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1 Introduction

The theory of boundedness of classical operators of the real analysis, such as the parabolic
maximal operator and the parabolic singular integral operators etc, from one Lebesgue space
to another one is well studied by now. These results have good applications in the theory of
partial differential equations. However, in the theory of partial differential equations, along
with Lebesgue spaces, Orlicz spaces also play an important role.

For x € R™ and r > 0, we denote by B(z, ) the open ball centered at x of radius r. Let
| B(z,7)| be the Lebesgue measure of the ball B(x, r).

Let P be a real n X n matrix, all of whose eigenvalues have positive real part. Let
Ay =t (t > 0), and set v = tr P. Then, there exists a quasi-distance p associated with P
such that

(a) p(Awz) =tp(z), t >0, forevery z € R";
(0) p(0) =0, p(z—y)=ply—2z) =0
and p(z —y) < k(p(z — 2) + p(y — 2));

(¢) dx = p" ldo(w)dp, where p=p(z),w=A,1x

p
and do(w) is a measure on the unit ellipsoid S, = {w € R" : p(w) = 1}.

Then, {R", p, dz} becomes a space of homogeneous type in the sense of Coifman-Weiss.
Thus R"™, endowed with the metric p, defines a homogeneous metric space ([3,6]). The
parabolic balls with respect to p, centered at = of radius r, are just the ellipsoids €(z,r) =
{y € R": p(x —y) < r}, with the Lebesgue measure |£(x,r)| = v,r”, where v, is the
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volume of the unit ellipsoid in R”. Let also ‘e (x,r) = R™\ &(x,r) be the complement of
E(x,r). If P = I, then clearly p(x) = |z| and E7(x, ) = B(x,r). Note that in the standard
parabohc case P = (1,...,1,2) we have

/12 /|4 2
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The parabolic maximal function M ¥ f of a function f € LI°°(R") is defined by

MP () = sup |€(z, £)] / F@)ldy.
t>0 E(x,t)

If P = I, then M = M/ is the Hardy-Littlewood maximal operator. It is well known
that the parabolic maximal operators play an important role in harmonic analysis (see [7],
[15D.

In this work we present the characterization for parabolic maximal operator M ¥ (The-
orem 4.1) and its commutators M, bP (Theorem 4.2) in parabolic generalized Orlicz-Morrey
spaces Mg , p(R").

By A < B we mean that A < CB with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A ~ B and say that A and B are
equivalent.

2 On Young Functions and Orlicz Spaces

Orlicz space was first introduced by Orlicz in [12,13] as a generalizations of Lebesgue
spaces L. Since then this space has been one of important functional frames in the math-
ematical analysis, and especially in real and harmonic analysis. Orlicz space is also an
appropriate substitute for I.; space when L; space does not work.

First, we recall the definition of Young functions.

Definition 2.1 A function @ : [0,00) — [0, 00] is called a Young function if ® is convex,
left-continuous, lin+10 &(r) =(0) =0and lim &(r) = co.
r— r—r00

From the convexity and ¢(0) = 0 it follows that any Young function is increasing. If there
exists s € (0,00) such that &(s) = oo, then &(r) = oo for r > s. The set of Young
functions such that

0<d(r)<oo for 0<r<oo

will be denoted by V. If @ € Y, then P is absolutely continuous on every closed interval in
[0, 00) and bijective from [0, c0) to itself.
For a Young function @ and 0 < s < o0, let

& L(s) =inf{r > 0: &(r) > s}.
If & € Y, then &~ ! is the usual inverse function of &. It is well known that
r < 95_1(7“)5_1(7“) < 2r forr > 0, 2.1
where ®(r) is defined by

50”) _ {sup{rs —P(s):s€[0,00)},7 € [0,00)

