Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci.
Mathematics, 39 (4), 96-106 (2019).

Unique weak solvability of the first boundary value problem for a
Hilbarg-Serrin parabolic equation in non-cylindrical domains

Nazim J. Jafarov *

Received: 06.12.2018 / Revised: 21.08.2019 / Accepted: 03.11.2019

Abstract. The first boundary value problem for a Hilbarg-Serrin parabolic equation is considered in the
paper. Its unique weak solvability in corresponding weight spaces of Sobolev is established.
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1 Introduction.

Let GG be a bounded n-dimensional domain containing the origin of coordinates. Consider
in G the first boundary-value problem for the Hilbarg-Serrin equation

1,j=1 |g|? Oz;0x;

(1.1)

Au+ A0 8 0 ) g e G,
uloc =0,

where A > —1 is a constant. The problems of a weak and strong solvability of the prob-
lem (1.1) in corresponding Sobolev weight spaces have been studied in [1-3]. The goal of
this work is the obtaining of analogies of these results concerning the weak solvability for
the case of Hilbarg-Serrin parabolic equation in the so-called P-domains. Note that in the
general case, the Hilbarg-Serrin parabolic equation doesn’t satisfy the parabolic condition
by Cardes [4]. As to the problem of solvability of boundary value problems for general
parabolic equations of second order, we shall indicate them in monographs [5-6].

2 Notations, definitions and subsidiary statements

Mention the notations and definitions used in this paper.
Let R, be an n-dimensional Euclidean space of points x = (z1,...,2,), D be a
bounded domain in R,, with boundary 0D, moreover 0 € D. By R,,;1 we denote (n + 1)-
dimensional Euclidean space of points (x,t) = (21, ..., Zn, 1),

R, =Ry N{(z,t): t <0} .
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Wecall Q C R, 1, the domain of paraboloid type (or P-domain), ([7]) if its section
with any hyper-plane of ¢ = 7(7 < 0) has the form:

{x:Q\%eD}.

Let
Qr=QN{(z,t): -T <t <0}, Sp=0QN{(x,t): =T <t <0},

Dr=Qn{(e.t):t =T},

I'(Qr) be a parabolic boundary of the domain Q7 ([8]).
Consider a parabolic operator with a coefficient determined on Q7

“ .CCZ‘.CU]‘ 82 8
L=A+ ) . - = 2.1
A H—t) dz0z; ot @1
4,7=1
where A is a Laplace operator, A is a numerical parameter that satisfies the condition
1
7 <A< oo, (2.2)
d=suply| .
yeD

Note that the condition (2.2) is not otherwise than a condition of uniform parabolicity of the
operator L on the domain Q) .
By the analogy with elliptic case we shall call the operator L the Hilberg-Serrin operator.

. . 2
The symbols u; , u;; everywhere denote the derivatives g—; and az ;xj y Up = (UL, ey Up) ;

n n
_ R . 2 _ E 2. 2 _ E 2
uﬁUfE_(uZJ)a Zaj_lana Uy = Uy 5 Ugpy = uz_]
i=1 3,7=1

Let a numerical number + satisfy the condition:

2(y_ 1
= (n (A=) + 2 +oo> , (2.3)

8 )

C5°(Qr) is a space of all infinitely differentiable functions with a compact support in Q7 .

Ay (Qr)
be a space of infinitely differentiable finite functions in ()7, for which the integral

/(—t)7_1u2d:ndt
Qr
is finite. Lo ~(Q7) is a class of measurable functions u(x, t) given in Q7 with a finite norm
1/2

Jull gy = | [ (-t7uPdzat |
Qr
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W21 ’;)(QT) is a class of measurable functions u(z,t) given in Q7 with a finite norm

1/2

s = | [ 072+ ot |
Qr

01,0
WZKY(

Qr) is a closed subspace of ng}?(QT), where A°(Qr) is a dense set.
1,1
W2,'y (Q

7) is a class of measurable functions u(z, t), given in Q7 with a finite norm
1/2

lullwgaign = | [ 0702+ + o |
Qr

01,1
Wo 7(QT) is a closed subspace of I/V2 o Y(Qr), where AP (Qr) is a dense set.
In the domain ()7 we consider the first boundary value problem

i 9?2
{LU_AU‘F)\Z/LJ 1::]:]) 8$1781;‘J f+zk 18$k’

2.4)
u ‘F (Qr) — 0

where f € Lz, (Qr), "€ L2y (Qr), k=T,n.
Definition 2. 1 Under the weak solution of Hilbarg-Serrin equation with a right hand

side [+ 1 5= we shall understand such a function u(x,t) € VV21 3 (Qr) that satisfies
the integral tdentlty

/ (—t) ut)ydwdt — / (—t) Zn: (5ij + AZ{%) 9ujdzdt

QT Qr hi=1

+/\(n+1)/(—t)7 :ﬁ Yiu dxdt
QT =1

A 1
+”(Z+) / (—t)"Luddadt — ~ / (—t)""udadt

Qr Qr

= / (—t) fodxdt — / (—t)Vzn: R dedt (2.5)

Qr Qr k=1

for any 9(,1) € W (@r).

