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Abstract. In the paper, we consider a general boundary condition problem for a fourth order, λ complex
parameter dependent ordinary differential equation. The asymptotics of eigennumbers of the problem
under consideration was constructed within the quasi-regular boundary condition. For the Green function
of the appropriate spectral problem the estimation was found at large values of |λ|.
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1 Introduction

In the paper we consider the following problem:

p1p2y
IV − (p1 + p2)λ

2y′′ + λ4y − b(x)y′′ − a(x)λ2y = f(x, λ), 0 < x < 1, (1.1)

L1(y) ≡
4∑
k=1

α1ky
(k−1)(x, λ) |x=0+

4∑
k=1

β1ky
(k−1)(x, λ) |x=1 = 0

L2(y) ≡
4∑
k=1

α2ky
(k−1)(x, λ) |x=0+

4∑
k=1

β2ky
(k−1)(x, λ) |x=1 = 0

L3(y) ≡
4∑
k=1

α3ky
(k−1)(x, λ) |x=0+

4∑
k=1

β3ky
(k−1)(x, λ) |x=1 = 0

L4(y) ≡
4∑
k=1

α4ky
(k−1)(x, λ) |x=0+

4∑
k=1

β4ky
(k−1)(x, λ) |x=1 = 0 ,

(1.2)

where a(x), b(x) are complex valued functions, p1, p2, αij , βij (i, j = 1, 4) are complex numbers and
the conditions Rep1 > 0, Rep2 > 0 are satisfied.
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For constructing the asymptotics of fundamental solutions of equation (1) we divide the λ - complex
plane into eight sectors in the following way [1].

S1 = {λ |λ2 > k1λ1; λ2 < k4λ1 } ,

S2 = {λ |λ2 > k4λ1; λ2 < k3λ1 } ,

S3 = {λ |λ2 > k3λ1; λ2 < k2λ1 } ,

S4 = {λ |λ2 > k1λ1; λ2 < k2λ1 } ,

S5 = {λ |λ2 > k1λ1; λ2 < k4λ1 } ,

S6 = {λ |λ2 > k4λ1; λ2 < k3λ1 } ,

S7 = {λ |λ2 > k3λ1; λ2 < k2λ1 } ,

S8 = {λ |λ2 > k1λ1; λ2 < k2λ1 } ,

where
k1 = cosψ1

sinψ1
; k2 =

|ω3| cosψ3−|ω1| cosψ1

|ω3| sinψ3−|ω1| sinψ1
;

k3 = cosψ3

sinψ3
; k4 =

|ω1| cosψ1+|ω3| cosψ3

|ω1| sinψ1+|ω3| sinψ3
;

ω1 = |ω1| eψ1i; ω2 = −ω1; ω3 = |ω3| eψ3i; ω4 = −ω3;

|ω1| = |p1|−
1
2 ; |ω3| = |p3|−

1
2 ;

ψk = − 1
2arctg

Impk
Repk

, k = 1, 2.

Here we assume that the following inequalities are valid: 0 < ψ3 < ψ1 < π
4 , |ω3| sinψ3 −

|ω1| sinψ1 > 0.
For finding the asymptotics of fundamental solutions of equation (1) we give the following theorem

([4]).

Theorem 1.1 When a(x), b(x) ∈ C1 [0, 1] , Rep1 > 0, Rep2 > 0, are satisfied, at each sector Sp
(
p = 1, 8

)
the asymptotics of fundamental solutions of equation (1) is as follows:

dkym(x,λ)
dxk = (λωm)k

[
1 + 1

λy
1
mk(x) +

1
λ2 y

2
mk(x) +

Emk(x,λ)
λ3

]
exp [λωmx] ,

m = 1, 4; k = 0, 3,

where
y1mk(x) =

1
4qω3

m+2pωm

[∫ x
0
a (ξ) dξ + ω2

m

∫ x
0
b (ξ) dξ

]
,

y2mk(x) =
k
ωk

dy1mk(x)
dx + 1

4qω3
m+2pωm

[∫ x
0
a (η) + ω2

mb [η]
]
y1mk(η)dη

− 6qω2
m+p

4qω3
m+2pωm

dy1mk(x)
dx ,

q = p1p2, p = −p1 − p2.

