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1 Introduction

It is known that spaces with parameters constructed on the base of the Sobolev isotropic spaces W (l)
p (G),

for some special values of indices, were first studied in the papers of Morrey [10,11]. Further these results
were developed and generalized in the papers of V.P. Ilyin [6], I. Ross [20], Yu. V. Netrusov [19], A.
Mazzucato [9], V.S. Guliyev [2, 3], V.S. Guliyev, L.G. Softova [4,5], Y. Sawano [21], L.Tang and J. Xu
[22], A.M.Nadjafov [8, 13, 16, 17] and e.t.c.

Note that the interpolation theorems in the spaces of Bessov-Morrey, Lizorkin-Triebel-MorreyBl
p,θ,a,æ,τ ,

F l
p,θ,a,æ,τ , Sl

p,θ,a,æ,τB(G) and Sl
p,θ,a,æ,τF (G) earlier was obtained in [12, 14, 15].

The goal of this paper is to investigate differential properties of functions from the intersection of
generalized Besov-Morrey type space with dominant mixed derivatives of the form

2n∩
i=1

L<li,µ>
pi
µ,θ

i
µ,a,κ,τ (Gh) (µ = 1, 2, ..., N). (1.1)

Let en = {1, ..., n}- be the set of natural numbers 1, ..., n. We denote by e any fixed subset of
en (including the sets empty set and en). The number of this subsets is equal to 2n . Assume that all
these subsets are numbered, i.e. ei (i = 1, ..., 2n)- are subsets (including empty set and en) of en. With
each set ei, associate some fixed vector li,µ =

(
li,µ1 , ..., li,µn

)
with the components li,µj ≥ 0 and the

support eli ⊇ ei, i.e. li,µj > 0
(
j ∈ ei

)
, li,µj ≥ 0

(
j ∈ eli/e

i
)
(µ = 1, 2, ..., N). The support of a vector

l = (l1, ..., ln) is the set of indices of nonzero components of the vector l. It is denoted by el.
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2 Preliminaries

Definition 2.1 A space with parameters of the form (1.1) is defined and studied in [18] as a normed space
of functions f on G with the finite norm

∥f∥ 2n∩
i=1

L<li,µ>

piµ,θiµ,a,κ,τ
(Gh)

=

2n∑
i=1

∥f∥
L<li,µ>

piµ,θiµ,a,κ,τ
(Gh)

, (2.1)

∥f∥
L<li,µ>

piµ,θiµ,a,κ,τ
(Gh)


h01∫
0

...

h0n∫
0


∥∥∥∆mi

(h,Gh)D
ki

f
∥∥∥
pi
µ,a,κ,τ∏

j∈eli

h
li,µj −ki

j

j


θi
µ ∏
j∈eli

dhj
hj



1
θiµ

, (2.2)

∥f∥pi
µ,a,κ,τ ;G = ∥f∥Lpiµ,a,κ,τ (G) = sup

x∈G


∞∫
0

...

∞∫
0

 ∏
j∈en

[
tj
]−κjaj

piµ

1 ×

×∥f∥τpi
µ,Gtκ (x)

] ∏
j∈en

dtj
tj


1
τ

, (2.3)

where piµ ∈ [1,∞) ,1 ≤ θiµ ≤ ∞, τ ∈ [1,∞], li,µ =
(
li,µ1 , ..., li,µn

)
, li,µj > 0

(
j ∈ ei

)
, li,µj ≥ 0(

j ∈ eli/e
i
)
; mi =

(
mi

1, ...,m
i
n

)
,mi

j > 0
(
j ∈ ei

)
,mi

j ≥ 0
(
j ∈ eli/e

i
)

are integers, ki =
(
ki1, ..., k

i
n

)
,

kij are non-negative integers. In (2.2) the integrated is over by the index j ∈ eli . Assume that
mi

j ≥ li,µj − kij ≥ 0;
(
j ∈ eli/e

i
)
,mi

j > li,µj − kij > 0,
(
j ∈ ei

)
, (i = 1, ..., 2n) , (µ = 1, 2, . . . , N)

∆mi

(h,Gh) f (x) = ∆
mi

1
1 (h1) ...∆

mi
n

n (hn) f (x) ; D
ki

f = D
ki
1

1 ...D
ki
n

n f (x) ;

Gh = {x : x+ hI ∈ G} ; Gtκ (x) = G ∩ Itκ (x) = G ∩
{
y :
∣∣yj − xj

∣∣ < 1
2 t

κj

j , j ∈ en

}
,[

tj
]
1

= min
{
1, tj

}
, j ∈ en, h0 = (h01, . . . , h0n) fixed a positive vector; G be an open set of n−

dimensional Euclidean space Rn.

