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1 Introduction

It is known that boundary value problems for the Maxwell equations and boundary value problems for
the Helmholts vector equations are reduced to the system of singular integral equations dependent on the
direct value of the derivative of the simple layer acoustic potential (see[1])

Vk,p(x) = /grada:@k (Ll’, y)p(y) dSy7 S S? (11)
S

where S C R? is the Lyapunov surface with the exponent 0 < a < 1,7 () is the external unit normal
at the point y € S, & (z,y) = ¢**=¥/ (4x |z — y|) is the fundamental solution of the Helmholts
equation, k is a wave number, moreover Imk > 0, and p(y) is a continuous function on the surface S.
Note that the counterexamples constructed by Gunter (see[2]) show that for simple and double layer
potential with continuous density, the derivatives, generally speaking, do not exist. However, in the paper
[3], a formula for calculating the derivative of an acoustic double layer potential is given and some basic
properties of the operator generated by the acoustic double layer potential are studied, while in the paper

diam S

[4], it was proved that if f @dt < 400, then integral (1.1) exists in the sense of the Cauchy
0
principal value, and
diam S
w(p,t
sup [Vip(@)] < M (ol + [ “2Dar ]
zeS o

where ||pll, = max |p(z)|,w(p,t) is the continuity of the functions p. Furthermore, in [1] the bound-
xE

edness of the operator (Ap) (z) = V4, (z), € S in Holder’s class is proved. Some properties of the
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! here and in the sequel, by M we denote positive constants different at various inequalities.
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operator A in generalized Holder spaces have not been studied yet. For that as is known, at first it is nec-
essary to prove the Zigmund estimation for the direct value of the derivative of a simple layer acoustic
potential, and this paper is devoted to this issue.

2 Main results

Assume that V3, ,(z) = (V]flp)(x), Vk(2p) (2), Vk(?’p)(ac)) ,where

m 0Py (z,
Vk(7p)(:r) = /Mp(y) dSy, x = (z1,22,23) € S (m=1,2,3).

0Tm
S
diam S .
Lemma 2.1 Let S be a Lyapunov surface with the exponent, 0 < a < 1, and f %’)dt < +o0.
0

Then for any m = 1, 3 and for any points «’, " € S the following estimation is valid:

)v,f:}>(x’) —y ™

k,p
h diam S
<M, h“—i—w(p,h)—&—/@dt—&-h / w(fz’t)dt for 0<a<l,

oj o

vy - vim )

h diam S
<M, h|lnh|+w(p,h)+/w(i’t)dt+h / “’(fQ’t)dt for a=1,
0 0

where h = ’x’ —z"

,and M), is a positive constant dependent only on S, k and p.

Proof. Let0 < a < 1 and m = 1. Itis easy to calculate

Vk(lp) (z) = /(ik |z — ylexp(ik |z — y|) — (expik |z — y| — 1)) (z1 — y1)

dr |z —yf?
S

% p(y)dSy + / CVLTEL () pla)) dSy

dr |z — y?

A |z — y|

+p(m)/Lxl3dSy7x€S,
| dxla—y

where the last integral exists in the sense of the Cauchy principal value . Take any points z’, 2" € S such
that the quantity h be rather small. Then

via) - vl

1 <(y1 —21) (pw) — p(")) (1 — =) (p(y) — p(ﬂﬁ"))) is,
S

:E |3

o —y|? lz"" —y

+/ {(ik |2" — y| exp(ik |2" — y|) — (exp(ik |2’ —y|) — 1)) (z} —y1)

4|z’ — y|?
. |2’ -yl

B (ik |x” - y| exp(ik |x" - y‘) — (exp(ik }xﬂ - ZJ|) - 1)) (@} —y1)
dr o — y|?
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’ o % o

X ds -
p(y) Yy + An ) |£B/ _ y|3 Yy A ) |£L'” _ y‘3

Denote the summands in the right side of equality (2.1) by F' (2/,2"), L (2/,2") and G (2',2"),
respectively.
Let d be a radius of standard sphere for .S (see [5]). Then it is obvious that

F (e = ((y1 =) (o) —p) _ (u1 =) (o) 3p<x”>)> a5,
S\ 4r |z’ — y| 4 |z — y|
R e e
Shy2(z’) Shy2(z’)
[ Db s [ D,
Shy2(z’) Shy2(z’)
+ / (y1 — 1) (p(y) — p(2"))

Sa(@)\(Sh2(2")US, 2 (2""))

1 1
X ( 3 = 3) dsSy
4|z’ —y| 4 |z — y|

(z1 — ) (ply) — p(a"))

3

+

Sa(x")\(Sh/2(x")USy 2 (x"))

(y1 — %) (p(z”) = p(a))
4|z — y|3

ds.
Ar |z — | !