The functions Emk(x, λ) (m = 1, 4; k = 0, 3) are analytic and at large values of |λ| are bounded.

By means of the Green formula, the solution of the spectral problem is found as follows [2].

y(x,λ) =

∫ 1

0

G(x,ξ,λ)f(ξ, λ)dξ,

where G(x,ξ,λ) is the Green function of problem (1), (2) and is determined in the following way:
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G(x,ξ,λ) =
∆(x,ξ,λ)

∆(λ)
, λ ∈ Sp (p = 1, 8),

where

∆(λ) =

∣∣∣∣∣∣∣∣
L1(y1(x, λ)) L1(y2(x, λ)) L1(y3(x, λ)) L1(y4(x, λ))

L2(y1(x, λ)) L2(y2(x, λ)) L3(y3(x, λ)) L4(y4(x, λ))

L3(y1(x, λ)) L3(y2(x, λ)) L3(y3(x, λ)) L3(y4(x, λ))

L4(y1(x, λ)) L4(y2(x, λ)) L4(y3(x, λ)) L4(y4(x, λ))

∣∣∣∣∣∣∣∣ ,

∆(x,ξ,λ) =

∣∣∣∣∣∣∣∣∣∣
g(x,ξ,λ) y1(x,λ) y2(x,λ) y4(x,λ) y5(x,λ)

L1(g)x L1(y1(x, λ)) L1(y2(x, λ)) L1(y3(x, λ)) L1(y4(x, λ))

L2(g)x L2(y1(x, λ)) L2(y2(x, λ)) L3(y3(x, λ)) L4(y4(x, λ))

L3(g)x L3(y1(x, λ)) L3(y2(x, λ)) L3(y3(x, λ)) L3(y4(x, λ))

L4(g)x L4(y1(x, λ)) L4(y2(x, λ)) L4(y3(x, λ)) L4(y4(x, λ))

∣∣∣∣∣∣∣∣∣∣
,

g(x, ξ, λ) = ±
4∑
k=1

V4k(ξ,λ)
V (ξ,λ)

yk(x, λ).

The function g(x, ξ, λ) is taken ”+” for 0 ≤ ξ ≤ x ≤ 1, and is taken ”-” for 0 ≤ x ≤ ξ ≤ 1.
The function V(ξ, λ) is the Wronskian determinant composed of the function y1(ξ, λ), y2(ξ, λ),

y3(ξ, λ) and y4(ξ, λ). The function V4k(ξ, λ) is the cofactor of the (4, k) element of the determinant
V(ξ, λ).

For choosing the principal part of the characteristic determinant ∆(λ) in the half-plane Reλ ≥ 0 we
give the following two semi-strips

Π1(λ) = {λ = λ1 + iλ2 |−δ < λ2 − λ1k1 < δ, λ1 > R, δ > 0, R > 0}
Π2(λ) = {λ = λ1 + iλ2 |−δ < λ2 − λ1k3 < δ, λ1 > R, δ > 0, R > 0}.

In the semi-strips Π1(λ) and Π2(λ) we denote the principal part of the determinant ∆(λ) by ∆1(λ)

and ∆2(λ), respectively.

∆1(λ) = D14(λ)e
λ(ω1+ω4) +D24(λ)e

λ(ω2+ω4) +D4(λ)e
λω4

∆2(λ) = D13(λ)e
λ(ω1+ω3)λ +D14(λ)e

(ω1+ω4) +D1(λ)e
ω1λ ,

where

D14(λ) = d1014λ
10 + d914λ

9 + d814λ
8 +O(λ7)

D24(λ) = d1024λ
10 + d924λ

9 + d824λ
8 +O(λ7)

D13(λ) = d1013λ
10 + d913λ

9 + d813λ
8 +O(λ7)

D1(λ) = d91λ
9 + d81λ

8 + d71λ
7 +O(λ6)

D4(λ) = d94λ
9 + d84λ

8 + d74λ
7 +O(λ6).