Clarify briefly the derlvatlon principle of (2.5). For this, it is necessary to cut off the
domain ()7 from above by a hyperplane ¢ = —¢ for sufficiently small positive € and write
the Hilbarg-Serrin operator in the form of a sum of a divergent part and small terms. Then,
the equation is considered in the layer Q7. = Qr\Q, and both parts of the equation are
multiplied by the function (—t)" - ¥(x,t), where 6 € AF°(Qr) and they vanish near the
parabolic boundary I'(Qr ). Integrating both sides of the equation with respect to Q7.
and using Ostrogodsky’s formula we are led to expressions that uniformly depend on €.

Tending € to zero we derive the integral identity (2.5).
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3 Fridrichs type inequality

01,1
Let Qr be a domain described above and u(z,t) € W (Qr). Then it is valid the inequal-

ity
/(—t)7u2(x,t)dxdt <C- /(—t)”ui(x,t)dxdt, (3.1)
Qr Qr

where a constant C' > 0 depends only on the domain Q.
Proof. Since the domain Q)7 is bounded, then there exists a parallelepiped

K={(z,t): ~-R<z; <R, -T <t <0}

inside of which we can arrange Q7. Let u(z,t) € A5°(Qr). Continue the function u(z,t)

by zero in K.
We have
T 1
u(t,ry,2") = u(t,—R,2') + /ul(t,y,x’)dy = /ul(t,y,x/)dy,
-R -R
where ' = (xg, ..., xp).
Thus,
1 2 1
u?(t,zq,2') = /ul(t,y,x/)dy <2R / uldy . (3.2)
—-R

Multiply the both sides of the latter inequality by (—t)” and integrate with respect to the
domain K. Since in K\Qr u = 0, we get

x]

/(—t)’YUdedt < QR/(—t)V/uf(t, y, 2’ )dydxdt

Qr Qr R
R R O R
SQR/ // 'Y/u (t,y, 2" )dydzdt
—-R —R-T —R
R
=2R / dy / (—t) uldxdt = AR? / (—t) uldzdt . (3.3)
-R  Qr Qr

(3.1) is obtained from (3.3) with the help of the passage to the limit.

4 Main a priori estimate

By deriving the main a priori estimate we use the same scheme as in deriving the main
integral identity.

Let Q. have the same meaning that above, but A7°(Q7,) be a totality of all functions
from A3°(Qr), vanishing near the parabolic boundary I'(Q7). It is easy to see

Lu—Au—i—/\Z (xlxi)uj)—)\(n—l—l)zll(ar_jt)uj—ut. 4.1

2,j=1 7=1
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For any function u(z,t) € Ay°(Qr,.) we have

- / (—t)"uLuddt = — / (o) ududadt 2 / (xﬂjj)uj)'da:dt

zgl

QT,E QT,E

~udzdt + /( t) u - updxdt

A-(n+1) (—t)7

QT,E
= Jl,z—: + JQ,E + J3,€ + J4,€ . (4-2)
On the other hand,
Jie=— / (—t) "uAudxdt = — / (—t)Y Zu - ugdrdt
QT,E QT,E =1
= / (—t)" Z uidrdt = / (—t) uldzdt; (4.3)
QT,S =1 QT,E

TiT xlx
Joe=—A\ Z / ( _Z)uj> dxdt = A Z / J ulu]d$dt

INES IQT INES 1

“4.4)
J3e=An+1) Z/ u]udxdt
1) - 1 2
_ n+ Z/ 2)jdxdt:M /(—t)Wudxdt;
2 4(—t)
J= 1QT€ QT,E
4.5)
1
y— / (=) wwdwdt = 3 / (=) (u?)sdzdt . (4.6)

QT,E QT,E

Briefly we can transform (4.6). We have
d
/ () (u2)edadt = / (1) dndt - / (—t)), - w2dedt. @7
QT,E QT,E QT,E

We estimate the integral [ < ((—t)Yu?) dzdt .
QT,&
To this end, arrange the layer Q7. in a parallelepiped D x (=T, ¢) and continue the
function (—t)Yu? by zero to this parallepiped. Denote a new function by F (¢, x). Then

d d
/ i ((—t)"u?) dzdt| = / o F(t,z)dxdt| = // F(t,z)dxdt

T,e Tx(=T,e) T Dr



N.J. Jafarov 101

_ / Fl—c,2)dz — / F(-~T, 2)da| ,
7. Dr

where P is an upper edge of the parallelepiped, and P. D D, .
We see from the construction of F'(¢, x) that

/F(—T,:U)da:—(),
Dt

/F(e,x)dm = /(5)7(u2) lt=—c dx| < |(—€)7]- sup |u2}-mesnD5 =o(e), € = 0+.

x€D,.

