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1 Introduction

It is known that spaces with parameters constructed on the base of the Sobolev isotropic spaces W,Sl) (@),
for some special values of indices, were first studied in the papers of Morrey [10,11]. Further these results
were developed and generalized in the papers of V.P. Ilyin [6], I. Ross [20], Yu. V. Netrusov [19], A.
Mazzucato [9], V.S. Guliyev [2, 3], V.S. Guliyev, L.G. Softova [4,5], Y. Sawano [21], L.Tang and J. Xu
[22], A.M.Nadjafov [8, 13, 16, 17] and e.t.c.

Note that the interpolation theorems in the spaces of Bessov-Morrey, Lizorkin-Triebel-Morrey B!
Fll)"g’a’%ﬂ_, Sé,a7a7ae,7 (G) and Spﬂ’a,ae’TF(G) earlier was obtained in [12, 14, 15].

The goal of this paper is to investigate differential properties of functions from the intersection of
generalized Besov-Morrey type space with dominant mixed derivatives of the form

p,0,a,2,7°

[irk
ﬂL;ﬂe Zarer (GR) (B =1,2,..,N). 1)

@

Let e, = {1,...,n}- be the set of natural numbers 1,...,n. We denote by e any fixed subset of
en (including the sets empty set and en). The number of this subsets is equal to 2™ . Assume that all
these subsets are numbered, i.e. €* (i = 1,...,2")- are subsets (including empty set and e, ) of e,,. With

each set e, associate some fixed vector {#* = (li’“’, e lf{“’) with the components l;’“ > 0 and the

support e;; D €', i.e. lj»’“ >0(je ei) , l;’“ >0(j€e eli/ei) (u = 1,2,...,N). The support of a vector
I =(ly,...,1n) is the set of indices of nonzero components of the vector [. It is denoted by e;.
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2 Preliminaries

Definition 2.1 A space with parameters of the form (1.1) is defined and studied in [18] as a normed space
of functions f on G with the finite norm

17z s = Z Il p<tins gy (2.1)

"G'Lar
qlptetaXT P i

9; oL,
hot  hop HAm (h,Gp,) D' fH
pi,a,5,T dh;
fIl < — (2.2)
P e [ h ’ '
2,0 ja,x,T -
PO 0 0 11 hJ Jj€eyi
J€Eei
g =161, oy=sued [ [ I T 6] 7
0 0 Li€en
1
dt;
<M o] TT 5 ¢ (2.3)
Jj€en

where pi, € [1,00) ,1 < 6, < oo, 7 € [l,00], ["F = (z%*‘,...,zig“) A > 0(jee), M >0
(j € eli/ei);mi = (mi, ..,,mil) ,mj- >0 (j € ei) ,mz» >0 (j € eli/ei) are integers, k' = ( Zi, ...,lch) ,
k; are non-negative integers. In (2.2) the integrated is over by the index j € e;i. Assume that

mh > H— kL > 05 (j€ep/el) ,mh > T — k>0, (jee’), (i=1,..,2"), (n=1,2,...,N)

™ (G £ (x) = AT (hy) AR (hn) £ (2); DY f = DI DR £ (2);

Gp = {z:z2+hl€G}; Gi=(x) = GN Lix(z) = G’ﬁ{y:|yj xj}<%tj ,jEGn},

[tj], = min{1,¢;},j € en,ho = (ho1,..,hon) fixed a positive vector; G be an open set of n—
dimensional Euclidean space R"™.

The space of (1.1) in the case, when

Jik l;>0,j¢ ei‘;
J 07 J € 611‘/617

B (Gy), introduced and

pL,GM,a T

ph = pu, 0l = 04 (i =1,..,2"), coincides with the space ﬂ
pn=

studied in the paper [15] and in the case . = 1,a = (0, ...,0) , 7 = oo coincides with the space
<IhH>
ﬂ \L55.0;”

which was introduced and studied by A.D. Jabrailov’s in [7].
When 7 = oo the space Ly a,,~ (G) coincides with the space Lp a4, (G) introduced and studied by
V.P. Ilyin [6].
Let i (-,y,2) € C5° (R™) be such that S (v,:) = suppipei, S (Vi) C Iy = {x: |x]| i1ije en},
0<T;<1,j€enSetV = U {y: (%) € SWe)}. Itisclear that V' C Iz, U is an open
0<t;<Tj, jEen
set contained in the domain G. We’ll also assume that U + V C G. Let

