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On a new metric in the cotangent bundle
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Abstract. In this paper we construct a new metric G = Ry + >~ ¢’"0p;6p; in the cotangent bundle,
ij=1
where TV is the Riemannian extension. Some curvature properties and geodesics are investigated for the
metric G.
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1 Introduction

Let M™ be an n-dimensional differentiable manifold equipped with a torsion free connec-
tion V and 7 the bundle projection 7*M"™ — M™ where T M™ being the cotangent bundle
of M™. The local coordinates (U, x’) ,t = 1,...,n on M"™ induces on T*M" a system of
local coordinates <7r_1 (U),x" 2" = pl-) ,i=mn+1,..,2n, where z' = p; are the com-
ponents of the covector p in each cotangent space 7,y M", x € U with respect to the natural
coframe {dz'} ,i =1,...,n. Let F (M™) (F(T*M™)) be the ring of real-valued C* func-
tions on M™(T*M™) and Q% (M™) (S% (1T M™)) be the module over F' (M™) (F(T*M™))
of C'™ tensor fields of type (r, s).

Suppose that the vector and a covector (1-form) field X € I3(M™) and w € S§(M™)
have the local expression X = X* ‘;’;i and w = w;dx’ be the local expressions in U ¢ M™,
respectively. The complete and horizontal lifts © X, 7 X € I}(T*M™) of X € (M)
and the vertical lift Vw € S(T*M™) of w € I9(M™) are given, respectively, by
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X=X - — 0; X =, 1.1
o ;ph X" (1.1)
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X=X+ thQjXJ o (1.2)
K3
0
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w = w;— 1.3
; 5 (1.3)
with respect to the natural frame { Bzi’ % }, where Fz’; are the coefficients of the torsion-
free connection V, on M™ (see [14] for more details).
We put
0 .
X(Z) = %7 @ = dl’la t=1,..,n
Using (1.2) and (1.3) we obtain
- 0 0
ew="Xo =755+ Zpafﬁi@v (1.4)
h
.y 0

The set {€(0)} = {€(:), €5} = {7 X, VQ(Z)} is called the frame adapted to the affine
connection V. The indices o, 3,... = 1,...,2n indicate the indices with respect to the
adapted frame.

Then from equations (1.2), (1.3), (1.4) and (1.5), we see that HX and Vw have respec-
tively of the form

X = X'eg), X =(1x) = (§(> , (1.6)
Voo = v, _w,an_ (0
w—Zwle(i), w=("w = (w,) (1.7)

with respect to the adapted frame {€,)} [14].
Suppose now that local 1-forms @ in 7= 1(U) defined by

~Q

0% = A%dx?,

] A AL\ s o
-1 _ « _ ~J) — J .
A - (A B) - <Az] Az]) (_pa[v‘a' 5j> (18)

where

17 1
The matrix (1.8) is the inverse of the matrix

At A &0
A= (A = <A;; Af.%) _ (pjp@ 54> (19)
7 a

ij i
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of the transformation €g = AgABA (see (1.4) and (1.5)). Then we see that the set {&“} is
the coframe dual to the adapted frame {€(g)}, i.e. ©*(€g)) = AcpAgB = o5
For the Lie bracket of the adapted frame {€(3)}, we have

€y, €8] = £2,5%€q
where
2,5 = (&, Ag" — 854, A%,

Using (1.4), (1.5), (1.8) and (1.9), the non-holonomic object {2,3% has components of the
form

Tz = —()-' = J
“Qljg “le . Flz? (1.10)
;" = pa Ry,

all the others being zero, where R;;;* being local components of the curvature tensor R of
V.
gThe geometry of tangent bundles of M™ goes back to the fundamental paper [12] of
Sasaki. On the tangent bundle of M™ by using g, one can construct several Riemannian
metrics (Sasakian, Cheeger-Gromoll, g-natural metric, complete lift etc.). Cotangent bun-
dle dual space of the tangent bundle but constraction of its lifts differ from the tangent
bundle. Using different metrics are very useful tool for the geometry of the cotangent bun-
dle. The Sasaki metric is well known and intensively studied for the cotangent bundle (see
for example [2, 9, 11]). Also, the Cheeger-Gromoll metric is very important to the cotangent
bundle ([1, 10]). The Riemannian extension is a metric on the cotangent bundle (see [13,
14] for more detail). The applications of this metric are contained in [3, 4, 5, 6, 7, 8]. The
main aim of this paper is to study the metric G which defined with Riemannian extension in
the cotangent bundle and also investigate the metric connection and geodesics with respect
to this metric.