The space of (1.1) in the case, when

li,µj =

{
lj > 0, j ∈ ei;

0, j ∈ eli/e
i,

piµ = pµ, θ
i
µ = θµ (i = 1, ..., 2n), coincides with the space

N∩
µ=1

S
lµ
pµ,θµ,a,κ,τB (Gh) , introduced and

studied in the paper [15] and in the case µ = 1, a = (0, ..., 0) , τ = ∞ coincides with the space

2n∩
i=1

L<li,µ>
pi
µ,θ

i
µ

(G) ,

which was introduced and studied by A.D. Jabrailov’s in [7].
When τ = ∞ the space Lp,a,κ,τ (G) coincides with the space Lp,a,κ (G) introduced and studied by

V.P. Ilyin [6].
Letψei (·, y, z) ∈ C∞

0 (Rn) be such that S (ψei) = suppψei , S (ψei) ⊂ I1 =
{
x :
∣∣xj∣∣ < 1

2 , j ∈ en
}
,

0 < Tj ≤ 1, j ∈ en. Set V =
∪

0≤tj≤Tj , j∈en

{
y :
(y
t

)
∈ S (ψei)

}
. It is clear that V ⊂ IT , U is an open

set contained in the domain G. We’ll also assume that U + V ⊂ G. Let

GTκ (U) =
∪
x∈G

GTκ (x) = (U + ITκ (x)) ∩G.
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Note that, if 0 < κj ≤ 1, 0 < Tj ≤ 1, j ∈ en and IT ⊂ ITκ , then

U + V ⊂ G
Tκei (U) = Z.

Let βµ ≥ 1 (µ = 1, 2, . . . , N),
N∑

µ=1
βµ = 1, 1

pi =
N∑

µ=1

βµ

pi
µ

, 1
p =

N∑
µ=1

βµ

pµ
, 1

θi =
N∑

µ=1

βµ

θi
µ

, li =

N∑
µ=1

βµl
i,µ.

The follows property is valid

Lemma 2.1 Let 1 ≤ piµ ≤ p ≤ r ≤ ∞, (µ = 1, 2, . . . , N), 0 < κj ≤ 1, 0 < tj , ηj ≤ Tj ≤ 1, 0 < ρj <

∞ (j ∈ en) 1 ≤ τ ≤ ∞, ν = (ν1, ..., νn) , νj ≥ 0 be integers (j ∈ en) ,

εij =

N∑
µ=1

li,µj βµ − νj −
(
1− κjaj

)( 1

pi
− 1

p

)
,

and

Bi
η (x) =

∏
j∈en\ei

T
−1−νj

j

ηei∫
0ei

∏
j∈ei

t−3−νi
j φi (x, t) dt

ei (2.6)

Bi
η,T (x) =

∏
j∈en\ei

T
−1−νj

j

T ei∫
ηei

∏
j∈ei

t−3−νi
j φi (x, t) dt

ei , (2.7)

where

φi (x, t) =

∫
Rn

∞∫
−∞

...

∞∫
−∞

ψei

 y

te
i
+ T en\ei

,
ρ
(
te

i

+ T en\ei , x
)

te
i
+ T en\ei

×

×ζi
(
u

t
,
ρ (t, x)

2t
,
1

2
ρ′ (t, x)

)
∆mi

(δu) f (x+ y + u) dudy. (2.8)

Then the following inequalities hold

sup
x̄∈U

∥∥∥Bi
η (x)

∥∥∥
p,Uρκ (x̄)

≤ C1

N∏
µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t;Z) f

∥∥∥∥∥∥
pi
µ,a,κ,τ


βµ ∏

j∈en

[
ρj
]κjaj

p

1
×

×
∏
j∈eli

η
εij
j

(
εij > 0

)
(2.9)

sup
x̄∈U

∥∥∥Bi
η,T (x)

∥∥∥
p,Uρκ (x̄)

≤ C1

N∏
µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t;Z) f

∥∥∥∥∥∥
pi
µ,a,κ,τ


βµ

×
∏
j∈en

[
ρj
]−κjaj

p

1



∏
j∈eli

T
εij
j , if εij > 0;∏

j∈eli
ln

Tj

ηj
, if εij = 0;

∏
j∈eli

η
εij
j , if ε

i
j < 0,

(2.10)

here Uρκ (x̄) =

{
x :
∣∣xj − x̄j

∣∣ < ρ
κj
j

2 , j ∈ en

}
, C1 and C2 are constants independent of Φ, ρ, η and T .
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Proof. Apply the generalized Minkowski inequality for Bi
η (x) determined by equality (2.6). Then we

get ∥∥∥Bi
η

∥∥∥
p,Uρκ (x̄)

≤
∏

j∈en\ei
T
−1−νj

j

ηei∫
0ei

∏
j∈ei

t−3−νi
j ∥φi (x, t)∥p,Uρκ (x̄) dt

ei . (2.11)

Applying the Holder inequality with exponents αµ =
pµ

pβµ
, µ = 1, 2, . . . , N ;

N∑
µ=1

1
αµ

= p
N∑

µ=1

βµ

pµ
= 1 and

we estimate the norm ∥φi (·, t)∥p,Uρκ (x̄)

∥φi(·, t)∥p,Uρκ (x̄) ≤ C1

N∏
µ=1

{
∥φi(·, t)∥pµ,Uρκ (x̄)

}βµ

.

