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Abstract. In this paper we construct a new metric G̃ = R∇ +
n∑

i,j=1
gjiδpjδpi in the cotangent bundle,

where R∇ is the Riemannian extension. Some curvature properties and geodesics are investigated for the
metric G̃.
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1 Introduction

LetMn be an n-dimensional differentiable manifold equipped with a torsion free connec-
tion∇ and π the bundle projection T ∗Mn →Mn where T ∗Mn being the cotangent bundle
of Mn. The local coordinates

(
U, xi

)
, i = 1, ..., n on Mn induces on T ∗Mn a system of

local coordinates
(
π−1 (U) , xi, xī = pi

)
, ī = n + 1, ..., 2n, where xī = pi are the com-

ponents of the covector p in each cotangent space T ∗xM
n, x ∈ U with respect to the natural

coframe
{
dxi
}
, i = 1, ..., n. Let F (Mn) (F (T ∗Mn)) be the ring of real-valued C∞ func-

tions onMn(T ∗Mn) and=rs (Mn) (=rs (T ∗Mn)) be the module over F (Mn) (F (T ∗Mn))
of C∞ tensor fields of type (r, s).

Suppose that the vector and a covector (1-form) field X ∈ =1
0(Mn) and ω ∈ =0

1(Mn)

have the local expression X = Xi ∂
∂xi

and ω = ωidx
i be the local expressions in U ⊂Mn,

respectively. The complete and horizontal lifts CX,HX ∈ =1
0(T ∗Mn) of X ∈ =1

0(Mn)
and the vertical lift V ω ∈ =1

0(T ∗Mn) of ω ∈ =0
1(Mn) are given, respectively, by
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CX = Xi ∂

∂xi
−
∑
i

ph∂iX
h ∂

∂xī
, (1.1)

HX = Xi ∂

∂xi
+
∑
i

phΓ
h
ijX

j ∂

∂xī
, (1.2)

V ω =
∑
i

ωi
∂

∂xī
(1.3)

with respect to the natural frame
{

∂
∂xi
, ∂
∂xī

}
, where Γ hij are the coefficients of the torsion-

free connection∇g on Mn (see [14] for more details).
We put

X(i) =
∂

∂xi
, θ(i) = dxi, i = 1, ..., n

Using (1.2) and (1.3) we obtain

ẽ(i) = HX(i) =
∂

∂xi
+
∑
h

paΓ
a
hi

∂

∂xh̄
, (1.4)

ẽ(̄i) = V θ
(i)

=
∂

∂xī
. (1.5)

The set {ẽ(α)} = {ẽ(i), ẽ(̄i)} = {HX(i),
V θ

(i)} is called the frame adapted to the affine
connection ∇g. The indices α, β, ... = 1, ..., 2n indicate the indices with respect to the
adapted frame.

Then from equations (1.2), (1.3), (1.4) and (1.5), we see that HX and V ω have respec-
tively of the form

HX = Xiẽ(i),
HX = (HXα) =

(
Xi

0

)
, (1.6)

V ω =
∑
i

ωiẽ(̄i),
V ω = (V ωα) =

(
0
ωi

)
(1.7)

with respect to the adapted frame {ẽ(α)} [14].
Suppose now that local 1-forms ω̃α in π−1(U) defined by

ω̃α = ĀαBdx
B,

where

A−1 = (ĀαB) =

(
Āi j Ā

i
j̄

Āī j Ā
ī
j̄

)
=

(
δij 0

−paΓ aij δ
j
i

)
(1.8)

The matrix (1.8) is the inverse of the matrix

A = (Aβ
A) =

(
Aj

i Aj̄
i

Aj
ī Aj̄

ī

)
=

(
δij 0

paΓ
a
ij δ

j
i

)
(1.9)
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of the transformation ẽβ = Aβ
A∂A (see (1.4) and (1.5)). Then we see that the set {ω̃α} is

the coframe dual to the adapted frame {ẽ(β)}, i.e. ω̃α(ẽ(β)) = ĀαBAβ
B = δαβ .

For the Lie bracket of the adapted frame {ẽ(β)}, we have

[ẽγ , ẽβ] = Ωγβ
αẽα

where

Ωγβ
α = (ẽγAβ

A − ẽβAγA)ĀαA.

