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Abstract. In this paper we study the boundedness of the fractional integral operator Ia,
x0 < a < Q on Heisenberg group Hy, in the generalized weighted Morrey spaces Mp, ,(Hn, w), where
Q is the homogeneous dimension of Hy,. In the case b € BMO(H.,,) we obtain the boundedness of the
kth-order commutator of fractional integral operator [b, I a]k on the generalized weighted Morrey spaces.
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1 Introduction

The classical Morrey spaces were introduced by Morrey [22] to study the local behav-
ior of solutions to second-order elliptic partial differential equations. Moreover, various
Morrey spaces are defined in the process of study. Guliyev, Mizuhara and Nakai [6,21,23]
introduced generalized Morrey spaces M, ,(R") (see, also [7,8,25]). Komori and Shirai
[18] defined weighted Morrey spaces L, (w). Guliyev [9] gave a concept of the gener-
alized weighted Morrey spaces M), ,(R"™, w) which could be viewed as extension of both
M, »(R"™) and L,, ,,(w). In [9], the boundedness of the classical operators and their com-
mutators in spaces M, ,(R", w) was also studied, see also [13-17].
The spaces M, ,(R", w) defined by the norm

||f||Mp,¢(R”,w) = sup 90(5557‘)_1 w(B(x)T))_l/p ”fHLp(B(a:,r),w)v
z€R™,r>0

where the function ¢ is a positive measurable function on R™ x (0,00) and w is a non-
negative measurable function on R”.

Heisenberg groups, in discrete and continuous versions, appear in many parts of math-
ematics, including Fourier analysis, several complex variables, geometry, and topology. We
state some basic results about Heisenberg group. More detailed information can be found
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in [2-4] and the references therein. Let H,, be the 2n 4 1-dimensional Heisenberg group.
That is, H,, = C" x R, with multiplication

(z,t) - (w,s) = (z + w,t + s+ 2Im(z - w)),

n
where z - @ = Y zjw;. The inverse element of u = (z,t) isu™! = (—z, —t) and we write
j=1
the identity of H,, as 0 = (0,0). The Heisenberg group is a connected, simply connected
nilpotent Lie group. We define one-parameter dilations on H,, for » > 0, by 0,(z,t) =
(rz,7%t). These dilations are group automorphisms and the Jacobian determinant is <,
where () = 2n + 2 is the homogeneous dimension of H,,. A homogeneous norm on H,, is

given by
[(z,)] = (|2 +[¢) >,

With this norm, we define the Heisenberg ball centered at v = (z,¢) with radius r by
B(u,r) = {v € H,, : |[u='v| < r}, and we denote by B(u,2r) = {y € H,, : |u"'2v| < r}
the open ball centered at u, with radius 2r. The volume of the ball B(u,r) is CQT’Q, where
Cg is the volume of the unit ball 5(0, 1).

Using coordinates u = (z,t) = (x + iy, t) for points in H,,, the left-invariant vector

0 0
fields X, Y; and T on H,, equal to 8—% , a—yj and g at the origin are given by
0 0 0 0 0
Xi=—+42yj—, Yi=——-22;—, T=—
1o T Yigr T oy e T T aw

respectively. These 2n 4 1 vector fields form a basis for the Lie algebra of H,, with com-
mutation relations

[Yj, Xj] = 4T

for j =1, ..., n, and all other commutators equal to 0.
Let f € Llloc(Hn). The fractional integral operator I, is defined by

L= [ 1000y

where () is the homogeneous dimension of the Heisenberg group H,, and |B(u, )| is the
Haar measure of the H,,- ball B(u,r).

The operator I, play an important role in real and harmonic analysis and applications
(see, for example [2] and [3]).

In the present work, we study Spanne-Guliyev type boundedness of the operator I, on
the generalized weighted Morrey spaces, including weak versions. Also we study Spanne-
Guliyev type boundedness of the higher order commutator operator [b, I,]* on the general-
ized weighted Morrey spaces.

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A ~ B and say that A and B are
equivalent.
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2 Preliminaries and some lemmas

By a weight function, briefly weight, we mean a locally integrable function on H,, which
takes values in (O o0) almost everywhere. For a weight w and a measurable set E, we define
= [pw 5 W(x)dr, and denote the Lebesgue measure of £ by |E| and the characteristic
functlon of £ by XE-
If w is a weight function, we denote by L, ,,(H,,) the weighted Lebesgue space defined
by finiteness of the norm

B =

1ty = ([ 1F@Pe@av)” <o, if 1<p<s

n

and
[ f1 Lo (1) = €88 sup | f(uw)|w(u), if p=oo.