+

Sa(x")\(Shy2(x')USh /2 (x"))

ds,

— Fl(xl’x/l)_’_FQ(x/’m//) +F3(x/7$//)+F4(l‘/’x//)
+F5(x/, m”) + Fg (m', {EH) + F7({E,, a:”) + Fg(x/, x").

It is obvious that | Fy (2, 2")| < M ||p|| o, h.
Applying the formula of reduction of a surface integral to double one we have

h h
|Fa(,2")| < M/“’(’;’t)dt, |F3(2,2")| < M/“(’;’ D g,
0 0

Furthermore, taking into account the inequality
h/2 < |y —a"| <3h/2, y € S a(a), 2.2)

we get
w(p,3h/2)
(h/2)?

In the similar way, taking into account the inequality

Fy', 2y <M mesSh/Q(:cl) < Mw(p,h).
h/2 < |y—a'| <3h/2, y € Spa(a”), 2.3)

we get Fy(z',2") < Mw(p,h).
As for any y € Sq(x")\(Sp,/2(x") U Sp /2 ("))

o o < o’ = 4o = o] < 3]s o], e
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and also

2" —y[ < 3o —y], 25)

passing to double integral we find:

d
w(p,t) 1o w(p,t)
5 dt |Fr(al, )\th/ 5t
h

d
|Fs(a’,2")| < Mh/
h

Estimate the expression | Fg(z',2"')|. As for the point &’ € S the vicinity S4(z') = {y € S ||y — 2’| < d}
intersects the straighline parallel to the normal 7/ (z’) at a unique point thus, the set Sq(z’) is uniquely
projected onto the set £24(x") lying in the circle of radius d centered at the point z’ in the tangential plane
I'(2') to S at the point z’. On the segment Sy(z’) we select a local rectangular system of coordinates
(u, v, w) with the origin at the point z’, where the axis is directed along the normal 77 ('), and the axes
w and v will lie on the tangential plane I"(z"). Then in these coordinates, the vicinity Sg(z) may be given
by the equation w = f(u,v), (u.v) € 24(z"), moreover

a ’ af(o, af(0,
f et (24(x)) and f(0,0) =0, fg; 0 =0, fg)v 0 _y, (2.6)

Furthermore, if j € I'(z”) is the projection of the pointy € S, then |2 — | < |2/ —y| < C1 |2’ — 3],
where (] is a positive constant dependent only on S (see [6]). And the coordinates of the points 2’
will be (0,0,0), while the coodinates of the points =’ will be denoted by (u”,v”, f(u",v")). Let

do = d/C1,hg = /(W)2 + (v"")2, Op(a’) = {(u,v,0) }uQ +0% < p2} and
Op(a") = { (.0 |(w = ") + (v =) <" |

denote by 2, /(z', z'") the projection of the set S, j5(2") U Sy, /5 (z") on the tangential plane I'(z").
By the formula of reduction of a surface integral to repeated one, we get

1 _ /
Fy(a',2") (") —p ()
Qd(I/)\(Qh’/z(I,’x,,)%T (\/uQ + 02 + f2(u, v))

1 (2 (2
(p(a") = p (") u

3
Qd(m/)\(_(zh/z(m/,zu)étﬂ— (\/uQ + 02 + f2(u, v))
2 2
of af\" _
X \/1+(8u) +(8U> 1| dudv

N R ;
R4(x")\(2p 2 (z" z"") (\/UQ +v2 + f2(u, U))

- - 3 ududv

()

() —pE)u,

+ :
47 (\/u2 + v2)3

Qa(2")\(£2p /2 (2" ,2"")