The Riemannian extension #V € Y (T*M™) defines a pseudo-Riemannian metric in
T*M™. The line element of the Riemannian extension #V is given by

ds® = 2dx'op;
where dp; = dp; — phffgdxi (see [13, 14] for more detail).

On the cotangent space 7! (z) = T;(M™), the scalar product g~! = (g’*) for each
x € M™ is defined by

97" (w,0) = ¢"'w;b;
for all w, 0 € I (M™).

n ..
Using Riemannian extension and quadratic differential form Y ¢’ ‘0p;0p;, where 6p; =
1,7=1
dp; — ppI" ﬁdwi, we have a new metric

n
G =2d276p; + ) ¢7'op;0p; (1.11)
i,j=1
on the cotangent bundle 7 M". The main aim of this paper is to study the metric G in the
cotangent bundle and also the metric connection and geodesics with respect to this metric.

From (1.9) and (1.11) we prove that G has components of the form

. G.. G- 0 ot
G — ( i Jz> — < : J) (1.12)
Gﬁ Gﬁ (55 g’
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with respect to the adapted frame {é(a)} in T*M"™ and components
- ePYer
Gji Gﬁ

_ <ghspmpar;§zﬁ — 2pn I} 6 — ghipmrf,;>

. i (1.13)
5? - gjhpmfir]? g’

o
EIeE

with respect to the to the natural frame { % } where ¢/ denote contravariant compo-

nents of g.
From (1.2), (1.3) and (1.13) we have
G("x."y) =0,
G (7X,Yw) =" (w(X)) =w(X)om, (1.14)
GwYe =" (97" (w,0) =g (w.f)on

forany X,Y € S} (M™) and w, 6 € S§ (M™). The equation (1.14) is the definition of the

metric (G because the tensor field of type (0,2) on T*M™" is completely determined with the
vector fields of type X and Vw (see [14, p.280]).
By means of (1.1) and (1.2), the complete lift “ X of X € 33 (M™) is given by

X =1Xx-VY(p(vX)), (1.15)

where p (VX) = py, (V; X") do'.
Taking account of (1.14) and (1.15), we obtain
G(“X,Y) = =V[p(VX)(Y)+ (p(VY)) (X)]
(g7 p(VX).p(VY)), (1.16)

where ™! (p (VX),p(VY)) = g* (p: Vi X") (pmVIY™).

Since the tensor field of G € 39 (T*M™) is completely determined with the complete
lift of vector ﬁelds (see [14, p.237]), we say that the equation (1.16) is an alternative char-

acterization of G.
From (1.16), we also have

Theorem 1.1 If X, Y are parallel on M™.The complete lifts of vector fields X, Y on T M"
with metric G are orthogonal.

2 Levi-Civita connection of G

The Lie bracket operation for horizontal and vertical vector fields on T*M™ of M™ satisfies
the following
DIFXTY] =" (X Y]+ R(XY) =T (X Y]+ (pR(X,Y),
i) [Vw,V 0] =0, 2.1
i) [ XY w] = (Vxw)

forany X,Y € S3(M™) and w, 6 € IY(M™), where R denotes the curvature tensor of V
(See [14, p.238 and p.277] for more details).
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Theorem 2.1 Let (M™, g) be a n-dimensional manifold and N be the Levi-Civita connec-
tion of the cotangent bundle <T M G) .The Levi-Civita connection V holds the following

DVuxHy =H(VxY)+ i (g7t opR(X,Y)) +V (?R (X715)) ,
V(Vxw)+H (g7 o Vxw) + 3V (XR (@7]5)) ;
iti) Vv My = 1V (Y/R (@,ﬁ)) :

Z'U)vavg =0

forall X,Y € SYM™), w,0 € SUM™), where i = g L ow € I§(M"), X =go X €
SV (M™), YR(X,p) € SV (M™), R denotes the curvature tensor of V.

