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Abstract. Let K = [0,00) x R be the Laguerre hypergroup which is the fundamental manifold of the
radial function space for the Heisenberg group. In this paper, we are interested in the dual of the Laguerre
hypergroup K which can be topologically identified with the so-called Heisenberg fan, the subset of R?:

(UiOm e R u=NE@m+a+1),x#0}) |_H(0,n) € R*: > 0},
meN

We obtain necessary and sufficient conditions on the parameters for the boundedness of the fractlonal
integral operator on the dual of Laguerre hypergroup K Jfrom the spaces LP(K) to the spaces Lq(K) for
1 < p < q < oo and from the spaces LP(K) to the weak spaces W Lq(K) for 1 < p < ¢ < oc.

Keywords. Dual of Laguerre hypergroup - generalized translation operator - Fourier-Laguerre transform -
fractional integral.
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1 Introduction

The Hardy-Littlewood maximal function, fractional maximal function and fractional integrals are
important technical tools in harmonic analysis, theory of functions and partial differential equations. The
maximal function was firstly introduced by Hardy and Littlewood in 1930 (see [16]) for functions defined
on the circle. It was extended to the Euclidean spaces, various Lie groups, symmetric spaces, and some
weighted measure spaces (see [8], [9], [20], [23], [25]). In the setting of hypergroups versions of Hardy—
Littlewood maximal functions were given in [6] for the Jacobi hypergroups of compact type, in [7] for
the Jacobi-type hypergroups, in [4] for the one-dimensional Chebli-Trimeche hypergroups, in [21] for the
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one-dimensional Bessel-Kingman hypergroups, in [10] (see also [11-13]) for the n-dimensional Bessel-
Kingman hypergroups (n > 1), and in [15] for the dual of Laguerre hypergroups.

In the present work, we study fractional integral on the dual of Laguerre hypergroup [5,17], so we
fix @ > 0and K = R x N and we define fractional integral using the harmonic analysis on the Laguerre
hypergroup and its dual which can be seen as a deformation of the hypergroup of radial functions on the
Heisenberg group (see, for example [2,19,22]).

The functional analysis and Fourier analysis on K and its dual have been extensively studied in [3]
and [19], and hence, it is well known that the Fourier-Laguerre transform defined on K is a topological
isomorphism from the Schwartz space S(K) onto S(K): the Schwartz space on K (see [[19], Proposition
IL.1]). Its inverse is given by

2 = [ el (1)
where d- is the Plancherel measure on K given by dy(A, m) = |A|*T1dA @ L, (0)6,m. The topology on
K is given by the norm N (z,t) = (z* + 4t2)1/ 4, while we assign to K the topology generated by the
quasi-semi-norm N/ (\, m) = |A|(m + 2FL).

The classical Riesz potential is an important technical tool in harmonic analysis, theory of functions
and partial differential equations. In the present work, we study the fractional maximal function and
fractional integral on the dual of Laguerre hypergroup. We define the fractional maximal function and
the fractional integral using harmonic analysis on dual of Laguerre hypergroups which can be seen as a
deformation of the hypergroup of radial functions on the Heisenberg group (see, for example [2,18,19,
22]). We obtain the necessary and sufficient conditions for the boundedness of the fractional maximal

operator and the fractional integral operator on the dual of Laguerre hypergroup from the spaces Ly (KK)
to the spaces Lq(]K) and from the spaces L1 (K) to the weak spaces WLq(]K).

The paper organized as follows. In Section 2, we give the our main result on the boundness of the
fractional integral on the dual of Laguerre hypergroup. In Section 3, we present some definitions and
auxiliary results. In section 4, we give polar coordinates in dual of Laguerre hypergroup and some lemmas
needed to facilitate the proofs of our theorems. The main result of the paper is the inequality of Hardy-
Littlewood-Sobolev type for the fractional integral, established in Section 5. We prove the boundedness of

the fractional maximal operator and fractional integral operator from the spaces Ly (K) to L, (K) and from

the spaces L (K) to the weak Lebesgue spaces W Ly (K). We show that the conditions on the parameters
ensuring the boundedness cannot be weakened.

2 Main result

Let a > 0 be a fixed number, K = R x N and where dv is the Plancherel measure on K given by
dy(A,m) = |A*TrdA @ LE, (0)0m.

