ( 2)|f(y)qdy> e
s x0,2t a

o dt
< Os) = bo 12Nz, 6n) | 11y a0y 57
T

thus, we obtain

N dt
1K1z, B) < ClLlL,sm-1) (/B|b(1‘)—bB|pd$) / ||f||Lp(B(a:0,t))t£/ﬁ

oo

n dt
< IO zygon-2y75 [ Wz, Bie00) 557
3r tr

Next, we consider the third part of K3, for any ¢ <p<ooandsomel < s < %, we have

1 1
S ! s

dt

o ’
Ki<c | (/ |b<x—z>—bB<zo,2t>|5dz) (/ Q(Z)f(x—z)lsdz> -
3 B(0,t) B(0,t)

T
1

< C/ (/ b(y) — bB(xo,Qt)|S/dy>
3r B(x0,2t)
1
X (/ |Q(z)‘1dz> (/ |f(z — 2)|75
B(0,t) B(0,t)

q=s
dz - dt
tn+1
dt

o0
<l Wl | Il (Basin 557
3r tr

7

Finally, for the second part of K>, by the lemma 3.1, we obtain

> 2t\ dt
< . - =)=
K < O] /3 /B(Oyt)|!2(z)f(nc 2ldztn (2) 20

> o\ t\ dt
< Ol 2Nz, on ) | ( L 1720 dz) w(t) 5

1
o’

> ro\ t\ dt
< C|b]1+]1£2]] n—1 / / lF ()| dy In(=)—o—
L ) 3r B(z0,2t) (7') tq’+1

> t\ dt
= Oz, 5y | Uty a1 (1)

Therefore, by the inequalities (3.1)-(3.6), we show

(oo}

t dt
1 fllz,(B(zo,2¢)) In (;) sy

> t\ dt
< bl e,y | Iy By W (5)
s

1B, pelfll, (5) < cnbn*uranq(gn,l)/S

(3.4)

(3.5)

(3.6)
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where the constant C' > 0 is independent of f.
Thus, by the definition of local Morrey space, we have

b, nelfllLae,.,, = lw2(r)b, welfllL,B©,m)l L, (0,00)

n [ t
< Cllws(ryr? / N g oy (L) g, 0.0

T

—C 1 oy
- ||'LU2 / Hf” p(B(-LO t—f)) n( ) dir o2 2.

Let g(t) = ||f]| u(r) = wl? (r*%) r %01 and k(r,t) = In %, forany 0 < t < r, then

Ly(B(0t™ %))
16, w2l Fll LMoy 0y < CIE () L4, .0 (0,00)- (3.7

Letv(r) = w?l (7“7%) o , by the weighted L, boundedness of general Hardy operator K and inequal-
ity (3.7), we have

I, k2l fllLaye,,, < Clla(IL,, (0,00

1
o » oy
—-C b1 (=% nlg
(/0 I, 5004 (’“ )7" 7’)

1

0, 01
e /0 112 g0yl ()

= CllIf L, B0, w1 (M) Ly, (0,00)
=ClfllLMyo, i, »
where the constant C' > 0 is independent of f.
On the other hand, by the definition of global Morrey-type spaces, it only need to g(¢) = || fH C(Blaoi-B))
just like local Morrey-type spaces, we also obtain the boundedness in global Morrey spaces.

Note that, in the proof of Theorem 3.1, we assume k(r,t) = In (%) , 0 <t <r.According to [16], it
has known the necessary and sufficient conditions on the weight functions » and v which ensured that

oo 25 01
( /0 I(Kf)(m)|92U(x)dm)

<c ( /0 ~ |f(m)|91v<m>dx) (3.8)

holds. Next, it supposes the kernel k(r, t) = In (%) , 0 <t < r,we have the following lemma

Lemma 3.2 Let g be a non-negative function and u,v weight functions on (0, 0o).
(i) If (01, 02) € D1 ={(61, 02) : 1 < 01 < 03 < o0}, then the inequality (3.8) holds if and only if

[o'e) 92 1/92 t , 1/01
B = (/ (ln ) u(s)ds) (/ vl (s)ds) < o0
11 = Sup )
>0 \J¢ t 0
1/01

oo 1/62 t 0’ ,
Bj2 = sup (/ u(s)ds> </ (ln E) Rl (s)ds) < 00,
t>0 \J¢ 0 s

(ii) If (61, 62) € D2 = {(01, 02) : 1 <62 <01 <0}, § = g5 — g, then the inequality (3.8) holds if
and only if

and

1/r

B2 — {/0 h ( /t T ()" u(s>ds> v ( /O R (s)ds) " )dt} <o,

1/r

By = {/000 (/toc u(S)ds) v (/075 (ln 2)91 ! (S)d5> " U(t)dt} < 0.

and
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(iii) Let (61, 62) € D3 = {(61, 62) : 0 < 62 < 1 < 01 < o0}, + = 5= — 4, if B{ < oo, then the
inequality (3.8) holds. Conversely if (3.8) holds, then

S 0 5\ 02 01/02 , 1/,
Bgy = / (/ (ln %) u(s)ds) vl (t)dt < oo.
0 t

Moreover, if g is a non-negative nonincreasing function, for parameter: 0 < 61 < 1, 61 < 03 < oo, we
have the following lemma

Lemma 3.3 Let g is a non-negative nonincreasing function, and u, v weight functions on (0, c0), for
(01, 02) € Dy = {(01, 02) : 0 < 02 <1, 01 < 03 < oo}, the inequality (3.8) holds if and only if

0o 1/62 r —1/61
sup (/ tezu(t)dt> (/ v(t)dt) < 00.
r>0 r 0

Note that Lemma 3.2 and Lemma 3.3 were proved in [18] (see theorem 2.10, 2.15, 2.17 and corollary
6.15). Now, from Theorem 2 and Lemmas 4 and 5, we have the following result.

Corollary 3.1 Let 2 € Lq(Snfl), 1< q<ooforanyq < p < oo, (01, 62) € Dy UDyU D3 U
Dy, wy € 29, and wo € $2y,, suppose that any of condition of Lemma 3.2 or Lemma 3.3 is satisfied.
Then for any b € BMO, the commutator [b, pg) is bounded from LMpg, o,, to LMpg, .,, and from
G My, w, 10 GMpg, w, (in the latter case, it is assume that wy € §2,, g, and w2 € 2, 9, ).

Acknowledgements. The authors would like to express their gratitude to the referees for his very
valuable comments and suggestions.
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