Proof. It is known that the Koszul formula for the Levi-Civita connection V is given by
2 (Vo VW) =0 (G (VAW ) 49V (G (WD) ) = Fw (G (0,9V))
-G (U, [PV.FW)) + G (V, [FW,U)) + G (W, [TV, W)
forall U, V,W € S} (M™) and i, j, k € {H,V}.
i) Taking account of Koszul formula and (2.1), we have
26 (Viux 1Y, Vo) =X (G (1Y, Vw) ) + 1Y (G (Vw, X))

~Vo (G X)) = G (X, [Ty, Vw]) + G (1Y, [Vw, 7 X))
+G (Vw, [ X, Y]
=2" (w (VxY)+Y (97! (0, pR(X,Y)))
=2G (Vw7 (VxY))+G (¥ (g7 opR(X,Y)), w).

where

and

26 (@H CHYH Z) = 9P Ry YiZIXE = —9p,gtt Ry Y ZIXF
= 2pag” Ry V' 20 X¥ = 20" gis Ryt °Y ' 27 X* = 25" Ryy;°Y, 27 X
=9V (YR (X, ) Z) = 2G (V (Y/R (X, ;5)) ,HZ) .

Then we have

Vi Y =H (VyY) + %H (97 opR(X,Y)) +V (?R (X,ﬁ)) .
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2G (@HXVUJ, VH) =9V (g_1 (Vxw, 0)) =2G ( ( 1o (VXw)) ,Vw)
50
Viyx w =" (Vxw)+ (g7 o Vxw) + 1V (XR( )).
By the calculations similar to those in (i) and (11), the proofs of (iii) and (iv) are obtained

easily.

If we compute components of the Christoffel symbols fa‘s 3 With respect to the adapted
frame {é(a)} of T*M™ with the metric G by making use of @éa €g = fgﬁég, then we have

Corollary 2.1 Let (M™, g) be a n-dimensional manifold and V be the Levi-Civita connec-
tion of the cotangent bundle (T*M n é) The components of the Christoffel symbols I O‘z 3

are found as follows

Fk = Fk QpaRijtagtka

Ij,? = paRkj'L )
b= 5Pl 02
5 - _Fk + QpaRkitath7 ‘
k= —1)g*
ij
k rk _ 1k _

with respect to the adapted frame {é }

From (1.4), (1.5), (1.6), (1.7) and (2.2) we obtain that the covariant derivatives va VH X
and VEX have respectively of the form

- 7t m
V,&ﬂ:( kag wi 0), (2.3)

- ViXi+ip, Ry X1 0
VX = pPa Tkt 2.4
" < paRitkaXt _%paRti{th @24
V. X = (2.5)

ViXi4+3pa R X* — T} g™ pp Vo X" 0
B ~ViX¥ — 3pa Ry X!
where 8 = —pp Vi, ViX™ + po R X' — Spapm Rir! "V X™.
If M™ has a pseudo-Riemannian metric g, then we have

PaRith" X' = pag® Ritks X' = —pag® Reiks X' = —pag®® Risti X 2.6)

= —Pag®gif Rist! Xt = —2pag®9is Vi V g X7
From (2.3), (2.4), (2.5) and (2.6) we have

Theorem 2.2 The vertical lift of covector field w € IV (M™) to T*M™ with metric G is
never parallel.

Theorem 2.3 The complete and horizontal lifts of a vector field X € ¢ (M™) to T*M™
with metric G are parallel if and only if X is parallel to NV on M™.
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3 Curvature properties of G

The curvature tensor R of V calculate with B
R (&) &) €r) = VaVpe(y) = V5Val(y) = Rap"Vel(y)

where V,, = Vé(a) and we have
RZM = éafgV —éply, + Fgafg ngfjv _(201561“5"7

with respect to the adapted frame {é(a) }.
By virtue of (1.10) and (2.2), we obtain

Ryl = Rkijl + %lpapm (Rit' ™Ry — Rit%mRk] )
Bol_1 1—; Qll‘iyft ;WR}% kagz Rig®) = pag™ (Resi Lo = R )
kij — U 2 a J
Rkﬁl = Ry FJ Ft gfl _|_FJF£ gfl 2pa (Rf laI,] Rf. f)
+ 2pdgml (Rtk]aff — Ry?® ka) )
Rm] = Ri! + 5pa (9™ Vi Riim® — 99V Rit®)
—Pag™ (thk i, — Ry"T, m> 3.1)
+ 2papm (R Ryi?* — Ry; tmRtkja) :
Ryt = pm (VkRzﬂ - V; Rl]k ")+ zpapm (Rue"" Ryji* — Ryt Rt]ka)
+ Qpapm (Rzg Ry” Rk] " Ryti) — 5papm Riin Ri;"™,
Rk” Rl]z 009 ViR + 1papm (Ri"™ Rij'™ — Ry"™ Ry;*)
szg RZJ ,
Rk[ - Rh]k p Rf ka ny
Ri' = Ry = Ry Rkw =Ryl =0