Using (1.4), (1.5), (1.8) and (1.9), the non-holonomic object Ωγβα has components of the
form {

Ωlj̄
ī = −Ωj̄l ī = Γ jli,

Ωlj
ī = paRlji

a,
(1.10)

all the others being zero, where Rljia being local components of the curvature tensor R of
∇g.

The geometry of tangent bundles of Mn goes back to the fundamental paper [12] of
Sasaki. On the tangent bundle of Mn by using g, one can construct several Riemannian
metrics (Sasakian, Cheeger-Gromoll, g-natural metric, complete lift etc.). Cotangent bun-
dle dual space of the tangent bundle but constraction of its lifts differ from the tangent
bundle. Using different metrics are very useful tool for the geometry of the cotangent bun-
dle. The Sasaki metric is well known and intensively studied for the cotangent bundle (see
for example [2, 9, 11]). Also, the Cheeger-Gromoll metric is very important to the cotangent
bundle ([1, 10]). The Riemannian extension is a metric on the cotangent bundle (see [13,
14] for more detail). The applications of this metric are contained in [3, 4, 5, 6, 7, 8]. The
main aim of this paper is to study the metric G̃ which defined with Riemannian extension in
the cotangent bundle and also investigate the metric connection and geodesics with respect
to this metric.

The Riemannian extension R∇ ∈ =0
2 (T ∗Mn) defines a pseudo-Riemannian metric in

T ∗Mn. The line element of the Riemannian extension R∇ is given by

ds2 = 2dxiδpi

where δpi = dpi − phΓ hjidxi (see [13, 14] for more detail).
On the cotangent space π−1 (x) = T ∗x (Mn), the scalar product g−1 =

(
gji
)

for each
x ∈Mn is defined by

g−1 (ω, θ) = gjiωjθi

for all ω, θ ∈ =0
1 (Mn).

Using Riemannian extension and quadratic differential form
n∑

i,j=1
gjiδpjδpi, where δpi =

dpi − phΓ hjidxi, we have a new metric

G̃ = 2dxjδpi +

n∑
i,j=1

gjiδpjδpi (1.11)

on the cotangent bundle T ∗Mn. The main aim of this paper is to study the metric G̃ in the
cotangent bundle and also the metric connection and geodesics with respect to this metric.

From (1.9) and (1.11) we prove that G̃ has components of the form

G̃ =

(
G̃ji G̃jī
G̃j̄i G̃j̄ī

)
=

(
0 δij
δji g

ji

)
(1.12)
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with respect to the adapted frame
{
ẽ(α)

}
in T ∗Mn and components

G̃ =

(
G̃ji G̃jī
G̃j̄i G̃j̄ī

)
=

(
ghspmpaΓ

m
jsΓ

a
ih − 2pmΓ

m
ji δ

i
j − ghipmΓmjh

δji − gjhpmΓmih gji

)
(1.13)

with respect to the to the natural frame
{

∂
∂xi
, ∂
∂xī

}
, where gji denote contravariant compo-

nents of g.
From (1.2), (1.3) and (1.13) we have

G̃
(
HX,HY

)
= 0,

G̃
(
HX, V ω

)
=V (ω(X)) = ω(X) ◦ π, (1.14)

G̃(V ω,V θ) = V
(
g−1 (ω, θ)

)
= g−1 (ω, θ) ◦ π

for any X,Y ∈ =1
0 (Mn) and ω, θ ∈ =0

1 (Mn). The equation (1.14) is the definition of the
metric G̃ because the tensor field of type (0,2) on T ∗Mn is completely determined with the
vector fields of type HX and V ω (see [14, p.280]).

By means of (1.1) and (1.2), the complete lift CX of X ∈ =1
0 (Mn) is given by

CX = HX − V (p (∇X)) , (1.15)

where p (∇X) = pk
(
∇iXk

)
dxi.

Taking account of (1.14) and (1.15), we obtain

G̃
(
CX, CY

)
= −V [(p (∇X)) (Y ) + (p (∇Y )) (X)]

−V
(
g−1 (p (∇X) , p (∇Y ))

)
, (1.16)

where g−1 (p (∇X) , p (∇Y )) = gkl
(
pt∇kXt

)
(pm∇lY m).

Since the tensor field of G̃ ∈ =0
2 (T ∗Mn) is completely determined with the complete

lift of vector fields (see [14, p.237]), we say that the equation (1.16) is an alternative char-
acterization of G̃.