GT" U GT" U + Ips ( )) NG.
zeCG
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Note that, if 0 < 3¢; < 1,0 <Tj; < 1,5 € ep and I C I, then

U+VCGTJ{61' U) =2
X 1 X Bu 1 X Bu 1 X B
Letﬂuzl(u=1,27~-~7N), ZBHILT: Z 575: pri,y: Zﬁ,lzz
pn=1 p n=1 Py n=1 f pu=1*

N .
E @ull,ﬂ_
p=1
The follows property is valid
Lemma 2.1 Let 1 Spft <p<r<oo,(p=12...,N),0<3;<1,0<t;,n <T; <1,0<p; <
oo (j€en)l <7< 00, v=(V1,...,vn), vj > 0 beintegers (j € en),

N
i ; 1 1
8‘7}': E l;’ﬂﬁu—ljj—(l—%]a]) <E_5),
p=1

and
n°
; —1—v. _3— i i
By (z) = H T; "-7/ Htj Vi (x,t) dt° (2.6)
j€en\et OcijEE’i
T
. —1—v. —3—y; i
pr@= I 777 [T et (2.7
j€en\et TIei j€Eet
where ) i
o ot + 1\ )
) — ) Yy ’
Pi (-Tvt)_ //"'/we’ tei +T€n\€i, tei +T€’"\ei X
Rn—oo —o0
ifu p(t,z) 1, m?
XC\ 3 g v gP (12) | AT (0u) f(x +y + u) dudy. (2.8)
Then the following inequalities hold
N B}L
' AL *j%
w g @, <o I o 2" was 1T [n), "
=t (e P50, Jeen
x H n;j (5; > O) (2.9)
jeet”
N B
[ —Ibr mt
< . J .
wp [Er @), <O T TG 4™ @2
H= jee! Py, T
I1 757 ifej > 0;
jeet r
- In 1, ifel = 0;
X . 2 H ) n; 7 ) 210
]é_[ [p]]l jeeli ,J (2.10)
JE€e€n E} i
H 7]] 7lf‘5j < 07
jEeli
=
here Up= (T) = {x : |;cj — j:j‘ < %,j € en} ,C1 and Cy are constants independent of ®, p,n and T.
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Proof. Apply the generalized Minkowski inequality for B% (z) determined by equality (2.6). Then we
get

ne
. 1w, 3y, i
s < T 1t / 167 ke @0l o (2.11)
vap" (z) . . ; .
jEen\e? Oeijee’
N N g
Applying the Holder inequality with exponents o, = pp é“ =12 ,N; > i =p >y p—:‘ =1and
. = = P
we estimate the norm ||p; (-, t) ||p,pr (%)
N 8,
10iCs Ol ey < C1 TT {1010, 00 )}
p=1
From the Holder inequality (p,, < r,) we have
= (=7 )
l0i O, 012y < N0t Ol oy TLon 7 77 (2.12)

Jj€en

Let X be a characteristic function of the set S (¢.:). Considering that 1 < p,, < r, < 0,8y <

Ty (i =1- i + %) represent the subintegrand function in (2.8) in the form
. 1
Pi mH
[oohs oo
/ PeiCpi A™ fdu| = / Coi AT fdu |'l/161' |S“
—ooet _soet
) 11
: v o

00€"
_ 1 1
am’ Yy |Su) P e
x / CiA™ fdu| X (tei +T6n\ei> ([thes ) i

— oo’
We can apply the Holder inequality again and get

llei O, U, (2)

ot

oo
u p(t,z) 1,
< i 7 ' 5 t7
< sup / /Ce <t, r P (L)
R —Ooei

xA™ (6u) f (1: +y+ uei) du’p“ X (%) dy) e

i
o0o®

X sup / / Cei (% p(tt’ 2), %p' (tw))

Uy (2) | o0

1

P!, o
(1))
t
1
S}J. ;

y p(tei _‘_Ten\ei’m)
X / Vo | sorrrener — e dy| . (2.13)

x A™' (6u) f (x—i—y +u€i) du
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Taking into account that G\ei | pe,,\ei (z) C @G (z)for0 <t < 1,2 < 1(j €en) for