For finding the asymptotics of eigennumbers of the spectral problem we accept the following denota-
tion

L
(
γ1n, γ

2
m, γ

3
p, γ

4
q

)
=

∣∣∣∣∣∣∣∣
γ11n γ21m γ31p γ41q
γ12n γ22m γ32p γ42q
γ13n γ23m γ33p γ43q
γ14n γ24m γ34p γ44q

∣∣∣∣∣∣∣∣ ,
d91 = 2

(
ω6
1ω

3
3 − ω4

1ω
5
3

)
(L (α2, α3, α4, β4) + L (α4, β2, β3, β4)) ,

d94 = 2
(
ω5
1ω

4
3 − ω3

1ω
6
3

)
(L (α2, α3, α4, β4) + L (α4, β2, β3, β4)) ,
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d81 = 2
[
ω3
1ω

5
3 − ω5

1ω
3
3

]
[L (α1, α3, α4, β4)− L (α2, α3, α4, β3) − L (α4, β1,β3, β4)

+L (α3, β2,β3, β4)

]
+ 2

(
ω6
1ω

3
3 − ω4

1ω
5
3

)
y113(1)L (α2, α3, α4, β4)

+
[
2ω6

1ω
3
3y

1
13(1)− 2ω4

1ω
5
3y

1
11(1) +

(
ω6
1ω

3
3 − ω4

1ω
5
3

) (
y142(1) + y132(1)

)
+
(
ω6
1ω

3
3 + ω5

1ω
4
3

)
y131(1) +

(
ω6
1ω

3
3 − ω5

1ω
4
3

)
y141(1)

+
(
ω5
1ω

4
3 − ω4

1ω
5
3

)
y143(1) +

(
−ω4

1ω
5
3 − ω5

1ω
4
3

)
y133(1)

]
L(α4, β2, β3, β4)

d84 = 2
(
ω5
1ω

3
3 − ω3

1ω
5
3

)
(L (α1, α3, α4, β4)− L (α2, α3, α4, β3) + L(α3, β2, β3, β4)− L(α4, β1, β3, β4))

+2ω3
1ω

6
3y

1
43(1) + (−ω3

1ω
6
3 − ω4

1ω
5
3)
(
y111(1) + y121(1)

)
+
(
−ω3

1ω
6
3 + ω5

1ω
4
3

)
(y122(1)

+y112(1)
)
+
(
ω4
1ω

5
3 + ω5

1ω
4
3

)
y123(1) +

(
−ω4

1ω
5
3 + ω5

1ω
4
4

)
y113(1)

]
L(α4, β2, β3, β4),

d813 =
(
ω2
1ω

6
3 − ω3

1ω
5
3 − ω5

1ω
3
3 + ω6

1ω
2
3

)
(L (α3, α4, β1, β4) + L (α1, α4, β3, β4))

+
(
ω3
1ω

5
3 − 2ω4

1ω
4
3 + ω5

1ω
3
3

)
(L (α2, α3, β3, β4) + L (α3, α4, β2, β3))

+
(
−ω2

1ω
6
3 + 2ω4

1ω
4
3 − ω6

1ω
2
3

)
L (α2, α4, β2, β4)

+
[(
ω5
1ω

4
3 − ω3

1ω
6
3

) (
y112(1) + y133(1)

)
+
(
ω4
1ω

5
3 − ω6

1ω
3
3

) (
y113(1) + y132(1)

)]
L (α2, α4, β3, β4)

d814 =
(
ω5
1ω

3
3 + 2ω4

1ω
4
3 + ω3

1ω
5
3

)
(L (α2, α3, β3, β4) + L (α3, α4, β2, β3))

−
(
ω6
1ω

2
3 + ω3

1ω
5
3 + ω5

1ω
3
3 + ω2

1ω
6
3

)
(L (α3, α4, β1, β4) + L (α1, α4, β3, β4))

+
(
ω6
1ω

2
3 − 2ω4

1ω
4
3 + ω2

1ω
6
3

)
L (α2, α4, β2, β4)