From (1.16), we also have

Theorem 1.1 IfX , Y are parallel onMn.The complete lifts of vector fieldsX , Y on T ∗Mn

with metric G̃ are orthogonal.

2 Levi-Civita connection of G̃

The Lie bracket operation for horizontal and vertical vector fields on T ∗Mn ofMn satisfies
the following

i)[HX,H Y ] =H [X,Y ] + γR(X,Y ) =H [X,Y ] +V (pR(X,Y )),

ii)[V ω,V θ] = 0, (2.1)

iii)[HX,V ω] =V (∇Xω)

for any X,Y ∈ =1
0(Mn) and ω, θ ∈ =0

1(Mn), where R denotes the curvature tensor of ∇
(See [14, p.238 and p.277] for more details).
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Theorem 2.1 Let (Mn, g) be a n-dimensional manifold and ∇̃ be the Levi-Civita connec-
tion of the cotangent bundle

(
T ∗Mn, G̃

)
.The Levi-Civita connection ∇̃ holds the following

i)∇̃HX
HY = H (∇XY ) + 1

2
H
(
g−1 ◦ pR (X,Y )

)
+V

(
Ỹ R (X, p̃)

)
,

ii)∇̃HX
V ω = V (∇Xω) + H

(
g−1 ◦ ∇Xω

)
+ 1

2
V
(
X̃R (ω̃, p̃)

)
,

iii)∇̃V ω
HY = 1

2

V
(
Ỹ R (ω̃, p̃)

)
,

iv)∇̃V ω
V θ = 0

for all X,Y ∈ =1
0(Mn), ω, θ ∈ =0

1(Mn), where ω̃ = g−1 ◦ ω ∈ =1
0 (Mn) , X̃ = g ◦X ∈

=0
1 (Mn) , Ỹ R (X, p̃) ∈ =0

1 (Mn) , R denotes the curvature tensor of∇.

Proof. It is known that the Koszul formula for the Levi-Civita connection ∇̃ is given by

2ḡ
(
∇̃iU

jV, kW
)

= iU
(
G̃
(
jV, kW

))
+ jV

(
G̃
(
kW, iU

))
− kW

(
G̃
(
iU, jV

))
− G̃

(
iU,
[
jV, kW

])
+ G̃

(
jV,
[
kW, iU

])
+ G̃

(
kW,

[
iV, jW

])
for all U, V,W ∈ =1

0 (Mn) and i, j, k ∈ {H,V }.
i) Taking account of Koszul formula and (2.1), we have

2G̃
(
∇̃HX

HY, V ω
)

= HX
(
G̃
(
HY, V ω

))
+ HY

(
G̃
(
V ω,HX

))
− V ω

(
G̃
(
HX,HY

))
− G̃

(
HX,

[
HY, V ω

])
+ G̃

(
HY,

[
V ω,HX

])
+G̃

(
V ω,

[
HX,HY

])
= 2V (ω (∇XY )) +V

(
g−1 (ω, pR (X,Y ))

)
= 2G̃

(
V ω,H (∇XY )

)
+ G̃

(
H
(
g−1 ◦ pR (X,Y )

)
, V ω

)
.

where

V
(
g−1 (ω, pR (X,Y ))

)
= gijωi(pR (X,Y ))j = ωi

(
g−1 ◦ pR (X,Y )

)i
= G̃

(
H
(
g−1 ◦ pR (X,Y )

)
, V ω

)
and

2G̃
(
∇̃HX

HY,HZ
)

= −2paRijk
aY iZjXk = −2pag

atRijk
.
tY

iZjXk

= 2pag
atRktijY

iZjXk = 2p̃tgisRktj
sY iZjXk = 2p̃tRktj

sỸsZ
jXk

= 2V
(
Ỹ R (X, p̃)Z

)
= 2G̃

(
V
(
Ỹ R (X, p̃)

)
,HZ

)
.