For every 1 < p < oo, we denote by Ly (K) = L, (K; dya) the spaces of complex-valued functions f,
measurable on K such that

1/p
1,6 = ([ 10 mP dratum) ) <o i e 1,0

and

17l = esssupl 0 m)] if p=oo.
(A,m)€EK

We recall here that d-,, is the positive measure defined on K by

A, m)dva (A, m) = 3 (o) A, m) AT
/Kf( o) = 3 L (0)/Rf( I

For 1 < p < oo we denote by W L, (K), the weak Ly (K) spaces defined as the set of locally integrable
functions f(X,m), (A,m) € K with the finite norm

Iz, = sup 7 (vad ) € K [FOm)] > r)) 7.
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For m € N we denote by K., = {(0,0)} U{R\ {0} x {0,1,2,...,2m}} and 1;  the characteristic
function of K,,. In this section we introduce the ball in K with center (\,m) and radius r > 0 (for
shortness B, ) to be the set

Br(\,m) = {(1,n) € Kin, N (A — p, max(n —m),0) < r}.

We denote by
frnm) == )1 (5, 0m))

the dilated of the function f defined on K preserving the mean of f with respect to the measure dmc, in
the sense that

/ frA,m)dya (A, m) = / F(A, m)dya(X,m), Vr>0and f e Li(K).
K K
The generalized translation operators T((;i )m) on K are given for a suitable function f by

TS0 sm) = D" F+  HCF (O m) (1,m),

JENm n

where

Ci (A, m)(u,m)) = % /OOO C%L( 5\ i m ’:E)E?(m)xadw,

a—+1

sale) e

{0,1...,m+mn}, if Au>0,
Nm,n: .
N, if A<0

and

with the assumption C7* (X, m)(p,n)) = 0if j > m +n + L and Ay > 0.
The generalized translation operator above satisfies the following contraction property,

IS0 Flpe < Uflpoa ¥F € Ly(K),

The generalized convolution product on K is defined for a suitable pair of functions f and g by
frg(A,m) = / T((ill)f(u,n)g(—u,n)dVa(u,n),
K

and satisfies for f in Lp(]f{) and g in Lq(K), 1< p,q < oo, figbelongsto L(K), 1 + 1 =1+ %, and

1 1
p T q
129l 1, i < IF11z, iy loll, -

For the maximal operator defined on K by

1
M) = sup s [T Femldraie )

and the fractional integral by

TafOm) = [ T80, 1l o), 0< 6 < a2
K

We have the following result
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Theorem 2.1 (see [1]) 1. If f € L1( ), then for every B8 > 0
Yo{(A,m) e K: Mf(A\,m)> g} < %/K|f()\,m)|d'ya()\,m),

where C' > 0 is i@dependent of f. R
2Iffe Lpy(K)A\ 1 < p < oo, then M f € Lp(K) and

”Mf”Lp(]f() = CprHLp(K)7
where Cp > 0 is independent of f.

Corollary 2.1 If f € LZOC(K), then

lim
r—0 ’yaBT

/ ’ (Am)-f Y,s f(/\am)’dma(y,s):()

fora.e.(\,m) € K.

As an application, we give a result about approximations of the identity. The maximal function can be
used to study almost everywhere convergence of f * . as they can be controlled by the Hardy-Littlewood
maximal function M f under some conditions on ¢.

Theorem 2.2 [15] Let ¢ a nonnegative and  decreasing  function on  [0,00),
lo(A,m)| < P(I(A, m)|g) and P(|(A, m)|g) € L1(K). Then there exists a constant C' > 0 such that

My f(A,m) = Sligl(f * pr) (A, m)| < CM f(X,m).

Corollary 2.2 Let ¢ € L1(K) and assume Jz o(\,m) dma (X, m) = 1. Then for f € Ly(K),1<p<oo
71,1_2% Ilf *or — f”Lp(]f() =0

The following theorem is our main result in which we obtain the necessary and sufficient conditions
for the fractional integral operator I3 to be bounded from the spaces Ly(K) to Ly(K), 1 < p < ¢ < o0

and from the spaces L (K) to the weak spaces W Lq(K), 1 < ¢ < oo.

Theorem 2.3 Let0 < B <a+2and1 <p< O‘T"'Q

NIfl<p< a+2 , then the condition + i i 0%_2 is necessary and sufficient for the boundedness

q
of Ig from LP(K) to Lq (K).
2) If p = 1, then the condition 1 — % = aiﬁ is necessary and sufficient for the boundedness of Ig
from Ly (K) to W Ly (K).

Recall that, for 0 < 8 < a + 2, the following inequality hold

B _
Maf(hm) < 257 s(If) (A m),

where (2, is the volume of the unit ball in K. Hence the boundedness of the fractional integral operator
1 implies the boundedness of the fractional maximal operator Mg.