From the Holder inequality (pµ ≤ rµ) we have

∥φi (·, t)∥pµ,Uρκ (x̄) ≤ ∥φi (·, t)∥rµ,Uρκ (x̄)

∏
j∈en

ρ
κj

(
1

pµ
− 1

rµ

)
j . (2.12)

Let X be a characteristic function of the set S (ψei). Considering that 1 ≤ pµ ≤ rµ ≤ ∞, sµ ≤
rµ

(
1
sµ

= 1− 1
pi
µ
+ 1

rµ

)
, represent the subintegrand function in (2.8) in the form

∣∣∣∣∣∣∣
∞ei∫
−∞ei

ψeiζei∆
mi

fdu

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
∞ei∫
−∞ei

ζei∆
mi

fdu

∣∣∣∣∣∣∣
pi
µ

|ψei |
sµ


1
rµ

×


∣∣∣∣∣∣∣
∞ei∫
−∞ei

ζei∆
mi

fdu

∣∣∣∣∣∣∣
pi
µ

X

(
y

te
i
+ T en\ei

)
1

piµ
− 1

rµ (
|ψei |

sµ
) 1

piµ
− 1

rµ .

We can apply the Holder inequality again and get

∥φi (·, t)∥rµ,Uρκ (x̄)

≤ sup
x∈U

∫
Rn

∣∣∣∣∣∣∣
∞ei∫
−∞ei

ζei

(
u

t
,
ρ (t, x)

t
,
1

2
ρ′ (t, x)

)

×∆mi

(δu) f
(
x+ y + ue

i
)
du
∣∣∣pi

µ

X
(
y

t

)
dy

) 1
piµ

− 1
rµ

× sup
y∈V

 ∫
Uρκ (x̄)

∣∣∣∣∣∣∣
∞ei∫
−∞ei

ζei

(
u

t
,
ρ (t, x)

t
,
1

2
ρ′ (t, x)

)

×∆mi

(δu) f
(
x+ y + ue

i
)
du
∣∣∣pi

µ

X
(
y

t

)
dy

) 1
rµ

×

∫
Rn

∣∣∣∣∣∣ψei

 y

te
i
+ T en\ei

,
ρ
(
te

i

+ T en\ei , x
)

te
i
+ T en\ei

∣∣∣∣∣∣
sµ

dy


1
sµ

. (2.13)
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Taking into account that G
tei+T en\ei (x) ⊂ G

(tκ)e
i
+(Tκ)en\ei (x) for 0 < t ≤ 1,κj ≤ 1 (j ∈ en) for

any x ∈ U we have ∫
Rn

∣∣∣∣∣∣∣
∞ei∫
−∞ei

ζei

(
u

t
,
ρ (t, x)

t
,
1

2
ρ′ (t, x)

)

×∆mi

(δu) f
(
x+ y + ue

i
)
du
∣∣∣pi

µ

X

(
y

te
i
+ T en\ei

)
dy

≤
∫

(U+V )
(tκ)e

i
+(Tκ)en\ei (x)

∣∣∣∣∣∣∣
∞ei∫
−∞ei

ζei

(
u

t
,
ρ (t, x)

t
,
1

2
ρ′ (t, x)

)

×∆mi

(δu) f
(
y + ue

i
)
du
∣∣∣pi

µ

dy

≤
∏
j∈eli

tp
i
µl

i,µ
j

∥∥∥∥∥∥∥
∞ei∫
−∞ei

ζei

(
u

t
,
ρ (t, x)

t
,
1

2
ρ′ (t, x)

)

×
∏
j∈eli

t
−li,µj

j ∆mi
(
δue

i
)
fdue

i

∥∥∥∥∥∥
pi
µ

pi
µ,G(tκ)e

i
+(Tκ)en\ei (x)

≤
∏
j∈eli

tp
i
µ+pi

µl
i,µ
j

∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ

pi
µ,a,κ

∏
j∈en\ei

T
κjaj

j , (2.14)

for y ∈ V

∫
Uρκ (x̄)

∣∣∣∣∣∣∣
∞ei∫
−∞ei

ζei

(
u

t
,
ρ (t, x)

t
,
1

2
ρ′ (t, x)