Then we have the following theorem

Theorem 3.1 Let (M™, g) be a n-dimensional manifold and T* M™ be its cotangent bundle
with metric G. Then (T*M™, Q) is flat if and only if M™ is flat.

Proof. Firstly, we assume that R = 0, then from the equaions (3.1) it implies that R=0.
Conversely, we assume that R = 0 in the point (z*, p;) = (2%,0) € T*M™. Then we have

Ryiitlwio) =
; 1 l
(R — I Tlg" + TiTgg™ + Spa (RE T — BT ))r(ﬂm—o

for R = 0.

4 The metric connection with respect to the metric G

The Levi-Civita connection V of the metric G on T*M" given in Theorem 2.1. This is the
unique connection which satisfies VG = 0 which has no torsion. But we shall find another
connection which satisfies VG = 0 and has non-trivial torsion tensor. This connection is
called the metric connection of G.
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The horizontal lift /' V of any connection V on the cotangent bundle 7* M" is defined
by

H V., _ H Hy _
{ Vv@ W—O, va Y—O, (41)

HVHXVW =V (VXW) y HVHXHY =H (VXY)

forany X,Y € S{(M™) and w, 6 € IY(M™).

We put 1v, = HVg( ,- Then taking account of Hvaé(ﬁ) = HF;ﬁé(,y) and writing

H r, 7 for the different indices, from (4.1) we have

Hpk _ Hpk Hpk_ _ _HpJ
{ F Fzy’ in I;k’

Hpk _Hph _HpE_HpE HPE _HEE (4-2)
i ¥ i j [ ) ]

Let T be the torsion tensor of the horizontal lift /. Then T is the skew-symmetric
tensor field of type (1,2) on 7% M" determined by [14, p.287]

T("w,V9) =0, T("x,Y0)=0, T("X,"Y)=-—R(X,Y)
where R is the curvature tensor of V and YR (X,Y) = thRklithYl%. Thus the
i

connection ¥V has non-trivial torsion even for the Levi-Civita connection V4 determined
by g, unless g is locally flat.
Using (1.14) and (4.1), we have

(790G (V0,7e) = 1V0, G (V0,Ve) — G (VY0 Ve) — G (V0,7Vv, Vo)
=1TVv,Y (97 (0,0)) =YW (971 (8,¢)) =0,

(19uxC) (V6.7<) = 190G (70,E) G (19 0,V) G (01 e)
HVHXV( L, )) G( (Vx0),Ve) =G (V0,V (Vxe))
=HXV (g7 (0,e)) =V (97" (Vx0,e)) =V (g *1(0 Vxe))
—V(xg (0 ,g)) s (v )=V (g1 (6, Vxe)
=" ((Vxg7) (0,¢

(190G (V0,7 2) = 19v,G (V0,12) — G (VY 0,1 2) = G (V9,91 Z)
= 1vy,Y (8(2) = VY (0(2)) =0,

(17uxG) (Ve Hz) =Yy G (Y0,72) — G ("VuxV0,52) = G (V0,HVuy " 7)
" (Vx0)Z) =V (Vx0) Z) =0,

(79v,G) (FY.Ve) =0,

(1vuxG) (1Y,Ve) =0,

(19v,G) (17,1 2) =0,

(HVHXG) (Hy,Hz) =0

forany X,Y,Z € 34 (M™) and w,6,e € 9 (M™), i.e. the horizontal lift 7V of V,, is a
metric connection with respect to the metric G. Thus we have



136 On a new metric in the cotangent bundle

Theorem 4.1 Let V be the Levi-Civita connection on (M™, g). Then the horizontal lift 'V
is a metric connection of the metric G.