Corollary 2.3 Let0 < B <a+2and1<p< %
NIfl<p <A O‘Tﬁ, theAn the condition % — % = oﬁz
of Mg from Lp(K) to Lq(K).
2) If p = 1, then the condition 1 — % =B axg is necessary and sufficient for the boundedness of Mg

a+
from Ly (K) to WLQ(K).

is necessary and sufficient for the boundedness
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For 1 < p,q < coand 0 < s < 2, the Besov space on the dual of Laguerre hypergroup B;’,q(]f()
consists of all functions f in L, (K) so that

1/q

dya (X, m) < 0. 2.1)

/| O =101 o

(A m) [

||fHB;)q(]f<) = HfHLp(]K) +

Besov spaces in the setting of the Laguerre hypergroups studied by Assal and Ben Abdallah ([2]). In
the following theorem we prove the boundedness of the maximal operator in Besov spaces on the dual of
Laguerre hypergroups.

Theorem 2.4 For 1 < p < 00,1 < ¢ < ocoand 0 < s < 2 the Hardy-Littlewood maximal function

operator is bounded on By, (K). More precisely, there is a constant C' > 0 such that
M oy <O ,
IMFlg, @) < CMfllgs i

hold for all f € By, (K).

3 Preliminaries

The harmonic analysis on the Laguerre hypergroup K (see [21]) is generated by the singular operator
Lo = 38722 + 2atl 6 + 22 8t2 and the norm N (z,t) = (z* + )14 (z,t) € K, while its dual K is

xT

generated by the d1fferent1al difference operator A = A3 — (245 + 2 3 )\) where A; = ™ (mA+A_ +
(a + 1)A+) and Ay = %((a +7+ DAL+ mA_) and the quasinorm N'(\,m) = [A|(m + 21),

(A\,m) € K, where the difference operators A~ are given for a suitable function & by: AL PN, m) =
DA, m+1) =P\, m), A_P(A\,m) =P(A\,m) — P(A\,m — 1),if m > 1and A_P(\,0) = &(),0).
These operators satisfy some basic properties which can be found in [2], [3] and [19], namely one has

La@(pm) = N m)p(A,m) and Apy ) (z,1) = N* (2, )0 (5 m)- (3.1
For f € Ll(K) the Fourier-Laguerre transform F is defined by
F()Om) = / om0 ) F O )y (A, m)
K

such that
IF ey < WL iy

The generalized translation operators T’ on the dual of Laguerre hypergroup satisfies the follow-

(o)
(A,m)
ing properties

(A m)f(u, n) = (M n)f(A m), T((S’%)f(u,n) = f(u,m),

178l iy < Il @y forall fe Ly(K), 1<p< o, (3.2)

F(TE) ) em) = F(Nm) @x m (X m).
The translation operator T((:\l )m) is defined by
T80 £ = [ 10 Wa (), (o 22 00)32 o,
K
where dzdv is the Lebesgue measure on ]K, and W, is an appropriate kernel satisfying

/KWa((%m), (11,m), (2,0)) 22 dzdv = 1
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(see [18]). For all (A, m) € R x N, the function ¢ ,,, (A, m) satisfies the following product formula
oxm (A m) ox m(p,m) = T((A )m)tm,m(u, n).

By using the generalized translation operators T((i 271), (A\,m) € K, we define a generalized convolu-

tion product * on K by
(Snm) * ) () = TS50 ),

where 6y ) is the Dirac measure at (X, m).
We define the convolution product on the space M;,(KK) of bounded Radon measures on K by

= [

A T F i m) da(x m) du(pa,m).

If u =h- -meqand v = g - mq, then we have

prv=(h*g) ma, with glp,n) =gy, —s),

where, h and g belong to the space L (K) of the integrable functions on K with respect to the measure
dya (X, m), and h * g is the convolution product defined by

(e g)Om) = [ T, 1) 90— ), forall (xm) € K.
K

Note that, for the convolution operators the Young inequality is valid: If 1 < p, r < ¢ < o0, 1 /P +
1/q=1/r, f € Lp(K), and g € L-(K), then f * g € Lq(K) and

Il.f * gHLq(K) < ”fHLP(K) Hg||L7,(K) ) (3.3)

where p' = p/(p — 1).