00 , T = 00.
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A Young function @ is said to satisfy the Ao-condition, denoted also as @ € Ao, if
&(2r) < CP(r), r>0
for some C' > 1. If & € Ay, then & € Y. A Young function @ is said to satisfy the
Va-condition, denoted also by @ € Vo, if
1
d(r) < %@(CT), r>0

for some C' > 1.
Note that by the convexity of @ and concavity of ! we have the following properties

{@(at) <adt), if 0<a<l {45—1(005) >ad t),if 0<a<1 22)

O(at) > ad(t), if a>1 o at) <ad7l(t), if a>1.
Definition 2.2 (Orlicz Space). For a Young function P, the set
Lg(R™) = {f € LY(R™) : / O(k|f(x)|)dz < oo for some k > 0 }
is called Orlicz space. If &(r) = 1P, 1 < p < oo, then Lp(R™) = Ly(R"™). If &(r) =
0, (0<r<1)and ®(r) = oo, (r > 1), then Ls(R"™) = Lo (R™).

Lg(R™) is a Banach space with respect to the norm

£ L :inf{)\>0:/nq§<f()\x)’)d:v<l}.

For a measurable set {2 C R™, a measurable function f and t > 0, let m($2, f, t) =
{x € £2:|f(z)| > t}|. In the case {2 = R"™, we shortly denote it by m(f, t).

Definition 2.3 The weak Orlicz space
WLp(R") = {f € LY*(R") : || fllwry < o0}
is defined by the norm
| fllwr, = inf {)\ >0 : sup@(t)m(i, t) < 1}.
>0

We note that || f{[wr, < |[f]Ls
sup B()m(£2, f, t) =suptm(2, f, &7 (t)) = suptm($2, (| f]), t)
>0 >0 >0

and

/Q@(M)dx <1, sup@(t)m(!? f) t) <1, (@23)

£l 2o(2) £>0 " fllwrse

where ||f||L45(Q) = [|fxqllLs and ”f”WL,p(Q) = [[fxollWLe-
The following analogue of the Holder’s inequality is well known (see, for example,

[14]).

Theorem 2.1 Let {2 C R™ be a measurable set and functions f, g measurable on {2. For a
Young function ¢ and its complementary function @, the following inequality is valid

[ 15@g(@lde < 205 1ryollallyo
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By elementary calculations we have the following property.
Lemma 2.1 Let @ be a Young function and &€ be a parabolic balls in R™. Then

1
IXellze = IXellWeLe = & T(E )

By Theorem 2.1, Lemma 2.1 and (2.1) we get the following estimate.

Lemma 2.2 For a Young function ¢ and for the parabolic balls £ = E(x,r) the following
inequality is valid:

/‘S F@)ldy < 2€1857 (€7 11l ace)-

3 Parabolic maximal function and its commutators in Orlicz spaces

In [1] the boundedness of the parabolic maximal operator M P in Orlicz spaces Lg(R™)
was obtained, see also [9].

Theorem 3.1 [1] Let $ any Young function. Then the parabolic maximal operator M is
bounded from Lg(R™) to W Lg(R™) and for ® € Vo bounded in Lg(R™).

We recall that the space BMO(R™) = {b € L'°*(R") : ||b]ls < oo} is defined by the
seminorm

1
[b]l« == sup

b(y) — bg(p.rm|dy < o0,
zER™,r>0 ’5(1‘,7“)’ /E(x,r) | ( ) £l )|

where bg(z ) = m fg(w,r) b(y)dy. We will need the following property of BMO-
functions: .
[be(er) = be@a| < ClIBll.In~ for 0<2r<t, (3.1)

where C does not depend on b, x, r and ¢. We refer for instance to [10] and [11] for details
on this space and properties.

Lemma 3.1 [2] Let b € BMO(R"™) and ® be a Young function with ® € Ay. Then

~ 71 - . —_
I~ x€§53>0@ =) Hb( ) bg(x’T)HL¢(5(I7T))'

The commutators generated by b € L°°(R™) and the parabolic maximal operator M ¥
is defined by

My (f)(x) = sup €z, )] /g( ) [b(x) = b(y)[1f (y)|dy.