Let R be the curvature tensor field of HY. The components of 7 R is given by

H _9(z Hp
Ryys® =2 (6[6 8 T L[5 ﬂa) Q5,71
with respect to the adapted frame {e (@) } Using (1.4), (1.5), (1.10), (4.2) and computing
the components of the Ricci tensor field 7 Ryg = H R,3", we have

{HRk] A Rok;® = T Riy" + Rzkj2 = Ry;" = Ry, 4.3)

HRk] HRkj HRk] == 0

where Iy is the Ricci tensor field of V, on M™ [14].
For the scalar curvature of 'V with respect to the metric G, we have

Hy. = GWﬂHR%B = ijHRkj + éijRkj + él_fjHR,;j + éEjHngj
— Gk]HRk;j — —gk]Rkj - _

by means of (4.3) and <é>_1 = <éa'g> = (ggz g@ - < 59]]1 (;Z)

Thus we have

Theorem 4.2 The cotangent bundle (T*M",G) with the metric connection 'V has van-

ishing scalar curvature "1 with respect to the metric if and only if the scalar curvature r of
Vg4 on M" is zero.

5 Geodesics on (T*M™, G)

Let now we investigate the geodesics of the (7M™, G). Firstly, C :th = 2" (t) be a curve
in M™ and 9}, (t) be a covector field along C'. Then we suppose that C' be a curve on T*M"

and locally expressed by

F=at ), P Ep =), 5.1)

If the curve C satisfies at all the points the relation

O _diy s do?

¥, =0
dt dt an

then the curve C is said to be a horizontal lift of the curve C' in M™ . Hence, the initial
condition ¥, = 99 for t = t is given, there exists a unique horizontal lift given by (5.1).

Let ¢ be the arc length of a curve 24 = 24 (t), A = (4,7) in T*M™. Equations of the
geodesic have the usual form

82z APzt -, daC daP
a2~ ae Tlergr g =0 62

with respect to the induced coordinates (a:i, x5> = (a:i, pi) in T*M"™, where fé‘B are
components of V defined by (2.2).
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Now we write the equations (5.2) to the adapted frame {é(a) } Taking account of (1.8),
we have -
0% = A 4dz?,
ie. _ '
oh = AM ydz? = otda’ = dah
for o = h and _ - , .
0" = AP jda? = —palpjda’ + 5§dej = dpn

for a = h. Also we put

oh o0 dz?t dih
a - A ar T at
Hh Ah d.’L‘ _ (Spi
dt Tt dt

along a curve 24 = x4 (¢) in T*M™.
So we obtain 5
d (6« -, 070
Sl (LA B R
dt (dt) T @

whit respect to adapted frame {é (@) } and from (2.2), we have

da da’ da' 0p;
(CL) dt2 + 2meZJtmgth e Fl]t thdr 2B — 07

520 dt dt dt. ddt (5.3)
b) dt2 Rh]zmdé dcalct +mehztsgtJ dcz CZJ =0.
Because of R(ij)tm = 0, then we have Rijtmdg dditj = 0. So we obtain
J thdx® 0p; __
( ) dt2 - th dt dt] =0, (5.4)

52 da® dad tj dat Op
b) ph +meh_]’Lm CZ da:t +mehitsg Jdixtditj = 0.

Theorem 5.1 C be a curve in T* M™ expressed locally by =" = 2" (), p,, = Uy, (t) with
respect to the induced coordinates (mi, IE) = (xi, pi) in T* M™. The curve C'is a geodesic
of G, if it satisfies the equation (5.4).
If a curve satisfies (5.4) lies on a fibre given by 2" = const., then (5.4, b) reduces to
Pp
dt?

so that 2" = 2" (), pj, = pp(t), a and by, being constant. Thus we have

=0

Theorem 5.2 If geodesic " = x" (t), p, = py, (t) lies on a fibre of T* M™ with respect to
the metric G, then the geodesic is given by linear equations

oh = ch,

phr = apt + by,

where aj, by, and c"

are constant.

- def
Letnow C : 2" = 2" (1), B ph = O}, (t) be a horizontal lift (‘m = %h = 0>

of the geodesic C' : 2" = 2 (t) (5;"’2 = O) in M" of V. Then by virtue of (5.4), we have

Theorem 5.3 The horizontal lift of a geodesic on (M", g) need not be a geodesic on T* M"
with respect to the connection V.
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