4 Polar coordinates in dual of Laguerre hypergroup and some lemmas

Let ) = X5 be the unit sRhere in K. We denote by wo the surface area of X' and by (25 its volume (see
[14,15]). For £ = (A, m) € K, consider the transformation given by

x = r(cos cp)l/z, t=r?sineg,

where —m/2 < ¢ < 7/2,r = [¢|; and &’ = ((cos <p)1/2,sin<p) € X

The Jacobian of the above transformation is 72%3(cos ). If f is integrable in K, then

/ F(A,m) dma (A, m)
K

w/2
2 2 . 200+3 . o
271‘F a+1 /W/2/ Coscp T blntp)r (cos ) drdep.
Since

1 w/2 )
Y =Ry cos p)%d :/ de’,
2l (a+ 1) /_m( w)de = |

we get

/K Fm) dya(Am) = /E /0 TRt (5,¢') drde. @.1)

Here d¢’ is the surface area element on .
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Lemma 4.1 [14,15] The following equalities are valid

(et
2/r(a+ DI(3 + 1)

792:

wy = r(*3)
)

Aa/mla+2) I (a+1)I(5+1)

Note that for any € K and r > 0, the area of the sphere S, (), m) is 2**3

rot20, = pot2 aLiEZ'

wo and its volume is

Lemma 4.2 [14,15] The function f(\,m) = |(\,m) ]1/}< is integrable in any neighborhood of the origin if
and only if A\ > —a — 2, and f is integrable in the complement of any neighborhood of the origin if and
only if \ < —a — 2.

5 Hardy-Littlewood-Sobolev theorem for the fractional integral on the dual of Laguerre
hypergroup

The examples considered below show that if p > ‘”‘2 , then I is not defined for all functions f € Lp(K).

Example 1. Let ()\,m) S K, 0 < ,6 < o+ 2, f()\,m) = WXCB2 ()\,m), where
s & 5 e

CBT =K\ By, > 0.Forp= QTJFQ, we have f € LP(K) and Igf(\,m) = +o0.

Example 2. Let (\,m) e K, 0<fg<a+2, f(\,m)=|\m)> 5XGB (A, m). Forp > 22 we
have f € Lp(K) and I3 f(\,m) = +o0.

For the fractional integral on the Laguerre group the following analogue of Hardy-Littlewood-Sobolev
theorem is valid.

Theorem 5.1 Let0 < < a+2and1 <p< QT‘FQ

DIfl<p<f? feLy(K)and L — 1 = 25 then Iyf € Ly(K) and

1
q  at2
125 1, @) < Crallfll, &) 5.1)

where Cpg = 2(Cs) ~P/4(CoCy)P/9, Cy = 2920+2 /(28 — 1), Cs = (20q/p) .
pq P

9)IffeLi(K)and 1 — 1 = B then Igf € WLy(K) and

HIB']CHWL‘I(]K) < CqufHLl(K): (5-2)
where Cq = 2(0102)1/‘1.

Proof. 1) Let f € Ly(K), 1 < p < “F2. Then we write

10Oy = ([ L) T ) 10 mE P ) = A ) + B ).
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By taking sum with respect to all integer & > 0, we get

AG I < [T

-3/ T 1 Gan) ) 2 2dme )
17 By—k+1,\By—k,

k=
e fea—
) 2:: ( ) 2 /szﬂr\sz (a) ‘f(M M)l dme (1, )

<ot aupinm 3 () ()

sl Ie) 2a+2
= 220 (M) (Am) Y27 < 22 — P (Mf)(N,m).
k=1
Therefore it follows that
|A(\ m)| < Cor® MF(X,m). (5.3)

By Holder’s inequality and the inequality (3.2) we have

comi< ([, (1, 6 >|)”dwa<u,n>>’l’
x ( /GBT )7 dra i, m) !
< il g, (f, 10emE ™ )™

Wy ([ 1 )

p/
Consequently, we get

= C3T_(a+2)/q||f||LP(]f<)‘

1BOLm)| < Car™ T ) (5.4)

Thus, from the inequalities (5.3) and (5.4), we have

|IBf (A, m){ < Cor® Mf(A,m) + C3r™ (a+2)/q £l 7 L,(K)"

The minimum value of the right-hand side is attained at

)

J(a+2)
r= |:(C2Mf(>‘a m)) ! CSHf”L,J(K)}p

and hence

1-p/
137 m)| < 2(CoM I m) " (511, )

By Theorem 2.1, we have

/K‘Iﬁf()v m)’qd’m()\,m) <29 (C3HfHLP(K))q P/ (CoM f(X,m))? dya (A, m)