)
∆mi

(
δue

i
)
f
(
x+ y + ue

i
)
due

i

∣∣∣∣∣∣∣
pi
µ

dx

≤
∫

Zρκ (x̄+y)

∣∣∣∣∣∣∣
∞ei∫
−∞ei

ζei

(
u

t
,
ρ (t, x)

t
,
1

2
ρ′ (t, x)

)
∆mi

(
δue

i
)
f
(
x+ ue

i
)
due

i

∣∣∣∣∣∣∣
pi
µ

dx

≤
∏
j∈eli

tp
i
µl

i,µ
j

∥∥∥∥∥∥∥
∞ei∫
−∞ei

ζi

(
u

t
,
ρ (t, x)

t
,
1

2
ρ′ (t, x)

)

×∆mi
(
δue

i
)
f
(
x+ ue

i
)
due

i
∥∥∥pi

µ

pi
µ,Zρκ (x̄+y)

≤
∏
j∈eli

tp
i
µ+pi

µl
i,µ
j

∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ

pi
µ,a,κ

∏
j∈en

[ρ]
κjaj

1 , (2.15)

∫
Rn

∣∣∣∣∣∣ψ(ν)
ei

 y

te
i
+ T en\ei

,
ρ
(
te

i

+ T en\ei , x
)

te
i
+ T en\ei

∣∣∣∣∣∣
sµ

dy =
∏
j∈ei

tj
∏

j∈en\ei
Tj

∥∥∥ψ(ν)
ei

∥∥∥sµ . (2.16)
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From inequalities (2.12)− (2.16), we have

∥φi (·, t)∥r,Uρκ (x̄) ≤ C

N∏
µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ,a,κ


βµ ∏

j∈en\ei
T
1−

(
1
pi

− 1
r

)
(1−κjaj)

j

×
∏
j∈eli

t
2+li,µj −

(
1
pi

− 1
r

)
(1−κjaj)

j

∏
j∈en

[
ρj
]κjaj

1

∏
j∈en

ρ

(
1
pi

− 1
r

)
κj

j . (2.17)

For any τ, 1 ≤ τ ≤ ∞ taking into account the inequality ∥·∥p,a,κ ≤ c ∥·∥p,a,κ,τ and (2.17) in (2.11) for
r = p we get inequality (2.9). Inequality (2.10) is proved by the same way.

Corollary 2.1 For 1 ≤ τ1 ≤ τ2 ≤ ∞ the following inequality is valid:

∥φi (·, t)∥p,b,κ,τ2,U
≤ C1

N∏
µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ,a,κ,τ1


βµ

, (2.18)

where b ∈ [0, 1]n , C1 is a constant dependent on t and Mi, but independent of f .

Lemma 2.2 Let 1 ≤ piµ ≤ p ≤ ∞, (µ = 1, 2, . . . , N), 0 < κj ≤ 1, 0 < Tj ≤ 1, (j ∈ en) ,

ν = (ν1, ..., νn) , νj ≥ 0 be integers (j = 1, ..., n) ; 1 ≤ τ1 ≤ τ2 ≤ ∞, εij > 0 and

εi,0j =

N∑
µ=1

li,µj βµ − νj −
(
1− κjaj

) 1

pi
.

Then for the function Bi
T determined by equality (2.6) the following inequality is valid:

∥∥∥Bi
T

∥∥∥
p,b,κ,τ2,U

≤ C2
N∏

µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ,a,κ,τ1


βµ

, (2.19)

where b = (b1, ..., bn) , bj are arbitrary numbers satisfying the inequalities:

0 ≤ bj ≤ 1, if εi,0j > 0
(
j ∈ ei

)
0 ≤ bj < 1, if εi,0j = 0

(
j ∈ ei

)
0 ≤ bj < aj +

εi,0j p(1−aj)

1−κjaj
= aj +

εijp(1−aj)

1−κjaj
, if εi,0j < 0

(
j ∈ ei

) (2.20)

j ∈ ei, 0 ≤ bj ≤ aj , j ∈ en\ei and C2 is a constant independent of f .

Proof. Estimate
∥∥Bi

T

∥∥
p,Uρκ (x̄)

, x̄ ∈ U, 0 < ρj <∞ (j ∈ en). First let 0 < ρj < Tj (j ∈ en) . Then

∥∥∥Bi
T

∥∥∥
p,Uρκ (x̄)

≤
∥∥∥Bi

ρ

∥∥∥
p,Uρκ (x̄)

+
∥∥∥Bi

ρT

∥∥∥
p,Uρκ (x̄)

. (2.21)

From inequality (2.9)
(
ηj = ρj , j ∈ en

)
for τ = ∞ we have

∥∥∥Bi
ρ

∥∥∥
p,Uρκ (x̄)