Then we have

∇̃HX
HY = H (∇XY ) +

1

2
H
(
g−1 ◦ pR (X,Y )

)
+V

(
Ỹ R (X, p̃)

)
.

ii)2G̃
(
∇̃HX

V ω,HZ
)

= HX
(
G̃
(
V ω,HZ

))
+ V ω

(
G̃
(
HZ,HX

))
− HZ

(
G̃
(
HX, V ω

))
− G̃

(
HX,

[
V ω,HZ

])
+ G̃

(
V ω,

[
HZ,HX

])
+ G̃

(
HZ,

[
HX, V ω

])
= 2V ((∇Xω)Z) +V

(
g−1 (ω, pR (Z,X))

)
= 2G̃

(
V (∇Xω) ,HZ

)
+ G̃

(
V
(
X̃R (ω̃, p̃)

)
,HZ

)
,



F. Ocak, S. Kazimova 133

2G̃
(
∇̃HX

V ω, V θ
)

= 2V
(
g−1 (∇Xω, θ)

)
= 2G̃

(
H
(
g−1 ◦ (∇Xω)

)
, V ω

)
so
∇̃HX

V ω = V (∇Xω) + H
(
g−1 ◦ ∇Xω

)
+ 1

2
V
(
X̃R (ω̃, p̃)

)
.

By the calculations similar to those in (i) and (ii), the proofs of (iii) and (iv) are obtained
easily.

If we compute components of the Christoffel symbols Γ̃ δαβ with respect to the adapted
frame

{
ẽ(α)

}
of T ∗Mn with the metric G̃ by making use of ∇̃ẽα ẽβ = Γ̃ δαβ ẽδ, then we have

Corollary 2.1 Let (Mn, g) be a n-dimensional manifold and ∇̃ be the Levi-Civita connec-
tion of the cotangent bundle

(
T ∗Mn, G̃

)
. The components of the Christoffel symbols Γ̃ δαβ

are found as follows

Γ̃ kij = Γ kij + 1
2paRijt

agtk,

Γ̃ k̄ij = paRkji
a,

Γ̃ k̄
īj

= 1
2paRkjt

agti,

Γ̃ k̄
ij̄

= −Γ jik + 1
2paRkit

agjt,

Γ̃ k
ij̄

= −Γ jitgtk

Γ̃ k̄
īj̄

= Γ̃ k
īj̄

= Γ̃ k
īj

= 0.

(2.2)

with respect to the adapted frame
{
ẽ(α)

}
.

From (1.4), (1.5), (1.6), (1.7) and (2.2) we obtain that the covariant derivatives ∇̃V ω, ∇̃HX
and ∇̃CX have respectively of the form

∇̃κV ωα =

(
−Γ tkmgimωt 0

∇kωi + 1
2paRik

ta
. ωt 0

)
, (2.3)

∇̃κHXα =

(
∇kXi+1

2paRkt
is
. X

t 0
paRitk

aXt −1
2paRti

ka
. X

t

)
, (2.4)

∇̃κCXα = (2.5)(
∇kXi+1

2paRkt
i
.
a
Xk − Γ tkmgmiph∇tXh 0
β −∇iXk − 1

2paRti
ka
. X

t

)
where β = −ph∇k∇iXm + paRitk

aXt − 1
2papmRik

t
.
a∇tXm.

If Mn has a pseudo-Riemannian metric g, then we have

paRitk
aXt = pag

asRitksX
t = −pagasRtiksXt = −pagasRkstiXt

= −pagasgifRkstf. Xt = −2pag
asgif∇[k∇ s]X

f .
(2.6)

From (2.3), (2.4), (2.5) and (2.6) we have

Theorem 2.2 The vertical lift of covector field ω ∈ =0
1 (Mn) to T ∗Mn with metric G̃ is

never parallel.

Theorem 2.3 The complete and horizontal lifts of a vector field X ∈ =1
0 (Mn) to T ∗Mn

with metric G̃ are parallel if and only if X is parallel to ∇ on Mn.
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3 Curvature properties of G̃

The curvature tensor R̃ of ∇̃ calculate with
R̃
(
ẽ(α), ẽ(β)

)
ẽ(γ) = ∇̃α∇̃β ẽ(γ) − ∇̃β∇̃αẽ(γ) −Ωαβε∇̃εẽ(γ)

where ∇̃α = ∇̃ẽ(α)
and we have

R̃σαβγ = ẽαΓ̃
σ
βγ − ẽβΓ̃ σαγ + Γ̃ σαεΓ̃

ε
βγ − Γ̃ σβεΓ̃ εαγ −Ωαβ

εΓ̃ σεγ
with respect to the adapted frame

{
ẽ(α)

}
.