()" H(T)en\e!
any z € U we have

et

b (t,2)
uoplhz) 1,
/ /Cel< s L 72/) (t?x))
Rn 70067/
u Y
X|————|d
<t61+Te“\el) Y

< / [ (4282 5 )

(U+V)(tu>ci+<Tx)en\e'i (@) | —o0e?

xA™ (ou) f (1’+y+uei) du 3

i

) A™ (6u) f (y + uei) du‘p“ dy

et

< T | [ e (320250 0n)

Jj€epi

—0091
P,
—H m el et
<[t 4 <6u )fdu
j€ei i )
t Pqu(t%)eiJr(T%)en\e% (=)
P,
i ik .
<] (PPl 114 BEAM (4,70 I =, (2.14)

Eelz Ee” pia MjEen\ei

1@
foryeV
et pL

o0

/ / i (% p(tt’“"),%p’ (t,x)) am™ (Wi) fi (:c—l—y—&-uei) du® | dz

Uy (&) | —oce

i
i Py

Zp" (i:+y) —Ooei

i, t,z) 1
<||PJ-“ (u ptz) 1,
< tont /Cz(tv N ,2p(t,x)

JjEei

70061

i
i||Pp

XAmi ((5u€i) f (x + uei) du®

pZ’L 7Zp" (i+y)
P,

Htmﬂ%“ 11t e A™ (4, 71) f IT e, (2.15)

Ee Ee ; jEe,
J 1t J 1 p;’“a,xj n

/qu) . Wp(teffTen\ezx) Ndy—Htj 1 Tde)g)

te'  Ten\e! te' + Ten\e’ : .
Rn jeet  jEen\et

(2.16)
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From inequalities (2.12) — (2.16), we have
B
i‘ m? ﬁ (1 »ja;)
i Gl 7, ) < CH [16"7 a™ .2 s 1

J€eyi pi,a, j€en\et

LTGRO T e L (217)

Jj€eyi j€en j€en

For any 7,1 < 7 < oo taking into account the inequality |-, , .. < |||, 4 ...~
r = p we get inequality (2.9). Inequality (2.10) is proved by the same way.

and (2.17) in (2.11) for

Corollary 2.1 For1 <7 < 19 < oo the following inequality is valid:
B}J.
N
i COlppoemo <C TN TT 5 Y Am (t, Zs) f , (2.18)

Jj€ei i
t P52, T1

where b € [0,1]", C' is a constant dependent on t and M;, but independent of f.

Lemma 2.2 Let 1 < pL < p < oo =

1,2,...,N),0 < 5; < 1,0 < T; < 1,(j €en),
v=(v1,...,vn),vj > 0beintegers (j =1,...,n);1 <

7'1<7-2<oos'»>0and

le By — vy — (1= 5505)

L
P’

Then for the function BiT determined by equality (2.6) the following inequality is valid:

Bu
) N Lo
B! <c? 5 A 4, 7, , 2.19
H T p,b,se, 2, U H H t)f ( )
p=1 J€ey pt,a,se,T1
i
where b = (b1, ...,bn) , bj are arbitrary numbers satisfying the inequalities:
0<b; <1, ife’>0(jee)
0<b; <1, zfs“)—()(JEe) (2.20)
7,0
e’p(l—ajy) 5 p(l aj) i,0 . i
0<bj <aj+ o =aj+ .=, ifef <0(jec)

jee,0< bj <aj;,je€ en\ei and C? is a constant independent of f.

Proof. Estimate ||B§1|| €U 0< pj <oo(j€en) Firstlet0 < p; <T; (j € en). Then

vap”‘ (i) ’
Bl < H : +HBiTH . (2.21)
H p,Up»= (T) r U,= (T) r U,=(T)
From inequality (2.9) (77j =pj,j € en) for 7 = oo we have
Bu
N e i+
’ <a ISy a™ 2o f IIe ™. (2.22)
o= (2) p=1 | ||i€es j€en

D@y
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where C' is independent of f and p. Further, by the generalized Minkowski inequality and inequality
(2.17) we have:

T
B! H / g3 z,t dt®
|Bir R B | Cam (21CR0 I Pomes
seijeet
/B}L
N —bH i
S | R B RN GV AN b (p, Tyr), (2.23)
p=1 JEeyi Pl ae
Tci i ;
A —1 i
where ¢ (p, T,7) = [] pJ f I1 tj’(r) dte
Jj€Een pe’ijeei’