≤ C1

N∏
µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ,a,κ


βµ ∏

j∈en

ρ
εij+

κjaj

piµ

j , (2.22)
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where C is independent of f and ρ. Further, by the generalized Minkowski inequality and inequality
(2.17) we have: ∥∥∥Bi

ρT

∥∥∥
p,Uρκ (x̄)

≤
T ei∫
ρei

∏
j∈ei

t−3−νi
j ∥φi (x, t)∥p,Uρκ (x̄) dt

ei

≤ C2

N∏
µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ,a,κ


βµ

ψ (ρ, T, r) , (2.23)

where ψ (ρ, T, r) =
∏

j∈en

ρ
δj(r)
j

T ei∫
ρei

∏
j∈ei

t
εij(r)−1

j dte
i

,

εij (r) =

N∑
µ=1

li,µj βµ − νj −
(
1− κjaj

)( 1

pi
− 1

p

)
, δj (r) =

κj

p
−

κj

r

(
1− aj

)
,

and C2 is a constant independent of f and ρ. Estimation (2.23) is valid for any r, (p ≤ r ≤ ∞) . Choose
r from the all possible numbers such that the index of power of ρj in this estimation is maximal. For
this, note that δ (r) monotonically increases, εij (r) monotonically decreases on [p,∞] and εij (p) =

εij , ε
i
j (∞) = εi,0j . We consider two cases: εi,0j ≥ 0 and εi,0j < 0, If εi,0j ≥ 0, then maximum index

of ρj in this estimation we get for r = ∞. Considering that δj (∞) =
κj

p , we have

ψ (ρ, T, r) =


1

εi,0j

∏
j∈en

ρ

κj
p

j

( ∏
j∈en

T
εi,0j

j −
∏

j∈en

ρ
εi,0j

j

)
, if εi,0j > 0;

∏
j∈en

ρ

κj
p

j ln
∏

j∈en

Tj

ρj
, if εi,0j = 0.

Let εi,0j < 0. Since εij (p) = εij > 0, and εij (∞) = εi,0j < 0, then at some r0, (p ≤ r0 ≤ ∞) ,

εij (r0) = 0. It is easy to see that the best estimation in this case is obtained if in ψ (ρ, T, r) we put r = r0.

Then ψ (ρ, T, r0) =
∏

j∈en

ρ
δj(r0)
j ln

∏
j∈eli

Tj

ρj
, where

δj (r0) =
κj

p

(
1 +

εi,0j p
(
1− aj

)
1− κjaj

)
=

κj

p

(
a+

εi,0j p
(
1− aj

)
1− κjaj

)
,

(1− κjaj , since εij > 0 and εi,0j < 0). Improving, on the base of it, the estimation (2.23) and taking into
account that

εij +
κjaj
p

≥
κj

p
for εi,0j ≥ 0

εij +
κjaj
p

≥
κj

p

(
a+

εi,0j p
(
1− aj

)
1− κjaj

)
= δj (r0) for εi,0j < 0

and inequalities (2.21)− (2.23), we get (τ = ∞)

∥∥∥Bi
T

∥∥∥
p,Uρκ (x̄)

≤ C3

N∏
µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ,a,κ


βµ

×ψ (ρ, T, r) =


1

εi,0j

∏
j∈en

ρ

κj
p

j

( ∏
j∈en

T
εi,0j

j −
∏

j∈en

ρ
εi,0j

j

)
, if εi,0j > 0

∏
j∈en

ρ

κj
p

j ln
∏

j∈en

Tj

ρj
, if εi,0j = 0

×
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×



∏
j∈en

ρ

κj
p

j

∏
j∈en

T
εi,0j

j , if εi,0j > 0;∏
j∈en

ρ

κj
p

j ln
∏

j∈en

Tj

ρj
, if εi,0j = 0;∏

j∈en

ρ
δj(r0)
j ln

∏
j∈eli

Tj

ρj
, if εi,0j > 0.

(2.24)

Let ρj ≥ Tj (j ∈ en) . Again applying estimation (2.9)
(
ηj ≤ Tj , j ∈ en, τ = ∞

)
we have

∥∥∥Bi
T

∥∥∥
p,Uρκ (x̄)

≤ C4

N∏
µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ,a,κ


βµ

×


∏

j∈en

ρ
εij+

κjaj
p

j , if Tj ≤ ρj ≤ 1∏
j∈en

T
εij
j , if 1 < ρj <∞.

(2.25)

It follows from inequalities (2.24) and (2.25) that for any x̄ ∈ U and any ρ, 0 < ρ <∞

∥∥∥Bi
T

∥∥∥
p,Uρκ (x̄)

≤ C5

N∏
µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ,a,κ


βµ ∏

j∈en

[
ρj
]κjbj

p

1
,

where bj (j = 1, ..., n) are the numbers satisfying inequalities (2.20), and C5 is a constant independent of
f, ρ and x̄. Considering the relation 1 ≤ τ1 ≤ τ2 ≤ ∞, from the last inequality we get inequality (2.19)

3 Main results

In this section, we prove two theorems on some differential properties of functions from the intersection
2n∩
i=1

L<li,µ>
pi
µ,θ

i
µ,a,κ,τ

(Gh) (µ = 1, 2, . . . , N).