By virtue of (1.10) and (2.2), we obtain

R̃kij
l = Rkij

l + 1
4papm

(
Rkt

lm
. Rij

ta
. −Rit

lm
. Rkj

ta
.

)
+ 1

2pag
lt (∇kRijta −∇iRkjta)− pagml

(
Rtjk

aΓ tim −RtjiaΓ tkm
)
,

R̃k̄ij
l = 1

2Rij
lk
. + 1

2paΓ
t
ifRtj

ka
. g

fl,

R̃kij̄
l = Rik

lj
. − Γ

j
ktΓ

t
ifg

fl + Γ jitΓ
t
kfg

fl + 1
2pa

(
Rf. k

la

. Γ
j
if −R

f
. i
la

. Γ
j
kf

)
+ 1

2pag
ml
(
Rtk

ja
. Γ

t
im −Rtija. Γ tkm

)
,

R̃kij̄
l̄ = Rikl

j + 1
2pa

(
gmj∇kRlima − gtj∇iRlkta

)
−pagmt

(
Rltk

aΓ jim −Rlti
aΓ jkm

)
+ 1

4papm
(
Rlk

tm
. Rti

ja
. −Rlitm. Rtk

ja
.

)
,

R̃kij
l̄ = pm

(
∇kRljim −∇iRljk

m)
+ 1

2papm
(
Rlk

t
.
m
Rtji

a −Rlitm. Rtjk
a
)

+ 1
2papm

(
Rij

t
.
m
Rltk

a −Rkjtm. Rlti
a
)
− 1

2papmRkit
aRlj

tm
. ,

R̃k̄ij
l̄ = Rlji

k − 1
2pag

tk∇iRljts + 1
4papm

(
Rlt

km
. Rij

ta
. −Rli

tm
. Rtj

ka
.

)
,

R̃k̄īj
l̄ = Rlj

ik
. ,

R̃k̄ij̄
l̄ = 1

2Rli
jk
. + 1

2paR
f
. l
ka
. Γ

j
if ,

R̃k̄īj̄
l̄ = R̃k̄īj̄

l = R̃kīj̄
l = R̃k̄ij̄

l = R̃k̄īj
l = 0.

(3.1)

Then we have the following theorem

Theorem 3.1 Let (Mn, g) be a n-dimensional manifold and T ∗Mn be its cotangent bundle
with metric G̃. Then (T ∗Mn, G̃) is flat if and only if Mn is flat.

Proof. Firstly, we assume that R = 0, then from the equaions (3.1) it implies that R̃ = 0.
Conversely, we assume that R̃ = 0 in the point (xi, pi) = (xi, 0) ∈ T ∗Mn. Then we have

R̃kij̄
l|(xi,0) =(

Rik
lj
. − Γ

j
ktΓ

t
ifg

fl + Γ jitΓ
t
kfg

fl +
1

2
pa

(
Rf. k

la

. Γ
j
if −R

f
. i

la

. Γ
j
kf

))
|(xi,0) = 0

for R = 0.

4 The metric connection with respect to the metric G̃

The Levi-Civita connection ∇̃ of the metric G̃ on T ∗Mn given in Theorem 2.1. This is the
unique connection which satisfies ∇̃G̃ = 0 which has no torsion. But we shall find another
connection which satisfies ∇̄G̃ = 0 and has non-trivial torsion tensor. This connection is
called the metric connection of G̃.
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The horizontal lift H∇ of any connection ∇ on the cotangent bundle T ∗Mn is defined
by {

H∇vθ
V ω = 0, H∇vθ

HY = 0,
H∇HX

V ω = V (∇Xω) , H∇HX
HY = H (∇XY )

(4.1)

for any X,Y ∈ =1
0(Mn) and ω, θ ∈ =0

1(Mn).
We put H∇α = H∇ẽ(α)

. Then taking account of H∇αẽ(β) = HΓ γαβ ẽ(γ) and writing
HΓ γαβ for the different indices, from (4.1) we have{

HΓ kij = HΓ kij ,
HΓ k̄i j̄ = −HΓ jik,

HΓ k
ī j

= HΓ ki j̄ = HΓ k
ī j̄

= HΓ k̄
ī j̄

= HΓ k̄i j = HΓ k̄
ī j

= 0.
(4.2)

Let T be the torsion tensor of the horizontal lift H∇. Then T is the skew-symmetric
tensor field of type (1,2) on T ∗Mn determined by [14, p.287]

T
(
V ω, V θ

)
= 0, T

(
HX, V θ

)
= 0, T

(
HX,HY

)
= −γR (X,Y )

where R is the curvature tensor of ∇ and γR (X,Y ) =
∑
i
phRkli

hXkY l ∂
∂xī

. Thus the

connection H∇ has non-trivial torsion even for the Levi-Civita connection ∇g determined
by g, unless g is locally flat.