_ él)(x/,x”)+F§2)(I/,x//)-I—Fég)(:lrl,x”).
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Taking into account the inequality

[f(u,v)| < M (\/u2 + v2)1+a , ¥ (u,v) € 24(a"). 2.7

it is easy to show

‘\/1 Y2+ f2- 1( <M (\/uQ n v2>2a, Y (u,0) € 24(2)), 2.8)

1 1
(\/u2+v2+f2(u,v))3 (\/m)3
<M ! ¥ (u,0) € 2@ )N\Op(a),

(\/u2 + v2))3_2a 7

where 0 < p < d. Then

’Fél)(x/,mﬁ) < Mw(p,h), ‘Fg(z)(a:',x”) < Mw(p, h).
As
6 =Dy,
Oug@Omey (VY
27 do
—(pa") = (@) [ [<=Earap =0,
0 2h
we have
O = 6 =)
()

‘Qdo (a:/)\odo (xl)

ele") —p (x/g)ududv.

_|_
/2 2
Ozn (2" )\2p 2 (2" ") (VaZ+v
Hence we get
2h
F(S) ron 1
8 (17 y T ) < M W(p,h)+u.)(p,h) % < MW(p,h),
h/C4

and so |Fy(z',2")| < Mw(p,h). As a result, summing up the obtained estimations for the expressions
Fj(z',2"),j =1,8 we find:

diamS
“’(’;’t)dt+h / w(t’;’t)dt
h

d
P! 2"y < M [ pllo b+ wip.h) + /
0

Similarly, taking into account inequalities (2.2),(2.4),(2.5) and
lexp (ik |z — y|) — 1| < M |z — y|,Vz,y € S,

it is easy to prove that |L(z',2")| < M ||p|| . h [Inh|.
Now estimate the expression G (2, 2""). Obviously,

" ’ ’ "
G (IE/, .’L’”) = ( )471_ ( ) :|gml/ _l:l./l| dSy + Elﬂ' )
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/ 1
y1— Y1 — T
x =5 dSy - / = dSy
|z’ — yl |z -y
S\Sa(z") S\Sa(z’)

z" o "/
+pEL ) / Y1 xlgdSy— / Y1 xlgdSy
a |z — y] |z — y|

Sa(z’) Sa(z")

=G (2, 2") + Ga(a!, 2" + G3(2, ).
As the integral f ﬁd&, converges in the sense of the Cauchy principal value, we have
S

}Gl (I/7 xll)’ < Mw(p,h).

Obviously, |Gz (a',2")| < M ||p||, h-

Estimate the expression Gz(z’,2”"). On the segment Sy(z') chose a local rectangular system of
coordinates (u, v, w) with the origin at the point z’, where the axis w is directed along the normal 77 (m’ )
and the axis u and v lie on the tangential plane I'(z'). Passing to double integral, it is easy to show that
the expression G'3(z’, 2’") may be represented in the form

u

Gs(a',2") = Mp(a") 3
2a, (I'j\odo(r’) (\/u2 +v2 + f2(u, U))

_ uU—u
3
(Vi =+ lar) - 1))
XV 1+ f2 + fadudv
+ v — u— o dudv

3
<\/(u _ u//)Q T (v — U//)Q + (f(u,’U) —f (u”, 1)”))2)
x (\/m - 1) dudv

1 1
u _

Oy, (") (\/u2 +v2 4 f2(u,v))3 (m)?’




108 Zigmund estimations for the direct value of the derivative...

1
— dudv

s

= Mp(m//) LG371(‘73/7 SL‘H) +G32 (ml, 1://) + G373(ZE/, J}//) +G3.4 (33/7 :L‘H)J .

Obviously, the subintegrand expression of the integral Gsi(z’,2”) is bounded in the set
24, (z")\Og, (z'). Therefore, |G3,1 (2, z")| < Mhyg. It is known that in the sense of the Cauchy principal

value

u

3dudv =0,
Oy (a) ( (u2 +02)

and also
u

Odo—hro (') (\/(u + u//) 4 (U _ U”)2)

3 dudv = 0.

