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Abstract. In the paper, we consider a general boundary condition problem for a fourth order, A complex
parameter dependent ordinary differential equation. The asymptotics of eigennumbers of the problem
under consideration was constructed within the quasi-regular boundary condition. For the Green function
of the appropriate spectral problem the estimation was found at large values of ||
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1 Introduction

In the paper we consider the following problem:

p1p2y’’ — (p1 + p2)N2y" + Aty — b(z)y" — a(@)\y = f(2,N), 0 <z < 1, (1.1
4 k—1 4 k—1
Liy)= Y auy® (@A) la=o+ 3 By (@,A) la=1 =0
k=1 k=1
4 k—1 4 k—1
La(y) = 2 oy ™ (@, ) a0+ P Bory* ™V (2,0) |o=1 =0
=1 =1
(1.2)
4 4
L3(Y) = k;Z O‘Sky(k_l) (1‘, /\) |x=0+ kz 53ky(k_1)(9[37 )‘) ‘x:l =0
=1 =1

4 4
Liy) = Y any® V(@A) oot Y Bay® V(@A) la=1 =0
k=1 k=1

where a(z), b(x) are complex valued functions, p1,p2, a;j;, Bi; (4,5 = 1,4) are complex numbers and
the conditions Rep; > 0, Repa > 0 are satisfied.
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For constructing the asymptotics of fundamental solutions of equation (1) we divide the A - complex
plane into eight sectors in the following way [1].

S1={A A2 >kid; A2 <kali},
So = {A|A2 > kaA1; Ao < ksAi},
Sz = {A A2 > ksA1; A2 < koA },
Sa={A|A2 > k1A1; Ao <kaAi},
Ss ={A A2 > k1A1; Ao < kg },
Se = {A A2 > kari; A2 < k3Ai},
St ={A A2 > k3A1; Ao < koA },

Sg = {)\|)\2 > k1)\1; Ao < k2A1}7

where
ki = cos Yy , ko = |ws| cos 3 —|wi|cos e
1= Sinyy 2= |ws| sin g —|w1|sinq

ks = cos s . ky = |w1 ]| cos ¥y +|ws| cos b3,

sin g’ |wi]sin ) +|ws]| sing ?
wi = [wi] € wy = —wi; w3 = |wa| eV wa = —w3;
_1 _1
lw1] = |p1]™2 ’ lws| = |p3|” 2 ;
by = —%arctg Ryzgl’:, k=1,2.

Here we assume that the following inequalities are valid: 0 < 3 < 1 < T, |w3|sintys —
|wi| sinyg > 0.
For finding the asymptotics of fundamental solutions of equation (1) we give the following theorem

([4D.

Theorem 1.1 When a(x),b(x) € C1[0,1], Repi >0, Repy > 0, are satisfied, at each sector Sy (p = 1,78)
the asymptotics of fundamental solutions of equation (1) is as follows:

a5y (2, Bk (2,
% = (wm)F [1 + %y}nk(x) + %y?nk(x) + %} exp [Awmz],

m=1,4; k=0,3,

where Y N
Yo (@) = m [ a(€)dé+wm [y b(&)de],

d 1
Yog(@) = 2 BapE) o L [ a ) + whb 0] v ()

__6qwi+p  dyy,(x)
4qw3, +2pwm de

q=pip2, p= —pP1— P2

The functions E,,;(x,\) (m =1,4; k=0,3) are analytic and at large values of |\| are bounded.

By means of the Green formula, the solution of the spectral problem is found as follows [2].

1
Y(xA) = /0 Qe N F(E A,

where G(x,£,)) is the Green function of problem (1), (2) and is determined in the following way:
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_AELN _
G(X7‘57)‘) A()\) ) A € SP (p - 178)3
where
Li(y1(2, A)) La(yz(x,A) Li(ys(z, A)) Li(ya(z, )
AQ) = La(y1(x, A)) La(y2(z,A)) La(ys(z, A)) La(ya(z, A))
La(y1(x,\)) La(y2(z,A)) La(ys(x, A)) La(ya(z, A)) |
L4(y1($,A)) L4(y2(l‘,)\)) L4(y3(1‘7>‘)) L4(y4(l',>\))
g(X7£7>\) yl(X7)‘) yQ(X7)‘) y4(X7A) Ys X7)‘)
Li(g)y  Li(yi(z,A) Lai(ya(z,N)) Li(ys(z, A)) Li(ya(z, A))
Ax&A) = |La(g),  La(ya(=, ) Lo(yz2(z,A) La(ys(x, A)) La(ya(z, M) |,
L3(g),  Ls(yi(x, ) La(ya(x,\)) La(ys(z, A)) La(ya(z, N))
La(g)y  La(yi(z,A)) La(y2(z,N)) La(ys(z, A)) La(ya(z, )
_ 2 Var (§,2)
g(:r7§7>‘) ==+ Z V(g’ ) yk(x7)‘)