The known boundedness statements for the parabolic maximal commutator operator
lej on Orlicz spaces run as follows, see [8, Corollary 2.3].

Theorem 3.2 Let ® be a Young function with ® € Ay N'Vy and b € BMO(R™). Then the
operator M is bounded on Lg(R™) and the inequality

IME fllze < Collbllell fllze (3.2)

holds with constant Cy independent of f.
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The parabolic generalized Orlicz-Morrey spaces and the weak parabolic generalized
Orlicz-Morrey spaces are defined as follows.

Definition 3.1 Letr ¢(r) be a positive measurable function on (0,00) and ¢ any Young
function. We denote by Mg , p(R™) the parabolic generalized Orlicz-Morrey space, the
space of all functions f € LE{QC(R") with finite quasinorm

up o(r) ' DH(E (@, 1)) DI g e

11220 6.0 = 1 F 1014 p (7 = Lo

where L'S(R™) is defined as the set of all functions f such that fx. € Lg(R™) for all
ellipsoids £ C R™.
Also by W Mg , p(R™) we denote the weak parabolic generalized Orlicz-Morrey space

of all functions f € W LI¢(R™) for which
1A lwntspp = 1 F Wity p@m)

= sup () 'OTH(E@, )T llw Lo ey < 00
zeR™,r>0

where W L(R™) is defined as the set of all functions f such that fx, € W Lg(R") for
all parabolic balls £ C R".

Remark 3.1 Thanks to (2.2) we have
S (E(x,m)) ) =T ().
Therefore we can also write

1flatgpp = sup @(r) ' D) flLg(e )

zER™,r>0
and e
[fllwrg,p = sup @)@ (1" D fllwrsE@r)s
z€R™,r>0
respectively.

According to this definition, we recover the parabolic generalized Morrey space

M, p(R™) and weak parabolic generalized Morrey space W M,, , p(R™) under the choice
A—

O(r)=rP,1 <p<oo.lfd(r)=1rP1<p < ooand p(r) :rTW,O < A < v, then
Mg, p(R™) and W Mg , p(R™) coincide with M), y p(R™) and WM, \ p(R"), respec-
tively and if p(r) = @~1(r~7), then Mg, p(R™) and W Mg, p(R™) coincide with the
Lg(R™) and W Lg(R™), respectively.

A function ¢ : (0,00) — (0, 00) is said to be almost increasing (resp. almost decreasing)
if there exists a constant C' > 0 such that

o(r) < Cy(s) (resp. p(r) > Cp(s)) forr <s.
For a Young function &, we denote by Gg the set of all almost decreasing functions ¢ :
(0,00) — (0, 00) such that t € (0, 00) — % is almost increasing.

Lemma 3.2 Let & := E(xo,r0). If ¢ € Ga, then there exist C' > 0 such that

< X, Il < .
(TO) || SOH b0, P SO(TO)
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Proof. Let £ = £(x,r) denote an arbitrary ellipsoid in R™. By the definition and Lemma
2.1, it is easy to see that

1
—15—-1 -1
M. = sup r) P (€
HXSO ” @P,p,P 2€R™,r>0 90( ) (| | )@,1(‘5 N 50|,1)
1 1

2 el S g g = Gty

Now if 7 < rg, then p(rg) < Cp(r) and

p(r) T DHIE X, Iate) <

On the other hand if » > r(, then @,f(?gg?,l) < C-—g) T and

P(r) T PTHIE ) Ixe, I Late) <

This completes the proof.

4 Parabolic maximal operator and its commutators in parabolic generalized
Orlicz-Morrey spaces

The following local estimates for parabolic maximal operator M ¥ in Orlicz spaces are
valid.

Lemmad.l Let® € ), f € LX°(R") and & = E(w, 7). Then

1 1y,
NS leaie) S oy p?™ ) W hiateteny @
for any Young function ® € Vo and
1 1/,—
”MPfHWL¢(£) N m ilig?p l(t 'y) ”fHqu(S(x,t)) 4.2)

for any Young function ®.