Then for the integral G3 (', z") we have :

"
u—u

’G3,2($/7$N)‘ = 5 dudv
Ouaq (#/)\Oudg—no (+") (\/ (u—u")+(v— v")2>

< M mes (Og,(z")\Ody—n,y (")) < Mhyg.
Represent the integral G3 3(z’,2”") in the form

"
u

3
Oug (2")\Ong /3 (2" U0y /2 (2)) (\/ u? + 0% + f2(u, ”)>

x(\/l-i-f%—&-fg—l)dudv—i— / (u—u”)

Ouay (2")\Opng 2(x")UO, s2(2"))

3
<<¢ (= 0 =0t ) = )R ) = (Vi v>)3>

Gs3(2',2") =

X

(Vs 72) (Yo w s o= o () - v">>2>3
x (\/m - 1) dudyv
o(ViF R+ -1) (VI+ R+ 1)
dudv +

3
Oho/z(m/) (\/uz + v2 + f2('LL, U)) O}L0/2(1'//) <\/u2 + v2 + f2(ua v))

"
u—u
o 3

Ong2(") <\/(u —u")? + (v = ")+ (f(u,0) - f(u, v”))2>
x (\/m - 1) dudyv

3 dudv
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x (\/m - 1) dudv

_ Gg%(x/,l’//) + G:(;%(x/,l‘”) + Gé?%(w',x") + Gég(x/,a:”) + Gg?%(m/,x”) + Ggf%(w',x").

Taking into account inequality (2.8), we get

683", a")| < Mho / S — T
! 2 + V2
Oag (2" )\Opyr2(2) ( )

It is clear that for any (u,v) € Og, (z)\ (Op, j2(z) U Opy 2 (2"))

\/(u _ u”)2 + (v _ v”)2 < Vu2+02+ (u”)2 + (U//)2

< Vu2 402 + hE < 3vu2 + 02,

and

Va2 +02 < 3\/(u —u")? 4 (v =)

Then applying elementary transformations and taking into account inequalities (2.7) and (2.8), we
can show that
1
| (u—")

<<¢ (= 0= 0P (1) = S

3

— (\/u2 + 02 + fQ(u,v)>3>

X

3 3
(Va7 + 7+ P, v) (% (w4 (0 = ") + (f,0) = (", v”>>2)

X (\/1+f3+f31)\5(\/%22)32a,

¥ (4,0) € Ogy (')\ (O 2(a") U Opy ja (")) -

And so, ‘Gé?%(x/’x/,)‘ < Mhg.
Taking into account (2.8), we find:

ho/2

‘Gggg z 2" ~ < Mh%a.

Obviously, ho\2 < Vu2 + v2 < 3hg\2, V (u,v) € Oho\g(x//). Then

‘Ggl% T, z

dudv 200—2 2
<M / 2  p— e, el | mesOho\g(l‘”) < Mhj®*.
u® +wv )
Oho/z(ﬂ?”)

Now, using inequality (2.8), we have: ‘G(5) (', 2")

< tha_QmesOho\g(x/) < Mh3®.
It is clear that these exists a point (ux,v+) = (u” +a (u—u") 0" + b(v —v")) , such that
F ) — F (0" = fu aterv0) (= ")+ fo ater00) (0 — 7).

here a, b € (0, 1).Then representing the integral Géﬁg(ﬂc’ ,z'") in the form

e ay == [ w-u)

Ohng/2(z’)
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(VI R+ 7 =i+ W) + f (o) )

« 3 dudv — / (u—u")
(\/(u —u")2+ -2+ (f (u,v) — f (U”av”))2> Ongya(a™)

(\/1 n fg (u”,v”) + f% (u”,v”) _ 1)

X 3dudv
(\/(’LL _ u/l)2 + (U _ UII)Q + (fu (u/l’ ,U//) (u _ u//) + f (,u//7 ,U//) (U _ U//))Q)

_ / (u o u”) (\/1 + fq% (u”,v”) + f3 (u”m”) _ 1)

Ohg2(z’)