The function g(z, &, A) is taken ”+” for 0 < £ <z < 1, andis taken ”-" for0 <z < ¢ < 1.

The function V(&, ) is the Wronskian determinant composed of the function yi(&,\), y2(&,\),
v3(&,A) and y4(&, A). The function Vy (€, ) is the cofactor of the (4,k) element of the determinant
V(& N).

For choosing the principal part of the characteristic determinant A(\) in the half-plane ReX > 0 we
give the following two semi-strips

AN ={A=X+ida|-0<Aa—Mk1 <0, i >R, 6§>0, R>0}
Ho(AN) ={A=X1 +ida|-0 < A2 —Mks<d, M1 >R, 6§>0, R>0}.

In the semi-strips I71(\) and I75()\) we denote the principal part of the determinant A(\) by A1())
and Ag (), respectively.

A1(N) = Dig(\)er@rtws) o Doy (Ve @2 tws) 4 Dy (n)eres
Ag(N) = Dig(A\)eMwrtws)d 4 py(n)erte@s) 4 py(a)et?

where
Dig(A) = di9A0 + a2 + a8 N8 + O(\")
Dog(A) = di9A0 + a9, A% + a5 N8 + O(\")
D13(A) = diAL0 4+ 300 + d§ A8 + 0(\7)
Di(A) = diA? + d§A8 + dI\T + O(\%)

Dy(N) = diA? + d3AS + dIAT + O(N9).
For finding the asymptotics of eigennumbers of the spectral problem we accept the following denota-
tion ) ) .
’Y%n ’lem 7?p Yiq

3 4
1.2 3 4 Y2n Y2m V2p V2
L (’Yna’Vm»’Ypqu) = 1n 2m 3p 4q )

g =2 (wi’wé - wf’wg) (L (a2, 3, a4, B4) + L (4, B2, B3, B4))
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d} =2 [wiw] — wiwi] [L (a1, a3, a4, Bs) — L (a2, a3, 04, B3) — L (aa, B1,B3, Ba)

+2 (wWhwd — wiwd 1)L (a2, a3, ay,
L (a3, 2,83, P4) (whwf — wie) vla(L (02,03, 4, fa)

+ [208wiyls (1) — 2wiwiyl; (1) + (wfwf — wiw]) (vin(1) + y32(1))
+ (wfwd + wiws) y31 (1) + (wfwi — wiws) i (1)
+ (whws — wiwl) yiz(1) + (—wiw] — wiws) y35(1)] L(ow, B2, B3, Ba)

df =2 w;i’wé’: - wiws) (L (a17a3,a4754) — L (az,as,aq,B3) + L(a37527ﬁ3,ﬂ4) L(ay, 1,83, B4))
+2wiwiyiz (1) + (—wiw§ — Wlws) (Z/n(l) + 3121(1)) + (—w1w3 +W1W3) (y32(1)

+yla(1) + (wiwd + wiws) yaz(1) + (—wiwd + wiwd) yis(1)] L(aa, B2, B3, Ba),
d¥s = (W%Wg — wiwd — wiwd +wlw3) (L (a3, as, B1, Ba) + L (a1, a4, B3, Ba))

+ (W%WS - 2‘*);_1(*}% + w%wg) (L (052, as, 637 54) +L (a3a ayq, ﬂ27/33))

+ (—wiw§ + 2wiws — wfw]) L (a2, a4, B2, B1)
+ [(wiws — wiwd) (y12(1) +y33(1)) + (wiw] — wlwd) (yiz(1) + ¥3a(1))] L (o2, aa, Bs, Ba)