’U,EHn

We define the generalized weighed Morrey spaces as follows.

Definition 2.1 Let 1 < p < oo, ¢ be a positive measurable function on H,, x (0,00) and
w be non-negative measurable function on H,,. We denote by M, ,(H,,,w) = M, ,(w) the

generalized weighted Morrey space, the space of all functions f € Lloc ¢ (H,,) with finite
norm

1 fll2sy ) = SUD (p(uﬂd)ilw(B(uaT))ignf”Lp,w(B(u,r)))
u€Hy,,r>0

where Ly, ,(B(u,r)) denotes the weighted Ly-space of measurable functions f for which

1

1yt = X0t = (| 1f @IV 0))

Furthermore, by W M,, ,(w) we denote the weak generalized weighted Morrey space of
all functions f € WL;"Z)(H”) for which

_1
Ifllwaty o) = sup @(u,r) " w(Bu,m) "7 | fllwe, B < o0
u€Hy, ,r>0

where W Ly, ,(B(u, r)) denotes the weak Ly, .,-space of measurable functions f for which

1
1wz, By = 1 X5 lwi, ., = supt / w(w)dV (v))?
ro (B po i) ( {(veB(ur):| £ (v)|>t} )

t>0

We recall a weight function w is in the Muckenhoupt’s class Ap (H,), 1 <p < oo[l9],
if

[w]a, = Sup (W] 4, (B)

_ 1 W)~ Pl
—s%p<‘B|/Bw(u)d |B]/ v ( )) < 00, (2.1)

1 1

where the supremum is taken with respect to all the balls B and — + — = 1. Note that, for
p D

all balls B Holder’s inequality is

1 _1
[w]}, ) = 1Bl 1HwHL w w5 = 1. 22)
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Forp = 1, w € A;(H,) is defined by the condition Mw(u) < Cw(u) with [w]4, =

SUDyem,, A{u(é)) and for p = 00, Aso(Hy) = Ur<pcooAp(Hy) and [w]oe = infi<pcoo[w]a, .

A weight function w is in the Muckenhoupt-Wheeden class A, ,(H,), 1 < p,q < o0
[20], if

[w]a,, = sup[ ]

/q 1/p’
q p
sup ]B\ / dV ]B\ / dV )) < 00,

where the supremum is taken with respect to all the balls B and % + 1% = 1. Note that, for
all balls B Holder’s inequality is

1_1_ 4 _
(W4, )= |Bl? ¢ " |wllp,(Blw IHLP/(B) > 1. (2.3)
A weight function w is in the class A; 4(H,), 1 < ¢ < oo [20], if

[wlar, = suplwla, (5

1
. 1
w)4dV (u q ess sup —— ) < oo. 2.4)
\Br/ ) ueBpww))

We will use the following statement on the boundedness of the weighted Hardy operator

Hyg(t) := /tOO g(s)w(s)ds, Hyg(t):= /too <1 + ;) g(s)w(s)ds, 0<t< 0.

where w is a weight. The following theorem was proved in [10].

Theorem 2.1 [10] Let vy, vo and w be weights on (0, 00) and v1(t) be bounded outside a
neighborhood of the origin. The inequality

sup va(t) Hywg(t) < C supwvi(t) g(t)
t>0 t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0, c0) if and only if

o0

d

B := supvg(t)/ w(s) ds < 0.
t>0 t SUPg<r<o0 V1 (T)

Theorem 2.2 [9] Let vy, va and w be weights on (0, 00) and v1(t) be bounded outside a
neighborhood of the origin. The inequality

supva(t) Hiyg(t) < Csupwi (1) g(t)
t>0 t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0, 00) if and only if

o0

d

B :=supvs(t) / In (1+ f) wis)ds < 00.
>0 t t7 Supg ;<o v1(T)
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3 Fractional integral operator in the spaces M, , (H,,, w)

The following Guliyev weighted local estimates are valid (see [5,9]).
Theorem 3.1 Let 1 <p<q<oo,0<a<% L=1_2 andwe A, (H,). Then, for
l<p<g< % the inequality

1 [ _1dt
Haf WLy wa (B S (W(B(u,r))) / 12, (B (W (B(u, 8))) 0 —

holds for any boll B(u,r) and for all f € Lé‘jfu (H,,).
Moreover, for p = 1 the inequality