1
(V0= w2 = 72+ (Fu (e 00) (0= )+ Fo G ) (0= 02

X

1
— 3 | dudv,
(\/(u _ u//)2 +w-— v”)2 F (fu (@07 (u— ") + fo (0", 0") (v — v”))2)
it is easy to prove that ‘Ggg(m’, ") < Mhg .
As aresult we find: |G33(2’,2")| < Mh§.
As "
u-u 5 dudv =0,
Odo—ho (z”) (\/(U — ull)2 + (’U _ ,UII)Q
(u—u")
Ody—hg(z)
1
x 3
(\/(u _ u//)2 + (/U _ /U//)Q _|_ (f'LL (WLL//7 ,U//) (u _ u//) _|_ fU (/u//7 ,U//) (,U _ 7.)//))2)
Xdudv = 0.
Then the integral G3 4(z’, 2’") may be represented in the form:
1 1
G3,4($/a$”) = U - 5 | —(u—u")

3
0useom e \ \(VETEE ) (V207

1 1
X 7 —

(V=4 =2+ Gu o) = F@02) (Via= o2+ o= o)

+ o’ ! — ! dudv

3 5 3 3
Oty o NOnra(e10n sy \ (VEH P+ Pww) (Ve +07)

+ (uw—u") ! 3 - 21 3
2 2 2 vV
Odp—hy (afll)\ohom(-”ﬂ/)UOho/z(-’E//)) (\/u +v° + f (’Lh ’U)) ( uc +v )
1
+

(\/(’LL _ u//)Q + (U _ v//)Q + (fu (u//7 UN) (’LL _ u//) + f’U (u//’/ull) ('U _ 'UH))2)3
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1 1
+ / u = = > 3 dudv
Oy ya(z’) (\/U2+’02 +f2(u,’l))) ( u®+v )
! — ! dudv

" / ! (Wﬂzﬂg(u,v))?’ (VaZ 1 0?)°

Ong/2(z’)

T

Odg—ng(2')

1

X
(\/(u _ u//)2 + (U _ UII)Q + (fu (u/l7 'UN) ('LL _ u//) + f’U (UN,'UH) (,U _ ,U//))2)3
- ! 3 | dudv
(V=2 + 0=+ (F (w,0) = F @07
+ (u - u”)
Ohg/2(x")

1

X

(\/(u — w2+ (v —0")2 + (fu (W’ 0") (u—u") + fo (W' 0" (v— v//))z)s

— L 3 dudv.

(V= a7+ o= o2+ (F (wv) = F W o))?)

Behaving as in the proof of the estimation for the expression G33(x’,z”) we can show that

}G3,3(:EI, JJ/I)| < th.

Summing up the obtained estimations for the expressionsGs ;(z’,z”"), j = 1,4 and taking into ac-
count hg < h we have:|G3(2’,2”)| < Mh®. And so,|G(2',2")| < M (w(p,h) + [|pllo h) -

As a result, taking into account the obtained estimations for the expressions F («/,2") , L (2',2")

and G (', 2"") we get that if 0 < a < 1, then

‘V(,l) (x/) _ V(l) (:E”)

k,p k,p
h diam S
< M, (h“+w(p,h)+/w(’;’t)dt+h / w(fQ’t)dt
0 0

Behaving in the same way, it is easy to show that
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From the proof of the theorem it is clear that if & = 1, then

h diam S
<M, h|lnh|+w(p,h)+/w(§’t)dt+h / w(;’t)dt m=1,
0 0

The lemma 2.1 is proved.

Theorem 2.1 Let S be a Lyapunov surface with the exponent 0 < oo < 1, and

diam S
/ @dt <+
0
Then the following estimation is valid
h diam S
W (Vips h) < My | B +w (p, ) +/w(i’t)dt+h / w(fz’t)dt for0<a<l,
0 0
h diam S
w(Vk,p,h) <M, | h|lnh|+w(p,h +/w dt+h / w(]gt)dt fora=1,
0 0

where M) is a positive constant dependent only on S, k and p.

Proof. Consider the function

diam S

R +w(p, h “tae,  if 0<a<l,

P(h) =

h diam S
h|1nh\+w(p,h)+fw(§’t)dt+h et if a=1.
0 0

It is easy to show that Aimo 1 (h) = 0, the function +(h) doesn’t decrease, the function v (h)/h doesn’t
—

increase. Then applying the lemma 2.1, we get the proof of the theorem.
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