Theorem 3.1 Let the open set G ⊂ Rn satisfy the condition of flexible (A1) horn([12]), 1 ≤ piµ ≤ p ≤
∞, 1 ≤ θiµ ≤ ∞, (i = 0, 1, 2, ..., 2n) ; (µ = 1, 2, . . . , N), κ̄ = cκ, 1c = max

j∈en
ljκj ,

ν = (ν1, ..., νn) , νj ≥ 0 be integers j ∈ en; νj ≥ li,µj for j ∈ eli\ei, 1 ≤ τ1 ≤ τ2 ≤ ∞;

εij = li,µj − νj −
(
1− κjaj

)( 1

pi
− 1

p

)
> 0,

(
j ∈ el

i

, i = 1, ..., 2n
)
,

and let f ∈
N∩

µ=1

2n∩
i=1

L<li,µ>
pi
µ,θ

i
µ,a,κ,τ

(Gh). Then Dν :
N∩

µ=1

2n∩
i=1

L<li,µ>
pi
µ,θ

i
µ,a,κ,τ1

(Gh) ↪→ Lp,b,κ,τ2 (G), more

exactly, for f ∈
N∩

µ=1

2n∩
i=1

L<li,µ>
pi
µ,θ

i
µ,a,κ,τ

(Gh) in domain G there exists a generalized derivative Dνf , for

which the following inequalities are valid:

∥∥Dνf
∥∥
p,G

≤ C1

2n∑
i=1

∏
j∈en

T
εij
j

N∏
µ=1

{
∥f∥

L<li,µ>

piµ,θiµ,a,κ,τ1
(Gt)

}βµ

, (3.1)

and

∥∥Dνf
∥∥
p,b,κ,τ2;G

≤ C2

N∏
µ=1

∥f∥ 2n∩
i=1

L<li,µ>

piµ,θiµ,a,κ,τ1
(Gt)


βµ

,
(
piµ ≤ p <∞, i = 1, 2, ..., 2n

)
. (3.2)
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In particular if,

εij,0 =

N∑
µ=1

li,µj βµ − νj −
(
1− κ̄jaj

) 1

pi
> 0,

(
j ∈ ei, j = 1, ..., 2n

)
,

then Dνf is continuous on G and

sup
x∈G

∣∣Dνf (x)
∣∣ ≤ C1

2n∑
i=1

∏
j∈en

T
εij,0
j

N∏
µ=1

{
∥f∥

L<li,µ>

piµ,θiµ,a,κ,τ1
(Gt)

}βµ

, (3.3)

where Tj ∈
(
0,min

(
1, Tj,0

)]
(j ∈ en) , C1, C2 are the constants independent of f, C1 is independent

also on T and b = (b1, ..., bn) , bj satisfying

0 ≤ bj ≤ 1, if εij,0 > 0;

0 ≤ bj < 1, if εij,0 = 0;

0 ≤ bj < a+
εijp
(
1− aj

)
1− κjaj

, if εij,0 < 0;

j ∈ ej , 0 ≤ bj < aj , j ∈ en\ei but with substitution κ̄ for κ.

Proof. First of all note that since κ̄ = cκ, c > 0, then f ∈
N∩

µ=1

2n∩
i=1

L<li,µ>
pi
µ,θ

i
µ,a,κ̄,τ1

(G) and everywhere in

inequalities (3.1) − (3.3) we can replace κ by κ̄. Passage from κ to κ̄, is explained with the following
properties of the vector κ̄ :

1) κ̄j ≤ 1, j ∈ en; 2) among the vectors of the form dκ : d > 0, satisfying the inequality dκ ≤ 1, the
vector κ̄ has the greatest absolute value.

The importance of the first property will be seen from the proof of the theorem, and the significance of
the second property follows from the theorem statement (the more κj , the more εij). Under the conditions
of Theorem 3.1 there exists a generalized derivative Dνf . Indeed, if εij > 0

(
j ∈ ei, i = 1, ..., 2n

)
, from

piµ ≤ p, κ̄j ≤ 1, (j ∈ en) , a ∈ [0, 1]n it follows that lj−νj > 0, j ∈ ei
(
j ∈ ei, i = 1, ..., 2n

)
. This means

that for f ∈
N∩

µ=1

2n∩
i=1

L<li,µ>
pi
µ,θ

i
µ,a,κ̄,τ1

(G) ↪→
N∩

µ=1

2n∩
i=1

L<li,µ>
pi
µ,θ

i
µ

(G) there exists Dνf and Dνf ∈ Lpi
µ
(G) .