Proof. Let & € Vo. We put f = f1 + f2, where fi = fXg (@ onr) and fo =

where k is the constant from the triangle inequality.
Estimation of M* f;: By Theorem 3.1 we have

IMP fillrae) < IMP fill o) S 1Al ey = 1| L@ 2km)-

fx C€(x,2k7“)’

By using the monotonicity of the functions || f[| 1., (s (z,¢)» @~ (¢) with respect to ¢ and (2.2)
we get,

sup ¢ (¢
() Sup ENN N Lot

I f1l Lo & (,207)) 1
2 sup @ (t77) 2 2. 2kr)) -
=T 1) Sup () 2 1 Loe(.2rm)

4.3)
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Consequently we have
1 1/,
IMP fillLy(e) S T igggp YEN o) 4.4)

Estimation of M* f,: Let y be an arbitrary point from €. If £(y, ) N ( (z,2kr)) # 0,
thent > r.Indeed, if z € E(y, t)N B(E(J:,Zk:r)) thent > p(y—z) > zp(z—2)—p(z—y) >
2r —r=r.

On the other hand, &(y, t)N (€ (z, 2kr)) C E(x, 2kt). Indeed, if = € £ (y, )N (& (x, 2kr)),
then we get p(x — z) < kp(y — z) + kp(z — y) < kt + kr < 2kt.

Therefore,
1
MELD =88 D] oo iain TN
=PI ey
DI
= 50 TG ] oy VO
Hence by Lemma 2.2

E(z,t)| 4 -1
&1 (|E(x.t e
t>okr |E(y, 1) (@O zateren (4.5)

< Sup S ()Nl Lo (@)

MF fo(y) <

Thus the function M” f5(y), with fixed 2 and r, is dominated by the expression not depend-
ing on y. Then we integrate the obtained estimate for M f5(y) in y over &£, we get

1
P < - —1(,—
IM” fallLye) S @_1(r—’Y) igg@ (t )Hf||L¢(€(z,t)) (4.6)

Gathering the estimates (4.4) and (4.6) we arrive at (4.1).
Let now & be an arbitrary Young function. It is obvious that

IME FllwLoe) < IME fillw o) + I1IM7 fallw Lo
By the boundedness of the operator M from Lg(R™) to W Lg(R™), provided by Theorem
3.1, we have »
1M fillwise) S N lnoE @ 2mm)-
By using (4.3), (4.5) and Lemma 2.1 we arrive at (4.2).
Theorem 4.1 Let & € ), the functions 1, p2 and P satisfy the condition

p1(s)
@ f_ < , 4.7
S P il gy <) @

where C does not depend on r. Then the operator M* is bounded from Mg ,, p(R™)
to WMg o, p(R") and for & € Vo, the operator MY is bounded from Mg, p(R") to
Mg 4, p(R™).
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Proof. Note that

. -1 1
(esxseljlf f (w)) = esieslklp 7

is true for any real-valued nonnegative function f and measurable on A and the fact that
£l Lo (&(2,t)) is @ nondecreasing function of ¢

P1(s™7
I lLaE@ey ess sup (S N La(et)
ess inf —218) _ gcics<oo ©1(s)
0<t<s<oo ¢—1 (s*”)
(s )N Lo (e ,s))
< su 2 = .
- a:eRn,I:’>0 ©1(s) 170t .

Since (1, p2) and @ satisfy the condition (4.7),

sup || fll Lo(e@en® " (t7)
r<t<oo

< sup HfHLq)(g(x’t)) essinfiwl(s) @71@77)

r<t<co ess inf P1(s)  f<s<oo @‘1(3—7)
t<s<oo ¢—1(s=

. ©1(s) ) —1(p—
< PR S A— v
o CHfHM(p’m’P r<Siltl<p<>o (giiégf ¢-1 (577) ? (t )

< Coa(r)l| fllma e, (4.8)
Then by (4.1) and (4.8)

MPf M < sup sup® L (EN L
I | ®,09,P 2eRM S0 0o(r) tor ( )H I »(E(x,t))

= HfHMd5,<pl,P'

The estimate || M f ||y Mooy p 5 |[f|IMs,, p can be proved similarly by the help of local
estimate (4.2).