+
[(
ω5
1ω

4
3 + ω6

1ω
3
3

) (
y113(1) + y141(1)

)
+
(
−ω3

1ω
6
3 − ω4

1ω
5
3

) (
y111(1) + y143(1)

)]
L (α3, α4, β2, β4)

+
[(
ω4
1ω

5
3 − ω6

1ω
3
3

) (
y113(1) + y142(1)

)
+
(
ω3
1ω

6
3 − ω5

1ω
4
3

) (
y112(1) + y143(1)

)]
L (α2, α4, β3, β4) ,

d824 =
(
ω5
1ω

3
3 − 2ω4

1ω
4
3 + ω3

1ω
5
3

)
(L (α2, α3, β3, β4) + L (α3, α4, β2, β3))

+
(
ω6
1ω

2
3 − ω3

1ω
5
3 − ω5

1ω
3
3 + ω2

1ω
6
3

)
(L (α1, α4, β3, β4) + L (α3, α4, β1, β4))

+
(
−ω6

1ω
2
3 + 2ω4

1ω
4
3 − ω2

1ω
6
3

)
L (α2, α4, β2, β4)

+
(
−ω6

1ω
3
3 + ω5

1ω
4
3

)
y123(1) +

(
ω4
1ω

5
3 − ω3

1ω
6
3

)
y121(1)

]
L (α3, α4, β2, β4)

+
(
ω6
1ω

3
3 − ω4

1ω
5
3

)
y142(1) +

(
ω3
1ω

6
3 − ω5

1ω
4
3

)
y143(1)

]
L (α2, α4, β3, β4) ,

d71 = d71 +
{
−ω4

1ω
5
3

[
2y213(1) + 2y221(0) + 2y232(0) + y243(0) + y233(0) + y242(0)

]
+ω5

1ω
4
3 [− y231(0)− y243(0) + y233(0) + y241(0)

]
+ω6

1ω
3
3

[
2y213(1) + 2y223(1)+ y231(1) + y242(1) + y232(1) + y241(1)

]}
+ L (α2, α3, α4, β4)

+
{
−ω4

1ω
5
3

[
2y211(1) + 2y223(0) + y232(1) + y243(1) + y233(1) + y242(1)

+y111(1)y
1
32(1) + y111(1)y

1
42(1) + y132(1)y

1
43(1) + y111(1)y

1
33(1) + y111(1)y

1
42(1) + y133(1)y

1
42(1)

]
+ω5

1ω
4
3

[
y213(1) + y243(1)− y233(1)− y241(1) + y112(1)y

1
31(1) + y112(1)y

1
43(1)

+y131(1)y
1
43(1)− y112(1)y

1
33(1)− y112(1)y

1
41(1)− y133(1)y

1
41(1)

]
+ω6

1ω
3
3

[
2y213(1) + 2y243(0)+ y231(1) + y242(1) + y232(1) + y241(1)

+y113(1)y
1
31(1) + y113(1)y

1
42(1) + y131(1)y

1
42(1) + y113(1)y

1
32(1) + y113(1)y

1
41(1)

+y132(1)y
1
41(1)

]}
L(α4, β2, β3, β4)

d74 = d74 +
{
−ω3

1ω
6
3

[
y211(0) + y222(0) + 2y233(0) + 2y243(1) + y212(0) + y221(0)

]
+ω4

1ω
5
3

[
y213(0)+ y221(0)− y211(0)− y223(0) ]

+ω5
1ω

4
3

[
y212(0) + y223(0) + 2 y231(0) + 2 y243(1) + y213(0) + y222(0)

]}
L (α2, α3, α4, β4)

+
{
−ω3

1ω
6
3

[
y211(1) + y222(1) + 2y233(0) + y243(1) + y212(1) + y221(1) + y243(1)

+y111(1)y
1
22(1) + y111(1)y

1
43(1) + y122(1)y

1
43(1) + y112(1)y

1
21(1) + y112(1)y

1
43(1) + y121(1)y

1
43(1)

]
+ω4

1ω
5
3

[
y211(1) + y223(1)− y213(1)− y221(1) + y111(1)y

1
23(1) + y111(1)y

1
42(1)− y113(1)y

1
21(1)

−y113(1)y
1
42(1)− y121(1)y

1
42(1)

]
+ ω5

1ω
4
3

[
y212(1) + y223(1)+ y213(1) + y222(1) + 2y233(0) + 2y241(1)

+y112(1)y
1
23(1) + y112(1)y

1
41(1) + y123(1)y

1
41(1) + y113(1)y

1
22(1) + y113(1)y

1
41(1)

+y122(1)y
1
41(1)

]}
L(α4, β2, β3, β4).