< 2(Co) (G IS g

Then we get
12611, &) < 2(C)" P/ UCRCY £, -
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2) Let f € Ly (K). We have
o {(A,m) eR:|Isf(\m)| > 27}
< {Om) €R:JAAm)| > 7} + 90 {(Am) € R+ [BO,m)| > 7}

Taking into account the inequality (5.3) and applying Theorem 1 we have

T’ya{()\,m)e]f{: |[A(X, m)] >T}§T/ R dya (A, m)
{()\,m)G]K: CgrﬂMf()\,m)>7'}

— e {()\,m) eR: Mf(Am)> ——
Cor

B m a(X,m
3} <ar? [1roumlaaim

= C1C: Tﬂ HfHLl(K) y

and
Cl < [, T £ e v, )
B
B-a-2 (@)
<r ﬁ&jbmwummnmamn>
_at2 _at2
< U mldnaem =~ 171,
a+2
Ifr= ||f||L1(]f<) = 7, then |C(X\,m)| < 7, and hence
Yo {()\,m) eK: |Cc(nm)| > T} =0.
Then we get
Vo {()\,m) eK: [Igf(\m)| > 27-}
< {Om) eR: AN m)| > 7} + 70 {(m) €K [BO,m)| > 7}
C1C9 +ot2
<=2l gy = Ca G
_ at+2 —q q _ GGy q
= C10r P = Lo AN gy = 22 g
and hence

125/l 1., i) < 2C1CD NS -

Therefore the proof of the theorem is completed.

Proof of Theorem 2.3. Sufficiency part of the proof follows from Theorem 5.1.
Necessity. 1) Let1 < p < O‘TH f € Lp(K) and assume that the inequality

1161, ) < C I, i) (5.5)

holds, where C' depends only on p, ¢ and «.
Define f(\,m) := f(rz,r?t), then

_at2
||frHLp(]f<):7" P ||f||Lp(]f<)

and

B 2a+d

HlﬁfTHLq(K) =r " e HIBfHLq(K)'
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By the inequality (5.5)

a+2 at2

115l . (R) <Ot 1Al L, &)

If4>1+ a+2’ then for all f € Ly(K) we have HlﬂfHLq(K) = 0 as r — 0, which is impossible.
Similarly, if% < E + O¢+2’ then for all f € LP(K) we obtain HIBfHLq(K) = 0 as r — oo, which is also
impossible.

1_1 B

Therefore E = E =+ are:

Necessity. Let Iz bounded from L (K) to WLq(K). We have

—p—ed?
HIBfTHWLq(K) =’ [Lrxg (e W)
By the boundedness I from L; (K) to WLq(]K)
L+2
Hlﬁf”WLq(K) Hjﬁf’“HWL «(K)

a+2
<O £y

where C' depends only on ¢ and .
If1 < % + then for all f € L;(K) we have ‘

lpyi = Cr° 5 =D p

1|l p,, @) = 0as T — 0. Similarly, if

1> l + aiw,then forallf € Ll(K) we obtain HIngWL SR = Oasr — oco.

a+2 >

Hence wegetl == + 5 +2 Thus the proof of Theorem 2.3 is completed.

Proof of Corollary 2.3. Sufficiency part of the proof follows from Theorem 5.1 and the inequality

MafOnm) < Q5 Lo f)(m), 0< 8 <at2.

Necessity. 1) Let Mg be bounded from LP(K) to Lq(K) forl<p< ai2’ 1 < p < g < oo. Then we
have
Mg fr(A,m) = r P Mpgf(r, 1“2m)7
and
,ﬁ,L‘W
185 |, ey = 7 1Ma £l i
By the same argument in Theorem 2.3 we obtain 1 5= 5 + aiﬁ
2) Let Mg be bounded from L (K) to W Lg(K). Then we have
_ e
||MﬂfTHWLq(K) =T HM,BfHWLq(K)'

Hence it is not hard to verify that 1 = % + ai—i-2 Thus the proof of Corollary 2.3 is completed.

Proof of Theorem 2.4. For (\,m) € K, let T((fé ) ) be the generalized translation by (X, m). By

definition of the Besov spaces it suffices to show that
TS MF = M|, < CITSo =l i)
It is easy to see that T((,\ N 1y cOmmutes with M/, i.e. T((;’)m)Mf = M(T((;\X) ,f)- Hence we have
TG M = M| = |M(TS) | f) = Mf| < M(TS)f = f).

Taking L, (KK) norm on both ends of the above inequality, by the boundedness of M on L, (K) (see [1]),
we obtain the desired result. Theorem 2.4 is proved.
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