Using (1.14) and (4.1), we have(
H∇V ωG̃

) (
V θ, V ε

)
= H∇V ωG̃

(
V θ, V ε

)
− G̃

(
H∇V ω

V θ, V ε
)
− G̃

(
V θ,H∇V ω

V ε
)

= H∇V ω
V
(
g−1 (θ, ε)

)
= V ωV

(
g−1 (θ, ε)

)
= 0,

(
H∇HXG̃

) (
V θ, V ε

)
= H∇HXG̃

(
V θ, V ε

)
− G̃

(
H∇HX

V θ, V ε
)
− G̃

(
V θ,H∇HX

V ε
)

= H∇HX
V
(
g−1 (θ, ε)

)
− G̃

(
V (∇Xθ) , V ε

)
− G̃

(
V θ, V (∇Xε)

)
= HXV

(
g−1 (θ, ε)

)
− V

(
g−1 (∇Xθ, ε)

)
− V

(
g−1 (θ,∇Xε)

)
= V

(
Xg−1 (θ, ε)

)
− V

(
g−1 (∇Xθ, ε)

)
− V

(
g−1 (θ,∇Xε)

)
= V

((
∇Xg−1

)
(θ, ε)

)
= 0,

(
H∇V ωG̃

) (
V θ,HZ

)
= H∇V ωG̃

(
V θ,HZ

)
− G̃

(
H∇V ω

V θ,HZ
)
− G̃

(
V θ,H∇V ω

HZ
)

= H∇V ω
V (θ (Z)) = V ωV (θ (Z)) = 0,

(
H∇HXG̃

) (
V θ,HZ

)
= H∇HXG̃

(
V θ,HZ

)
− G̃

(
H∇HX

V θ,HZ
)
− G̃

(
V θ,H∇HX

HZ
)

= V ((∇Xθ)Z)− V ((∇Xθ)Z) = 0,(
H∇V ωG̃

) (
HY, V ε

)
= 0,(

H∇HXG̃
) (

HY, V ε
)

= 0,(
H∇V ωG̃

) (
HY,HZ

)
= 0,(

H∇HXG̃
) (

HY,HZ
)

= 0

for any X,Y, Z ∈ =1
0 (Mn) and ω, θ, ε ∈ =0

1 (Mn), i.e. the horizontal lift H∇ of ∇g is a
metric connection with respect to the metric G̃. Thus we have
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Theorem 4.1 Let∇ be the Levi-Civita connection on (Mn, g). Then the horizontal lift H∇
is a metric connection of the metric G̃.

Let HR be the curvature tensor field of H∇. The components of HR is given by
HRδγβ

α = 2
(
ẽ[δ

HΓαγ]β + HΓα[δ|ε|
HΓ εγ]β

)
−ΩδγεHΓαεβ

with respect to the adapted frame
{
ẽ(α)

}
. Using (1.4), (1.5), (1.10), (4.2) and computing

the components of the Ricci tensor field HRγβ = HRαγβ
α, we have{

HRkj = HRαkj
α = HRikj

i + HRīkj
ī = Rikj

i = Rkj ,
HRk̄ j̄ = HRk̄j = HRkj̄ = 0,

(4.3)

where Rkj is the Ricci tensor field of∇g on Mn [14].
For the scalar curvature of H∇ with respect to the metric G̃, we have

Hr = G̃γβHRγβ = G̃kjHRkj + G̃kj̄HRkj̄ + G̃k̄jHRk̄j + G̃k̄j̄HRk̄j̄
= G̃kjHRkj = −gkjRkj = −r

by means of (4.3) and
(
G̃
)−1

=
(
G̃αβ

)
=

(
G̃ji G̃jī

G̃j̄i G̃j̄ī

)
=

(
−gji δij
δji 0

)
.