1 [ _1dt
”Iaf||WLq7wq(B(u,r))S(wq(B(uvr)))q/ A1 2 (Bt (W (Blu, ) e~ B-1)

holds for any boll B(u,r) and for all f € LllofU(Hn)

Proof. Let 1 < p < ¢ <o0,0<a<¥,
u € Hy, set B = B(u,r), 2B = B(u,2r).
We present f as

f=rli+fos filv) = F(v)x2B(v), fa(v) = f(v)x(app(v), 7>0, (3.2)

and have

— o> and w € Ay ¢(Hy). For arbitrary

S

1
q

Hafllz, weB) < Hafillz, woB) T Hatollz, vo(B)-
Since f1 € Ly e (i,)> Lo f1 € Lgwa(H,) and from the boundedness of 1, from Ly, ,,» (H,)
to Ly e (Hy,) (see [1,24]) it follows that

HafillL, o) < HafillL, o < CllfillL, e = ClflL, »eB);

where the constant C' > 0 does not depend on f.
It is clear that z € B, v € (2B)C implies Flumt| < [z7 1] < 3uto|. We get

Tfa(a)] <20 | Oy,

(2p)t [u~lv|@—

By the Fubini’s theorem we have

[ om0 = [ pl([7 gt )ave)

- /200 (/2T<|u_1v|<t @)V (v)) t@r%dt

r

<[ ([, verave)gh=

,
By applying Holder’s inequality, we get

10 e [ L i
/(23)3 |U71'U|Qfa dV(U) ~ - HfHprp(B(u,t))Hw HLP/(B(u,t))tQJrl,a

o _1dt
S [0ty (0 B )5

T
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Moreover, for all p € [1, 00),

Q|

&° _idt
o follL, a(B) S w(B) /2 1112, o (B (W (B, 1)) 0 (3.3)

T

Thus

Sy a) S 1 i (25)
1 [ _1dt
W B [ 1 om0 (Bl )0 T

2r

On the other hand, since, w € Ap7q(]I-]In), by the Holder’s inequality

1 _ a_q 1 _
wla,, > [Blra 'wi(B) uw e, = 1BIR w(B)illw ™ L, 5 > 1.

Then
1_,
11 o = BI85, em [ s
_a dt
<|B|' Q/2 £z, 0 (B( B(ut) 011 -a
< ot i > dt
Swi(B)d||lw ||Lp,(B) . ”fHLp,wp(B(u,t))m
1 [ _ dt
S wq(B)q/ ||f||Lp’wp(B(u,t))Hw IHLP/(B(u,t))W
< armt . —odt
<l (B) [ 1y ooy (0B ) T G4
Thus

1 —gdt
ey S 0 B)E [ 1, ouan (9B ) -

T

Let p = 1. Since, w € A; 4(H,,), by the Holder’s inequality

1 _ a_ 1 _
[w]A,., > |B|r 0 wd(B) 1 ||w Uiwm = 1Bl wi(B)a w1 ) > 1.

Then from the boundedness of 1, from L » (H,,) to W L e (Hy,) (see [1,24]) it follows
that

Hafillwe, s < Hafillwig o S il = 11,28

SIBPS [l oo gt 65
§wq(B)%Hw71HLOO(B) /Zr ”fHLl,w(B(u,t))th%

< wi(B)s /Too HfHLLw(B(u,t))Hw_luLOO(B(u,t))th%a
B [ 15w (0B 0)
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Since
Hafollwr, voB) < HafollL, o(B):

then

Q=

o _1dt
Mo el S 0B) [ 151 o @ (Bl E 36

Thus, from (3.5) and (3.6) it follows that

,%gé

1 )
a1 o) S 0B [ 181, aay (7Bl 0) -

T

For the operator I, the following Spanne-Guliyev type result on the space M, ,(w) is
valid.