¥, = (w?wg’ + QW%wg + w%wg) (L (a2, a3, B3, Ba) + L (a3, a4, B2, 83))
(w?wg + w1w3 —+ w1w3 + w%wg’) (L (as,aq4,81,B4) + L (a1, a4, B3,84))
+ (w1w3 — 2w1w3 + wlwg) L (a2, a4, B2, 04)
[(%Ws +w1w3) (y13(1) +un (1) + (—wiwd —wiwd) (y11(1) +viz3(1)] L (as, o4, Ba, Ba)
+ [(wiwd — wfwd) (yia(1) + yia(1) + (wiw§ — wiws) (yi2(1) +yiz(1)] L (a2, a4, Bs, Ba) ,
d3y = (wiwd — 2wiws + wiw) (L (az, a3, Bs, Ba) + L (as, a4, B2, B3))

+ (W?w?z, w%wg W?“s + wiwd) (L (a1, a4, Bs, Ba) + L (as, a4, B1, Ba))

(—w1w3 + 2w1w3 — wlwg) L (a9, a4, B2, 84)
+ (—wiwd +w1g1§) ya3(1) + wlﬁf*’g *5W1w3) YQl ()] L (a3, a4, Bo, Bs)
+ (Wlw?, - UJ1W3) Y12 (1) + (wiw§ W1w3) y13(1 ] L (a2, 04,3, 04),

0
) + 2033 (1)+ y31 (1) + yia (1) + y32(1) + yii ( ]} + L (ag, a3, a4, Ba)
yi1(1) + 2433(0) +y32(1) + i3 (1) + 33 (1 )+Y42( )

1 Y12(1)Z/§3(1) — via(Wyi (1) — Y:%:a(l)yil(l)]

(1) + 2y43(0)+ a1 (1) + yZ2(1) + y3a (1) + v (1)

+Y13(1)y (1) + y13(D)yda (1) + y31 (Dyaa (1) + yiz(Dy32(1) + yiz(1)yiy (1)
+y3o(1)yir (1)] } L(ow, B2, B3, Ba)

dy = d4 + { w1w3 [v11(0) + ¥32(0) + 2y33(0) + 2y33(1) + yi2(0) + y31(0)]
+W1W3 [y23(0)+ YQl(O) y11(0) y23(0)]
+wiws [y72(0) + y23(0) +2 Y31(0) +2 y43(1) + ?413( )+ ¥32(0)] } L (a2, a3, s, Ba)

yh(1) + 2422( ) + 2}’33( )+ y43( )+ y12( ) +y51(1) + yis(1)

1)+ Y11( )y43( )+ YQ2(1)y43(1) +y12(Dyz1 (1) + yia(1)yis(1) + Y%1(1)yi3(1)]
+wiw] 1)+ (1) yis(1) = 431 (1) + y11 (Dyas(1) + y11 (Dwaa (1) — yiz(Dyar (1)
—y13(1 1) —y3, (1 )y42( )]+ wiws [y%Q(l) + 53 (1)+ yi3(1) + y3a(1) + 2y33(0) + 2y3; (1)
+y12(1)y33 1) + Y12(1)y41(1) +y23(D)yir (1) + yiz(Dyaa (1) + y13(1yis (1)
+y3o(1)ya1 (1)] } L(ew, B2, B3, Ba).

Now, in the case when the boundary conditions are first order quasi-regular, we find the asymptotics of

the roots of the equation A(X) = 0. For that in the half-strip I7; (\) we give a theorem for the asymptotics
of the roots of the equation Aj(\) = 0.

)y3a( )

+wiws [yiz(1) + yas(1)— y33(1) — i1 (1) + yia(L)y3; (1) + Y%z(l)yi:s(l)
) ( ) —
[245(1

—~

_|_
|
S
=
Sy
W

+y11(Ly

Y

— ———
K\U =
H»&HHML\DH
N =N
/\ —~ /\r—|A

~—
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Theorem 1.2 Assume that the coefficients of equation (1) and boundary conditions (2) satisfy the follow-
ing conditions:

Rep; >0 (i=1,2), a(x), b(z) € C'[0,1],
L(as, o4, 83,81) =0, L(az,a4,B2,04) =0, L{ag,as,B3,84) =0,

L(ag,a3,04,84) #0, L(ag, B2, B3, 54) # 0.