N
)= S0y (1 0y) (= 3) 80 = 2= 1-ay).
p=1

p p r

and Cs is a constant independent of f and p. Estimation (2.23) is valid for any r, (p < r < 00) . Choose
r from the all possible numbers such that the index of power of p; in this estimation is maximal. For
this note that 5 ( ) monotonically increases, €’ (r) monotonically decreases on [p, o] and € (p) =

J
0 > Oandasl0 < 0, IfaZO

gt 5J (c0) = - We consider two cases: € > 0, then maximum index
of p; in this estlmatlon we get for r = oo. Considering that 6 (c0) = p we have

VR

e Hp] <HTJ H/g)ﬁ >0

¢(P7T77”) = = ]Gen = J€en j&en
I p" In J] %, ife}’O:O.
Jj€en Jj€en

. Let 6;-’0 < 0. Since 6;» (p) = 6; > 0, and 5; (o0) = 52’0 < 0, then at some rg, (p < rg < ),

g5 (ro) = 0. Itis easy to see that the best estimation in this case is obtained if in ¢ (p, T, ) we put r = 7.
(ro) T;

Then v (p, T,r0) = [] pJ “In ] oL where

Jj€en JEeL’i

1,0 4,0
2 P 1—a; P2 D 1—a;
6]’(7"0): 7 1+ J ( . .J) 7 a+ J ( . .J) 7
p 1—sja; p 1—sja;

(1 — 5;ay, since 53— > 0 and 5;-’0 < 0). Improving, on the base of it, the estimation (2.23) and taking into
account that

5§+@2ﬁ for 2% >0
D J
i,0
. P2 e p(l—a;
eh+ Ak R N R S VA ( i) =4;(ro) for 5 <0
p p 1—ja;
and inequalities (2.21) — (2.23), we get (T = 00)
N P
Bj < £ A™ (4,7
H N vpm@ = 11 H i 20 f
- I€e ptLa,mx
i
1 x5 Ei~"0 i,0 0
EL_OHPP HTJ‘] - Il p’ |,if €7 >0
V(o Tir)=q 7 s L NS T e ) x
IT1p" In o if 77 =0
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=i 00 ,
e M7, ife’ >0
j€en Ajeen
= T o 00
X jg p;’ lnjg oL ifel” =0; (2.24)
1oy m [T 22, it >0
Jj€en jEQLi ’

Let p; > T (j € en) . Again applying estimation (2.9) (773‘ <Tj,j€en 1= oo) we have

Bu
H B (w)<C4H 14" A ) f
p=1 ]6911 pLVU‘v%
el Ziti .
Il e/ 7 fT;<p;<1
x { JEen (2.25)
I1 T J if1 < p; <oo.

Jj€en
It follows from inequalities (2.24) and (2.25) that for any Z € U and any p,0 < p < oo

|5

where b; (j = 1, ..., n) are the numbers satisfying inequalities (2.20), and Cj is a constant independent of
f, p and z. Considering the relation 1 < 71 < 73 < oo, from the last inequality we get inequality (2.19)

Bu

;b

JJ

N ik
<C5H Ht g Am tZt)f H [pj}lp
p=1

p,Upx (Z) ;
JEey pr7a’% Jj€en

3 Main results

In this section, we prove two theorems on some differential properties of functions from the intersection
lz N

Q Ly o er (Gn) (4= 1,2, ).

Theorem 3.1 Let the open set G C R" satisfy the condition of flexible (A1) horn([12]), 1 < pL <p<

00,1 <0}, <o0,(i=0,1,2,..,2"); (p=1,2,...,N), 3 = cx, = maxi;s;,

J€en

v =(v1,...,vn), vj > 0 be integers j € en; vj > l;’“forj € €li\€i, 1< <1< o0

. ; 1 1 ) i
€5 :l;.”fyjf(lf%jaj) (1?77) >0, (j €e ,z:l,...,2n),

p
2 <UPr> v 2 <Pk
and let f € ﬂ N L 0ia, %T( n). Then DV : ﬂ N Lp17 et (Gr) = Lpp s (G), more
p=li=1 "# p=li=1 "H
N 2" /i
exactly, for f € () N L; e (G}h,) in domain G there exists a generalized derivative D" f, for
pn=1i=1 ‘“

which the following inequalmes are valid:

2" . N Bu
||Dyf||p7G < Clz H T;j H {||f||L<ﬂ > (Gt)} ) (3.1)

i=lj€en pu=1 Ofisar.T1

and
/gu

N
, (pL <p<ooi=1,2 2”) . (3.2)

HDV‘pr,buTQG - H HfH2 <UBHH>

u=1 ’Llp"' 0% a5,

(Gv)
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In particular if,
ej0 = > 1" Bu —vj — (1= 7ja;) Rl (J' €ej=1, ..-,2") ;
p=1

then DY f is continuous on G and
2m . N B
e
sup [D"f (@) <y [T 77 ] {|f|lL<“ . (Gt)} , (3.3)
zeG i=ljcen =1 i, 0% ,a,,71

where T € (O, min (1,Tj70)] (j € en), C1,C2 are the constants independent of f,Cy is independent
alsoon T and b = (b1, ...,bn) , b; satisfying

0<b; <1, if ho>0;
0<b;<1,if ho=0;

i
e;p (1~ ay)
0<b;<at 22 "Y) gt <o
= + 1-— #ja; if 7,0
jeel,0< bj <aj,je€ en\ei but with substitution > for .
N2
Proof. First of all note that since > = csr,c > O, then f € [ () L<Z 0 >a P (G) and everywhere in
p=1i=1 ’

inequalities (3.1) — (3.3) we can replace s by 5. Passage from s to 3, is explained with the following
properties of the vector  :

1) 7; <1, € en; 2) among the vectors of the form ds« : d > 0, satisfying the inequality dsc < 1, the
vector i has the greatest absolute value.

The importance of the first property will be seen from the proof of the theorem, and the significance of
the second property follows from the theorem statement (the more s¢;, the more sé). Under the conditions
of Theorem 3.1 there exists a generalized derivative D" f. Indeed, if aé >0 ( jE ei,i =1,.., 2”), from

ph<p, 3 <1,(j€en),ac0,1]" itfollows thatl —v;>0,j€¢ (€ eli= 1,...,2"). This means

N 2"
<Ubr> <l > : _
that for f € MQI zﬂ L o, 60,5 7 (G) = Mﬂl lﬂle 0 (G) there exists DV f and D" f € Ly, (G).

Then for almost each point « € G the following equality holds

i

Te

+v| —1-y; dt®
H Tj ’ / 3+v;

j€en\es I1¢

o<’ j€Eet

) o Y P (tez 4 en\e’ ’ x)
X/ / Ve | W oo T g £ e

R™_ 5get

i
w®

.
=3 (-1
i=1

X Cpi (%7 p(t); z) %pl( )) A™ (ou) f (x +vy —l—uei) dueidy. (3.4)

Note that wi’;) (,2) € CG° (R™), ¢ € C§° (R), their supports are contained in I; and are such that the
supports of representations (3.4) are contained in the flexible cone x + V' C G. The parameter of the
representation § > 0 is rather small, owing to which the replacement of A™ (bu,G) f (1 =1,...,2™)

in the right side (3.4) by A™ (du, Gs,,) doesn’t influence on the value of the right side. On the base of
Minkowski inequality we have

|D prG Z H T_l "

i=1j€e,\é€;

Bf

o (3.5)
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and by means of inequality (2.9) for U € G, 1/11(") = M;, p — oo, we get
Bu

<02HTJH I Ay . (3.6)

cen  n=1 | ||jcen

|5,

Pl,,a,5,71

By means of inequalities (3.5) — (3.6) under condition pr < 9; (p=1,...,N;i=1,...,2") we get
inequality (3.1) . By the similar way, based on inequalities (2.19), estimation (3.2) can be established.

Now let 53 >0 (j eei=1,.., 2”). Let us show that D f is continuous on G. On the base of
identities (3.4), from inequality (3.1) for p = oo,az- = 8;-’0 >0 (j € ei) ,1 < OZL <oo(i=1,2,..,2"),
we obtain that

DV 77(”)
H f fT 00,G
i 1 ﬁu
on tor tonm Jios 0 Ut Ok
3.0 5" ami by
<X I Il // 14" a2 s
ei;ézjeen p=1 j€ey Pl a,5e,m I€CH

Hence the left hand side of the inequality tends to zero as T; — 0(j € en) . Since ff(pu) is continuous
on G, the convergence in L (G) coincides at the present case with the uniform one, and consequently
the limit function D" f is continuous on G. Theorem 3.1 is proved.