Then for almost each point x ∈ G the following equality holds

Dνf (x) =

2n∑
i=1

(−1)

∣∣∣ωei
∣∣∣+|ν| ∏

j∈en\ei

T
−1−νj

j

T ei∫
0ei

dte
i∏

j∈ei
t
3+νj

j

×
∫
Rn

∞ei∫
−∞ei

ψ
(ν)
ei

 y

te
i
+ T en\ei

,
ρ
(
te

i

+ T en\ei , x
)

te
i
+ T en\ei


×ζei

(
u

t
,
ρ (t, x)

t
,
1

2
ρ′ (t, x)

)
∆mi

(δu) f
(
x+ y + ue

i
)
due

i

dy. (3.4)

Note that ψ(ν)
ei

(·, z) ∈ C∞
0 (Rn) , ζi ∈ C∞

0 (R) , their supports are contained in I1 and are such that the
supports of representations (3.4) are contained in the flexible cone x + V ⊂ G. The parameter of the
representation δ > 0 is rather small, owing to which the replacement of ∆mi

(δu,G) f (i = 1, ..., 2n)

in the right side (3.4) by ∆mi

(δu,Gδu) doesn’t influence on the value of the right side. On the base of
Minkowski inequality we have

∥∥Dνf
∥∥
p,G

=

2n∑
i=1

∏
j∈en\ei

T
−1−νj

j

∥∥∥Bi
T

∥∥∥
p,G

, (3.5)
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and by means of inequality (2.9) for U ∈ G,ψ
(ν)
i =Mi, ρ −→ ∞, we get

∥∥∥Bi
T

∥∥∥
p,G

≤ C2

∏
j∈en

T
εij
j

N∏
µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ,a,κ̄,τ1


βµ

. (3.6)

By means of inequalities (3.5)− (3.6) under condition piµ ≤ θiµ (µ = 1, . . . , N ; i = 1, ..., 2n) we get
inequality (3.1) . By the similar way, based on inequalities (2.19), estimation (3.2) can be established.

Now let εi,0j > 0
(
j ∈ ei, i = 1, ..., 2n

)
. Let us show that Dνf is continuous on G. On the base of

identities (3.4), from inequality (3.1) for p = ∞, εij = εij,0 > 0
(
j ∈ ei

)
, 1 ≤ θiµ ≤ ∞ (i = 1, 2, ..., 2n),

we obtain that ∥∥∥Dνf − f̄
(ν)
T

∥∥∥
∞,G

≤
2n∑
i=1
ei ̸=∅

∏
j∈en

T
εij,0
j

N∏
µ=1




t01∫
...

t0n∫
0

∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
θi
µ

pi
µ,a,κ,τ1

∏
j∈eli

dtj
tj


1
θiµ


βµ

.

Hence the left hand side of the inequality tends to zero as Tj → 0 (j ∈ en) . Since f̄ (ν)T is continuous
on G, the convergence in L∞ (G) coincides at the present case with the uniform one, and consequently
the limit function Dνf is continuous on G. Theorem 3.1 is proved.

Let γ = (γ1, ..., γn) ∈ Rn.

Theorem 3.2 Let domain G, parameters piµ, p, τ, (µ = 1, 2, . . . , N) and vectors κ, a, εij , εij,0, ν satisfy
the conditions of theorem 3.1. Then for εij > 0,

(
j ∈ ei, i = 1, ..., 2n

)
the derivative Dνf satisfies on G

the Holder condition with the exponent βj , more exactly

∥∥∆ (γ,G)Dνf
∥∥
p,G

≤ C

N∏
µ=1

∥f∥ 2n∩
i=1

L<li,µ>

piµ,θiµ,a,κ,τ
(Gt)


βµ ∏

j∈en

∣∣γj∣∣βj , (3.7)

here β = (β1, ..., βn) , βj is any number satisfying the inequalities:

0 ≤ βj ≤ 1, if εij > 1,

0 ≤ βj < 1, if εij = 1,

0 ≤ βj < εij , if ε
i
j < 1.

(3.8)

where (j ∈ en, i = 1, ..., 2n) , C is a constant independent of f and γ = (γ1, ..., γn).
In particular, if εi,0j > 0, then

sup
x∈G

∣∣∆ (γ,G)Dνf (x)
∣∣ ≤ C

N∏
µ=1

∥f∥ 2n∩
i=1

L<li,µ>

piµ,θiµ,a,κ,τ
(Gt)


βµ ∏

j∈en

∣∣γj∣∣β0
j , (3.9)

where β0j satisfies the same conditions as σj , but with replacement of εij by εi,0j .