Remark 4.1 Note that Theorem 4.1 in the isotropic case P = I was proved in [4].
Lemma 4.2 Let ¢ be a Young function with & € Ay N Vo, b € BMO(R"), then the

inequality

|[B]]« AR
0y s (1 )27 ) agetanoy

holds for any ball £(x¢,r) and for all f € LYE¢(R™).
Proof. For £ = £(wg,7), write f = f1 + f2 with f1 = fx,,. and fo = fx, ,wherek
(2k€)

is the constant from the triangle inequality, so that

HM(f)f|’L¢(£) < HlefluL@(g) + HMéDfQHL‘P(S)‘

||MbeHqu(€(.’EQ,7‘)) 5

By the boundedness of the operator M, bp in the space Lg(R™) provided by Theorem 3.2,
we obtain

IMF fill ey < MY fill pogay S 10l 12l e gny = 10l 1F ]l L2 2e)- (4.9)
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As we proceed in the proof of Lemma 4.1, we have for z € £

1
My (f2) () S sup o [b(y) — ()| (y)|dy.
t>2kr ’g(.ﬁo,t)‘ E(zo,t)
Then
1M ey S e ey [ 10) 0015l
|5 xo,t | E(zo,t) L2 ()
STty = supi [b(y) — bellf(y)ldy
t>2r [€(20, )| Je(wo.) L)
+ sup () — bell )y
- ) — be
t>r |E(wo, 1) E(zo,t) L2 (€)
For the term J; by Lemma 2.1 we obtain
R o ] o ) el Sl
! o (’I" ’7) t>r |g xo,t ’ E(zo,t) ¢ Y
and split it as follows:
J1 S su / —bg(a d
1 ¢1(—)t>]3|5xo, 1 Jetenn £ (zo.t) | |f () |dy
+ be(zor) — be(z / dy.
b 1(7. A/) t>r |5(l‘0, )|’ E(xo,r E( o,t)‘ (o) )| Y
Applying Holder’s inequality, by Lemmas 2.2 and 3.1 and (3.1) we get
T ST e v I P
N B1(r) o [E(wo, )] 700l (€ (20.0)
1 1
b — be (g 1) ||E(z0, )@ (77 N
+ &1 (Tﬁfy) igg ’g(l'o,t)" E(xo,r) E( o,t)H (.’EQ )‘ ( ) ||f”L‘P(£( 0,t))

161« 1
5mf§§¢ (t )<1+ln )HfHL‘I’ (E(z0,t))-

For J5 we obtain
~ ||b(-) — bp sup / )|d
[b(-) ”m( P 0] £ (a0, y)|dy

1Bl -
S ————supd (t77
S 1 (r) Sp E )Nl Lo o)
gathering the estimates for J; and Jo, we get

lblle o
IV Salluoie) & o,y 5@ 077) (L4 ) e

By using (4.3) we unite (4.10) with (4.9), which completes the proof.

(4.10)
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Theorem 4.2 Let ¢ be a Young function with & € Ay N Vg, b € BMO(R") and the
functions 1, o and P satisfy the condition

N1 () oss inf —PL5)
T21<poo (1 +1In T)(D (t7) ?ziégof o1(s) < Ca(r), (4.11)

where C' does not depend on r. Then the operator Mbp is bounded from Mg o, p(R™) to
Mg o, p(R").

Proof. The proof is similar to the proof of Theorem 4.1 thanks to Lemma 4.2.

Remark 4.2 Note that Theorem 4.2 in the isotropic case P = I was proved in [5].
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