Lety = (v1,..,7) € R™

Theorem 3.2 Let domain G, parameters pf“p, 7,(p = 1,2,...,N) and vectors ,a, 5 6J 0,V satisfy

the conditions of theorem 3.1. Then for 53» > 0, (j eeti=1,..,2" ) the derivative DVf satisfies on G
the Holder condition with the exponent j3;, more exactly

T 1sl” (3.7)

Jj€en

A, D f|, o <C H 172 e

pn=1 (G+)

ha 1 p,let @,

here 8 = (B1, ..., Bn) , B; is any number satisfying the inequalities:
0< B <1, ifel >1,

0< B <1, ifel =1, (3.8)
0<Bj<ejif f <1

where (j € en,i =1,...,2"),C is a constant independent of f and v = (v1, ..., yn).
In particular; if €' €7 > 0, then
N B 4
sup A (v,G) DY f (z)| < C [] Hf”z . II 117 (3.9)
eed =1 i= 1LP’ 00,5, A(Gt) Jj€en

where ,6'? satisfies the same conditions as o, but with replacement of Eé by 8;’0.

Proof. According to lemma 8.6 in [1], there exists the domain

G C G (a = (01,..,0n),05 =§&r(x),& > 0,7 (z) = p(x,0G),x € G) . Assume that |’yj’ < 0y
(j € en), then for any = € G, the interval connecting the points z,z + + is contained in G and for
all the points of this interval, identities (3.4) are valid with the same kernels. After some transformations
we have

et

Iy’

2™ el
seapiwloy I 5 [
i=lj€e,\e’ 0 Ht

jEet
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et e,,L\ei
Cel t ’ t ) 2p ( ) ¢ i ) 7 7

tet +Ten\67' tet +Ten\el

ol
oo
X/ /
R™_ el

x (A (,G) A™ (5u) f (x oyt u) ‘ du®' dy

= 1 T '
1w,
ey I 7 /W
i=ljce,\e! i L]
lvI®" jeel
et en\ei
(V+1) Y p(t T ,l‘) Coi u p(t7$) l e
i i i 7 et > 5P (t )
te +Ten\e te +T€n\€ t t 2
R’nf
1 1
><// ’Aml (éu)‘f(x—t—y—i—u—i—vlfyl + oo + UnYn) dvdueldy
0 0
on
1y ) ,
oy I1 7777 (B @) + Bir (@,m), (3.10)
i=1lj€e,\e’
here|v|€1:(m|61 > ynl® ) | = i for j € €l | = 0for j € en\el, (6= 1,..,2"), 0 <

T; < min (1, Tj70) ,J € en. We also assume that ‘7j| < T; (j €en) and consequently,
Iyl <min (05,7}),j € en. If 2 € G\Go, then A (v, G) D" f (z) = 0. Therefore,

[A(.G) D f (@), o

2'”4
I P ; ;
<oy I 177 ([sea], , +|Bren] ) (.11
i=ljcen\e? p,Go p,Go

By means of inequality (2.9) forn = |v|,j € en, U = G, p — oo we get

B
. N i
HB; (- H <o WP TISITIG" 2™ @z s : (3.12)
p.Go Jj€en p=1 JjEeyi i
Pl,a,,T
and by means of inequality (2.10) for U = G, n; = |'yj| ,J € en, p — 0o we get
Bu
B;
HBWT(KYH . <03H|7\JH 11t T AY: , (3.13)

j€en pn=1 J€Eeyi Pl aeT
f05,
where 3 (j € en) is a number satisfying inequalities (3.8).
~ Then by means of inequalities (3.12) — (3.13) from inequality (3.11) under the condition
P <0 (1 L N;i=1,...,2"), we get inequality (3.7).
Now suppose that "yj’ > min (O'J, T; ) (j € en). Then

A6 D f @), o <C@n) IT l” 127 @), ¢
j€en

Estimating || D" f (2)||,, ¢ by means of inequality (3.1), we get the required estimation. Theorem 3.2 is
proved.
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