Proof. According to lemma 8.6 in [1], there exists the domain
Gσ ⊂ G

(
σ = (σ1, ..., σn) , σj = ξjr (x) , ξj > 0, r (x) = ρ (x, ∂G) , x ∈ G

)
. Assume that

∣∣γj∣∣ < σj
(j ∈ en) , then for any x ∈ Gσ the interval connecting the points x, x + γ is contained in G and for
all the points of this interval, identities (3.4) are valid with the same kernels. After some transformations
we have

∣∣∆ (γ,G)Dνf (x)
∣∣ ≤ C1

2n∑
i=1

∏
j∈en\ei

T
−1−νj

j

|γ|e
i∫

0

dte
i∏

j∈ei
t
3+νj

j
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×
∫
Rn

∞ei∫
−∞ei

∣∣∣∣ζei (ut , ρ (t, x)t
,
1

2
ρ′ (t, x)

)∣∣∣∣
∣∣∣∣∣∣ψ(ν)

ei

 y

te
i
+ T en\ei

,
ρ
(
te

i

+ T en\ei , x
)

te
i
+ T en\ei

∣∣∣∣∣∣
×
∣∣∣∆ (γ,G)∆mi

(δu) f
(
x+ y + ue

i
)∣∣∣ dueidy

≤ C2

2n∑
i=1

∏
j∈en\ei

T
−1−νj

j

T ei∫
|γ|ei

dte
i∏

j∈ei
t
3+νj

j

×
∫
Rn

∞∫
−∞

∣∣∣∣∣∣ψ(ν+1)
ei

 y

te
i
+ T en\ei

,
ρ
(
te

i

+ T en\ei , x
)

te
i
+ T en\ei

∣∣∣∣∣∣
∣∣∣∣ζei (ut , ρ (t, x)t

,
1

2
ρ′ (t, x)

)∣∣∣∣
×

1∫
0

...

1∫
0

∣∣∣∆mi

(δu)
∣∣∣ f (x+ y + u+ υ1γ1 + ...+ υnγn) dυdu

eidy

= C1

2n∑
i=1

∏
j∈en\ei

T
−1−νj

j

(
Bi

γ (x, γ) +Bi
γT (x, γ)

)
, (3.10)

here |γ|e
i

=
(
|γ1|e

i

, ..., |γn|e
i
)
,
∣∣γj∣∣ei = |γ| for j ∈ ei;

∣∣γj∣∣ei = 0 for j ∈ en\ei, (i = 1, ..., 2n) , 0 <

Tj ≤ min
(
1, Tj,0

)
, j ∈ en. We also assume that

∣∣γj∣∣ < Tj (j ∈ en) and consequently,
|γ| < min

(
σj , Tj

)
, j ∈ en. If x ∈ G\Gσ, then ∆ (γ,G)Dνf (x) = 0. Therefore,∥∥∆ (γ,G)Dνf (x)

∥∥
p,G

≤ C1

2n∑
i=1

∏
j∈en\ei

T
−1−νj

j

(∥∥∥Bi
γ (·, γ)

∥∥∥
p,Gσ

+
∥∥∥Bi

γT (·, γ)
∥∥∥
p,Gσ

)
. (3.11)

By means of inequality (2.9) for η = |γ| , j ∈ en, U = G, ρ→ ∞ we get

∥∥∥Bi
γ (·, γ)

∥∥∥
p,Gσ

≤ C2

∏
j∈en

∣∣γj∣∣εij N∏
µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ,a,κ,τ


βµ

, (3.12)

and by means of inequality (2.10) for U = G, ηj =
∣∣γj∣∣ , j ∈ en, ρ→ ∞ we get

∥∥∥Bi
γT (·, γ)

∥∥∥
p,Gσ

≤ C3

∏
j∈en

∣∣γj∣∣βj

N∏
µ=1


∥∥∥∥∥∥
∏
j∈eli

t
−li,µj

j ∆mi

(t, Zt) f

∥∥∥∥∥∥
pi
µ,a,κ,τ


βµ

, (3.13)

where βj (j ∈ en) is a number satisfying inequalities (3.8).
Then by means of inequalities (3.12) − (3.13) from inequality (3.11) under the condition

piµ ≤ θiµ (µ = 1, ..., N ; i = 1, ..., 2n) , we get inequality (3.7) .

Now suppose that
∣∣γj∣∣ ≥ min

(
σj , Tj

)
, (j ∈ en). Then∥∥∆ (γ,G)Dνf (x)

∥∥
p,G

≤ C (σ, T )
∏
j∈en

∣∣γj∣∣βj
∥∥Dνf (x)

∥∥
p,G

.

Estimating ∥Dνf (x)∥p,G by means of inequality (3.1), we get the required estimation. Theorem 3.2 is
proved.
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