Theorem 3.2 Let 1 <p<qg<oo 0<a<
satisfy the condition

,w € Ay (Hy), and (o1, p2)

>

= |0

Q=
Qe

1
p

fs<eo — < Copa(u,r) (3.7)

oo ess inf 1 (u, s)(wP B((u, 5)))1/p dt
/T (w1(B(u,t)))Ya t

where C does not depend on u and r. Then the operator I, is bounded from M, , (wP) to
Mgy o, (w?) for p > 1 and from M ,, (w) to W Mgy o, (w?) for p = 1. Moreover, for p > 1

Mo f1 0y (w) S N F1 010, (wp)s

and forp =1
Lo flwaty ey S NFlIas ) (w)-

Proof. Using the Theorem 2.1 and the Theorem 3.1 for p > 1 we get

_1
Mafllaty ppwny = S0P @a(u, ) w(B(u, )" Lol (B

< o [= q _1dt
S osup  wa(u,r) 1L, op (Buty) (W (B(u, 1)) By
u€H, ,r>0 r

1
S sup @i(u, ) (WP (B(u, 1)) P fllz, By = 111y, (wr)

u€H, ,r>0
and forp =1
_1
Hafllwty oy = sup @(u,m) " w(B(u, )" 4 | LafllL, . (Bur)
u€H,, ,r>0
1 [ p _idt
S sup  pa(u,r) A1 s o (Bawtyy (W (B(u, 8))) 0 —
u€H,, ,r>0 r

S osup @a(u, ) P (Bu, )l By = 1y, w)-
u€Hy,,r>0

Remark 3.1 Note that, in the case w = 1, Theorems 3.1 and 3.2 were proved in [11], see
also [5,12].
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4 Higher order commutators of fractional integral operators in the spaces
My, o (Hp, w)

Given a function b locally integrable on R™ and the operator I,, we consider the linear
commutator [b, I,,] defined by setting, for smooth, compactly supported functions f,

[ba Ia](f) = bIa(f) - Ia(bf)'
We recall the definition of the space of BMO(H,,).
Definition 4.1 Suppose that b € L'°°(H,,), and let

1
bll« = sup / b(v) — b |dV (v) < oo,
|| || |B(U,T)| B(u,r)| ( ) B(u, )| ( )

u€Hy,,r>0
where
1
by = / b(v)dV (v).
() |B(’LL, 7ﬁ)| B(u,r)
Define
BMO(H,) = {b e L°(H,) : ||b]. < oo}
Modulo constants, the space BM O(H,,) is a Banach space with respect to the norm || - ||
Lemma 4.1 [20] Let w € Aw.. Then the norm || - || is equivalent to the norm
1
bllsw = sup / b(v) —b w(y) dV (v),
Bl = s gy o 0 bl w) V)
where

1
bB(u,r),w = W \/B(u’r) b(U) U}(’U) dV(U)

The following lemma is proved in [9].

Lemma 4.2

1 Letw € A, and b € BMO(H,,). Letalso 1 < p < oo, u € Hy,, k > 0 and r1,79 > 0.
Then,

1 kp % 1\ * k
N YIEYY - < 1 In —
(w(B(u,rl)) /B(um‘b(”) bB(w,rs),w] W(U>dV(v)> _C( +( nrg) 1113,

where C' > 0 is independent of f, w, u, r1 and ro.
2 Letw € Apandb € BMO(H,,). Letalso 1 < p < oo, u € Hy, kK > 0and 1,72 > 0.
Then,

|~

1 / /
— b(v) — b kP 7'q ’
(w_p/(B<’UJ7 7’1)) /B(u,rl) | (U) B(u’r2)7w| W(U) V(U))

<of1+ (mg\)kl!b\lfi,

where C > 0 is independent of b, w, u, 71 and 7.

The following lemma is valid.
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Remark 4.1 [3,26] (1) Letb € BMO(H,,). Then

1 P
bll« & sup / b(v) — by |PdV (v 4.1)
H H u€H,,r>0 <‘B(’LL, T)| B(u,r) | ( ) Bl )| ( )>

forl < p < .
(2) Letb e BMO(H,,). Then there is a constant C' > 0 such that

=

‘bB(u,r) — bB(u,T)‘ < CHbH* log; for 0 < 2r < 7, 4.2)

where C' is independent of f, u, r and 7.

For thekth order commutator of the fractional integral operator [b, I, a]k (see [12])

botelt 70 = [ )~ D v

the following Guliyev weighted local estimates are valid (see [9, 12]).

b € BMO(H,,), and

Theorem4.1Let1<p<q<oo,0<a<%,%:% %
w € Ay, o(Hy,). Then the inequality

k
16: La]" Fll L, o (B(ur))

1 [ t _1dt
S Pl Br)t [ (e Y 18 o e (Bl 0) 5

r

holds for any ball B(u,r) and for all f € Lé‘jfup (H,,).