Satisfying L(az, o4, B2, Ba), L(az,as, B3, B1) + L(asz, aa, B2, 83)
if one of the expressions L(as, aa, 1, B1) + L(a1, a4, B3, Ba) differs from zero, then far from the vicinity
0 of the eigennumbers of the spectral problem, the Green function has the following estimation:

M —
‘G(x7£7A)|SW ’ |A|4>007 )\GSp (p=1,8)

So, for the asymptotics of eigennumbers of problem (1), (2) the following formula is valid:

Trl/Ak
Wk

+1 [27ru—|— (2 — sgnv) +argAk]} + 0 (M), k=12,

v

v = =g {In

k=12, (-1)Fv > +o0,

1 9
AT B _ @
A== (g — i~ a) o 2= g

Proof. Now within the conditions of the theorem we find the asymptotics of the eigennumbers of problem
(1), (2). For finding the asymptotics of eigennumbers, at first consider the set I7; () located in the first
half-plane of the complex plane A. In the semi-strip I71(\) we write the expression Aj () being the
principal part of A(X):
AL(N) = DiaN) @) 4 Do) @2 @) 4 py e,

Within the theorem conditions we write the expressions D14(\), D24()) and Dy4(\) as follows

D14 (V) = dis\* + O(\T),

Dag(N) = d3,3° + O(\Y),

Di(\) = dIA° + d§A8 + dIAT + 0(N9).

Taking into account these expressions in the equation A;(A\) =0

1 1 1 1
v o(2)] e + o ()]« [iasa <l vo ()] =0 a3

[
Il

97T o8 18
D2 =di\+d} + dady = 2diyds L (i) .

()" AW

We write the asymptotic expressions of the roots of equation (3):

1 1 1 i
em}‘:i{— (dZA+dZ+dZ—+O(7))iD2} (1.4)
2d5, +0(3) A A2
d; ds di \1 1
1 = 4 _ % 4 7+0(—>, ANETL(N), [N = oo (1.5)
(2dgd§4 (dgf 24§, | A A2
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We can easily see that O(e*2}) = O(1), X € II;(\) |\ — co. We can write formulas (4) and
(5) in the following form
A +140(4) =0, k=12

_d7 a8 a7\ L
A = 4 24 4
V= \aagay, Tapr Taa,) o

_ 4

Using any of the methods from [2], [3], [4], we can get the asymptotic formulas of the roots of the equation
determined by formula (4), (5)
AN +1=0, k=1,2

Ay = fﬁ {lno |:7Akay _JZ”} + 27ri1/} ,
(1.6)
ay =1+ 3%l 1 o [%} :
hence we get
Ingary = O [%} . (1.7)

Taking into account formula (7) in (6), we get an asymptotic formula for the roots of equations (4)
and (5):

1
Akl/ = _m {hl <

In the same way, we can show that the last formula is valid in the complex plane .

Now, within the theorem’s conditions estimate the Green function outside of the vicinity of § of the
eigennumbers.

For making estimations at first we consider the sector Sy .

It is easy to see that for A € Sp the following inequality is valid

In |v|

) +1 [2711/ + g(? — sgnv) + arg Ak] } +0 [T} , (—l)klj — +o00.

™
Akfl/
Wk

Relws < Redwy <0 < Redwj < Redwy, |A] = 00, A € S7.

Multiplying the second, third, fourth and fifth columns of the determinant A (z, £, A) by the functions
—%zl &), %Zg &N %23 (&, A) and — %z4 (&, A), adding it to the first column, we find the elements
of the first column as follows:

0 (3,6, 0) = =21 (&) y1 (2, A) — 24 (§,N) ya(z,A) , 0<E<w <,
TSV T N (@) +23EN ys(2,)) , 0<E<a<l,
4 4
N = -2 (ENY Bt V00 + 26N agrus T (0.3
k=1 k=1
4 4
+23(ENY gy VO 2 @ENY BTV N L ¢=Td , aes
k=1 k=1

Within the theorem conditions, the following estimations are valid

‘A(x,f,)\) AMtedl < AR NS L A oo, A€Sy , M= const (1.8)

‘A (z,&, ) AMwrtwd)| N |)\|8 , |A]— o0, A€S1, Ns=const. (1.9)

Using inequalities (8) and (9), we get

’A(as,m)

A0 ’gM/\z , N =00, AeSi, M=const, (1.10)
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where ) is valid when the eigennumbers are outside of the vicinity of 4.
In the same way we can show that in the sectors Sy (p =2, 7), inequality (10) is valid. So, the
following estimation for the Green function of the eigennumbers outside of the vicinity of § is valid:

M

G N < —
G (z,8, M) e

, A=, AeS (p:ﬁ).

The theorem is proved.
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