Thus we have

Theorem 4.2 The cotangent bundle (T ∗Mn, G̃) with the metric connection H∇ has van-
ishing scalar curvature Hr with respect to the metric if and only if the scalar curvature r of
∇g on Mn is zero.

5 Geodesics on (T ∗Mn, G̃)

Let now we investigate the geodesics of the (T ∗Mn, G̃). Firstly, C : xh = xh (t) be a curve
inMn and ϑh (t) be a covector field along C. Then we suppose that C̃ be a curve on T ∗Mn

and locally expressed by

xh = xh (t) , xh̄
def
= ph = ϑh (t) . (5.1)

If the curve C satisfies at all the points the relation

δϑh
dt

=
dϑh
dt
− Γ ijh

dxj

dt
ϑi = 0

then the curve C̃ is said to be a horizontal lift of the curve C in Mn . Hence, the initial
condition ϑh = ϑ0

h for t = t0 is given, there exists a unique horizontal lift given by (5.1).
Let t be the arc length of a curve xA = xA (t) , A = (i, ī) in T ∗Mn. Equations of the

geodesic have the usual form

δ2xA

dt2
=
d2xA

dt2
+ Γ̃ACB

dxC

dt

dxB

dt
= 0 (5.2)

with respect to the induced coordinates
(
xi, xī

)
=
(
xi, pi

)
in T ∗Mn, where Γ̃ACB are

components of ∇̃ defined by (2.2).
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Now we write the equations (5.2) to the adapted frame
{
ẽ(α)

}
. Taking account of (1.8),

we have
θα = ÃαAdx

A,

i.e.
θh = ÃhAdx

A = δhi dx
i = dxh

for α = h and
θh̄ = Ãh̄Adx

A = −paΓ ahjdxj + δhj dx
j = δph

for α = h̄. Also we put
θh

dt
= ÃhA

dxA

dt
=
dxh

dt
,

θh̄

dt
= Ãh̄A

dxA

dt
=
δph
dt

along a curve xA = xA (t) in T ∗Mn.
So we obtain

d

dt

(
θα

dt

)
+ Γ̃αγβ

θγ

dt

θβ

dt
= 0

whit respect to adapted frame
{
ẽ(α)

}
and from (2.2), we have

(a) δ
2xh

dt2
+ 1

2pmRijt
mgth dx

i

dt
dxj

dt − Γ
j
itg

th dxi

dt
δpj
dt = 0,

b) δ
2ph
dt2

+ pmRhji
m dxi

dt
dxj

dt + pmRhit
sgtj dx

i

dt
δpj
dt = 0.

(5.3)

Because of R(ij)t
m = 0, then we have Rijtm dxi

dt
dxj

dt = 0. So we obtain

(a) δ
2xh

dt2
− Γ jitgth

dxi

dt
δpj
dt = 0,

b) δ
2ph
dt2

+ pmRhji
m dxi

dt
dxj

dt + pmRhit
sgtj dx

i

dt
δpj
dt = 0.

(5.4)

Theorem 5.1 C̃ be a curve in T ∗Mn expressed locally by xh = xh (t), ph = ϑh (t) with
respect to the induced coordinates

(
xi, xī

)
=
(
xi, pi

)
in T ∗Mn. The curve C̃ is a geodesic

of G̃, if it satisfies the equation (5.4).

If a curve satisfies (5.4) lies on a fibre given by xh = const., then (5.4, b) reduces to

δ2ph
dt2

= 0

so that xh = xh (t) , ph = ph(t), ah and bh being constant. Thus we have

Theorem 5.2 If geodesic xh = xh (t), ph = ph (t) lies on a fibre of T ∗Mn with respect to
the metric G̃, then the geodesic is given by linear equations

xh = ch,
ph = aht+ bh

where ah, bh and ch are constant.

Let now C̃ : xh = xh (t) , xh̄
def
= ph = ϑh (t) be a horizontal lift

(
δph
dt = δϑh

dt = 0
)

of the geodesic C : xh = xh (t)
(
δ2xh

dt2
= 0
)

inMn of∇g. Then by virtue of (5.4), we have

Theorem 5.3 The horizontal lift of a geodesic on (Mn, g) need not be a geodesic on T ∗Mn

with respect to the connection ∇̃.
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