Proof. Let 1 <p<g<oo,0<a<@9i=1_2%cBMOM,) andw e Ap4(H,).
For arbitrary u € H,,, set B = B(u, r) for the ball centered at v and of radius . We present
fas f=fi+ fawith f = fxop and f2 = fX(,pc- Hence,

116, L) FllL, o) S N0 Tal* Fillz, sy + 116 1" fall L, a(B)-
From the boundedness of [b, I,]* from Ly e (Hy,) to Lg e (Hy,) (see [1,24]) it follows that:
1, 1) fill 2, o B) < 1103 Tal* fill Ly @) S IOIE 1AL, o) = 101 1 £l 0 2B)-

For z € B we have

|b(v) —b(2)|*
Hb,Ia]ku(Z” S /Hn Wlfz(v)\dV(v) %/

(2B)¢

[b(v) — b(2)|*

u o[

£ (w)[dV (v),
because for z € B and v € (2B)° the following inequalities 1 [u"v| < |270| < 3|u"v)|

holds.
Then,

0 2o £l i 5

B

(L, i) urave)

+</B ( /M W\f<v>|dv<u>)"wq<z>dv<z>)i L+l

Q=

( /(QB)C Ib(v) = b2)I*, SV w2 (2)

|u—1ly|@—a

S

N
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Using Fubini’s theorem let us estimate I; as follows

1 V) — w k
n=wo)t [ W!ﬂv)\d‘/(v)

~ (w(B)): / b0) = b0l 150)] eV
; dt
[ /BW) 0) = biult17 0 )\de)m.

Applying Fubini’s theorem, Holder’s inequality and the second part of Lemma 4.2 we
get

1 o0 / W i/ dt
I < (wi(B))« /% (/B(u ) |b(v) — bB(u,r),w\kp w(v)? dV(v)>p ||f”Lp,wp(B(u,t))tQ,7a+1
& 1 [ et 1 dt
S BN [ (1105 D) ey 00 1 0 70

1 [ t _1dt
S Folay BB [ 10 (e D)y (0B, )4 -

In order to estimate I we get
14 /()|
= / b(z) — b [T (2)aV () ) / ON ),
B b (2B)8 |ulv]@=
According to the second part of Lemma 4.2, we get

I < bl]f (w(B))* /@B) Oy,

¢ ju—ly|Q-a

Applying Fubini’s theorem and Holder’s inequality gives

s [ @
/(2B)E ‘U_1U|Q_O‘ dV(U) ~ 9 ”fHLp,wp(B(uyt)) Hw HL B(u,t)) 1Q—at1

S /; 1Nz o Bty (W (Bw, 1)) "8 . (43)
So, by (4.3)
B S I [ 151, ot (B 0) 7 -
Summing I; and I, for all p € (1, 00) we get
1B, Ia)* f2ll 2, () S IIDIE (w?(B))
[0 (et D) 15 o (0B )5

r

Q=

(4.4)

Finally,
10, L] Iz, 8y = IBIEN N L, o 2B)

1 [ t _1dt

BB [t (e D)1, o (Bl )G

and the statement of Theorem 4.1 follows by (3.4).
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For the operator [b, I,]* the following Spanne-Guliyev type result on the space M, ,(w) is
valid.

Theoremd4.2 Let 1 < p < ¢ < 00, 0 < a < %, % = %—%,w € A, (Hy), b €
BMO(H,,) and (1, @2) satisfy the condition
inf (B 1/p
oolnk (e+ E) ?Eiélgo @1(“7 5)(w ( (uv 8))) @ < C(p2(u 7«) @.5)
r r (w(B(u,1)))"/4 t ~ o '

where C does not depend on u and r. Then the operator [b, 1,)* is bounded from My, o, (wP)
to My o, (w?). Moreover,

110, Za]* F 1ty g )y S OIS N ay g, o)

Proof. Using the Theorem 2.2 and the Theorem 4.1 we have

k k -
A T I 1 ORO
u€H,, ,r>0

o ¢ _1dt
x/r In <€+;)HfHprwp(B(u,t))(wq(B(uvt))) ‘17

_1
S lIoll¥ EI§Hup>0<p1(u,7“)_1(10”(19(%7“))) PN Fll, (B

= 1Bty -

Remark 4.2 Note that, in the case w = 1 and k = 1, Theorems 4.1 and 4.2 were proved in
[12].
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