Now, in the case when the boundary conditions are first order quasi-regular, we find the asymptotics of
the roots of the equation ∆(λ) = 0. For that in the half-strip Π1(λ) we give a theorem for the asymptotics
of the roots of the equation ∆1(λ) = 0.



Y.A.Mammadov, S.T.Aleskerova 117

Theorem 1.2 Assume that the coefficients of equation (1) and boundary conditions (2) satisfy the follow-
ing conditions:

Repi > 0 (i = 1, 2), a(x), b(x) ∈ C1[0, 1],

L(α3, α4, β3, β4) = 0, L(α3, α4, β2, β4) = 0, L(α2, α4, β3, β4) = 0,

L(α2, α3, α4, β4) ̸= 0 , L(α4, β2, β3, β4) ̸= 0.

Satisfying L(α2, α4, β2, β4), L(α2, α3, β3, β4) + L(α3, α4, β2, β3 )

if one of the expressions L(α3, α4, β1, β4)+ L(α1, α4, β3, β4) differs from zero, then far from the vicinity
δ of the eigennumbers of the spectral problem, the Green function has the following estimation:

|G (x, ξ, λ)| ≤ M

|λ|2
, |λ| → ∞ , λ ∈ Sp

(
p = 1, 8

)
So, for the asymptotics of eigennumbers of problem (1), (2) the following formula is valid:

λkν = − 1
2ωk

{
ln
∣∣∣πνAk
ωk

∣∣∣+ i
[
2πν + π

2 (2− sgnν) + argAk
]}

+O
(
ln|ν|
ν

)
, k = 1, 2,

k = 1, 2, (−1)kν → +∞,

A1 = −
(

d24
2d94d

8
14

− d824
(d94)

2 − d74
2d814

)−1
, A2 =

d94
d814

.

Proof. Now within the conditions of the theorem we find the asymptotics of the eigennumbers of problem
(1), (2). For finding the asymptotics of eigennumbers, at first consider the set Π1(λ) located in the first
half-plane of the complex plane λ. In the semi-strip Π1(λ) we write the expression ∆1(λ) being the
principal part of ∆(λ):

∆1(λ) = D14(λ)e
λ(ω1+ω4) +D24(λ)e

λ(ω2+ω4) +D4(λ)e
λω4 .

Within the theorem conditions we write the expressions D14(λ), D24(λ) and D4(λ) as follows

D14(λ) = d814λ
8 +O(λ7),

D24(λ) = d824λ
8 +O(λ7),

D4(λ) = d94λ
9 + d84λ

8 + d74λ
7 +O(λ6).

Taking into account these expressions in the equation ∆1(λ) = 0[
d814 +O

(
1

λ

)]
eλω1 +

[
d824 +O

(
1

λ

)]
eλω2 +

[
d94λ+ d84 + d74

1

λ
+O

(
1

λ2

)]
= 0. (1.3)

D
1
2 = d94λ+ d84 +

d94d
7
4 − 2d814d

8
24(

d94
)2 1

λ
+O

(
1

λ2

)
.

We write the asymptotic expressions of the roots of equation (3):

eω1λ =
1

2d814 +O
(
1
λ

) [−(d94λ+ d84 + d74
1

λ
+O

(
1

λ2

))
±D

1
2

]
(1.4)

eω1λ =

(
d74

2d94d
8
14

− d824(
d94
)2 − d74

2d814

)
1

λ
+O

(
1

λ2

)
, λ ∈ Π1 (λ) , |λ| → ∞. (1.5)
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We can easily see that O(eω2λ) = O(1), λ ∈ Π1(λ) |λ| → ∞. We can write formulas (4) and
(5) in the following form

Akλe
ωkλ + 1 +O

(
1
λ

)
= 0, k = 1, 2

A1 =
(

−d74
2d94d

8
14

+
d824
(d94)

2 +
d74

2d814

)−1
,

A2 =
d94
d84

.

Using any of the methods from [2], [3], [4], we can get the asymptotic formulas of the roots of the equation
determined by formula (4), (5)

Akλe
ωkλ + 1 = 0, k = 1, 2

λkν = − 1
2ωk

{
ln0

[
−Akαν −πiν

ωk

]
+ 2πiν

}
,

αν = 1 +
ln|αν |
2πiν +O

[
ln|ν|
ν

]
,

(1.6)

hence we get

ln0 αν = O

[
ln |ν|
ν

]
. (1.7)

Taking into account formula (7) in (6), we get an asymptotic formula for the roots of equations (4)
and (5):

λkν = − 1

2ωk

{
ln

(∣∣∣∣Ak πωk ν
∣∣∣∣)+ i

[
2πν +

π

2
(2− sgnν) + argAk

]}
+O

[
ln |ν|
ν

]
, (−1)kν → +∞.

In the same way, we can show that the last formula is valid in the complex plane λ.
Now, within the theorem’s conditions estimate the Green function outside of the vicinity of δ of the

eigennumbers.
For making estimations at first we consider the sector S1.
It is easy to see that for λ ∈ S1 the following inequality is valid

Reλω3 ≤ Reλω2 ≤ 0 ≤ Reλω1 ≤ Reλω4, |λ| → ∞, λ ∈ S1.

Multiplying the second, third, fourth and fifth columns of the determinant ∆ (x, ξ, λ) by the functions
− 1

2z1 (ξ, λ) ,
1
2z2 (ξ, λ) , 1

2z3 (ξ, λ) and − 1
2z4 (ξ, λ), adding it to the first column, we find the elements

of the first column as follows:

g0 (x, ξ, λ) =

{
−z1 (ξ, λ) y1 (x, λ)− z4 (ξ, λ) y4 (x, λ) , 0 ≤ ξ ≤ x ≤ 1 ,

z2 (ξ, λ) y2 (x, λ) + z3 (ξ, λ) y3 (x, λ) , 0 ≤ ξ ≤ x ≤ 1 ,

b0q (ξ, λ) = −z1 (ξ, λ)
4∑
k=1

βq k y
(k−1)
1 (0, λ) + z2 (ξ, λ)

4∑
k=1

αq k y
(k−1)
2 (0, λ)

+z3 (ξ, λ)

4∑
k=1

αq k y
(k−1)
3 (0, λ)− z4 (ξ, λ)

4∑
k=1

βq k y
(k−1)
4 (1, λ) , q = 1, 4 , λ ∈ S1.

Within the theorem conditions, the following estimations are valid∣∣∣∆ (x, ξ, λ) eλ(ω1+ω4)
∣∣∣ ≤M1 |λ|6 , |λ| → ∞ , λ ∈ S1 , M1 = const , (1.8)∣∣∣∆ (x, ξ, λ) eλ(ω1+ω4)
∣∣∣ > Nδ |λ|8 , |λ| → ∞ , λ ∈ S1 , Nδ = const. (1.9)

Using inequalities (8) and (9), we get∣∣∣∣∆ (x, ξ, λ)

∆ (λ)

∣∣∣∣ ≤M |λ|−2 , |λ| → ∞ , λ ∈ S1 , M = const , (1.10)
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where λ is valid when the eigennumbers are outside of the vicinity of δ.
In the same way we can show that in the sectors Sp

(
p = 2, 7

)
, inequality (10) is valid. So, the

following estimation for the Green function of the eigennumbers outside of the vicinity of δ is valid:

|G (x, ξ, λ)| ≤ M

|λ|2
, |λ| → ∞ , λ ∈ Sp

(
p = 1, 8

)
.

The theorem is proved.
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