PE €

After transforming (4.7) we finally arrive at the expression

Jie = % / (—t)"u?dzdt + o(e), € =0+ . (4.8)

QT,E
In (4.2) we consider (4.3), (4.4), (4.5), (4.8). We get

- /(—t)”uLud:ndt: /( ) uidrdt + X\ Z / %x] uiujd:vdt

Qr,e Qr,c b= 1QT

2
‘M(nzﬂ) / (—t>”’ﬁdxdt+% / (=) uPdedt + o(e), €= 0+. (4.9

QT,E QTA,S
We pass to the limit for ¢ — 0+ and write the obtained expression in the form

) | [Vul® + A uzu dxdt
(—1) J
QT,E J 1
A 1) —4 2
_nlntl) =4 / (—t) - dadt — / (—t) uLudzdt . 4.10)
2 4(—t)
Qr Qr
We see from (4.10) that for
An(n +1
v > ( 1 ) , “4.11)
/(—t )Rl K7D Z uiuj drdt < — /(—t)”uLud:vdt. (4.12)

Or 1,j= 1 Qr
At W > 0 for any €; > 0 we have

2

_Z/ 2\/7 2Fu widedt = /(_t)vél(—t)dxdt

QT
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1 "z
_ —£) T s ) 4.1
+2€1/( t) Z 4(_t)uzujdmdt (4.13)
Qr hi=1
On the other hand,
—Z/ 2\/7 2ru uidxdt = —Z/ )( 3);dxdt
- n/(—t)V“2 dxdt (4.14)
=5 = xdt . .
Qr

From (4.13) and (4.14) we get

n—eq 1 - TiT;
—t dxdt < —t)7 E ) yuidadt . 4.15
2 /( >4<—>$ 251/( V2L gyt 19
Qr Qr =1

For g1 = 5, from (4.15) it follows

/( )7 ( dl’dt / t)ulu]da:dt (4.16)

Qr

Taking into account (4.16) in (4.10), we conclude

2An(n +1) — 8y
/(—t ) [ w2+ A Z uzuj dzdt < >
Qr L= 1
X /(—t)7 :Eljji) ujujdxdt — /(—t)”uLudwdt. (4.17)
Qr L=t Qr

We solve the inequality

2xn(n+1) — 87 1

— 4+ A,
n? d2 +
and obtain )
2
n (A — 5) +2An
N> ( Cg) =. (4.18)
On the other hand, v < W = ~9. Hence we see that for A > ——5 71 < 7. Return to

(4.12). As we had shown above (4.12) is satisfied when

An(n+1)
> — =
1=y
But
n n 2
T x
A iy =2 ) —u; | . 4.19
ij=1 4(_t)u Y (i:l 2v = ) 9
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If A > 0, then

n 2
T
A <ZE:1 2\/thl) >0. (4.20)

Butif —7; < A < 0, then
n 2
.
A § ;| > A2 421
<i:1 2y _tu ) a . ( :

From (4.20) and (4.21) we get that there exists € > 0 such that

€2 / (—t) uldxdt < — / (—t)"u Ludxdt . (4.22)
Qr Qr

n2 (A= )42xn
Return to the case when y € ( d82 ) ; ’\”(ZH) > . As we had shown above in this

case (4.17) is fulfilled.

Then there exists €3 > 0 such that
obtain from (4.17)

2/\’"0(”2?¢<diz4_)\—2—3,O<<€3<1.Thenwe

1\ & 15
/ (—t) | w2+ (23 - d2> 3 %uiuj dedt < — / (—t)%u Ludzdt.  (4.23)
Qr hi=1 Qr

We get from (4.17) and Fridrichs type inequality that there exists such a positive constant
€4 that
€4 /(—t)wugdxdt < - /(—t)'yu Ludzxdt . (4.24)
Qr Qr

Thus, we arrive at the main a priori estimate which we formulate in the form of a theo-
rem.

Theorem 4.1 Let Q7 — P be a domain, D be its basis, moreover O € D and ~ €

n? ()\— d%) +2Xn . .
€ | ——§~——; +00o |. Then for the Hilbarg-Serrin operator on Qr and for any func-
o 1,0
tion u(x,t) € Wy, (Q) there exists such a constant C > 0 not depending on the choice

ol
u € Wy, (Qr) that it is valid the inequality

lullwy_@r) < ClILullL, (@r) - (4.25)
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5 Unique solvability of the first boundary value problem

n? ()\7 %) +2n
Theorem 5.1. Lety € | ——5F——; . Then the problem (2.4) is uniquely solv-

61,0
able in the space W ., (Qr).

Proof. First we prove the existence of the solution. Assume again Q7. = Qr\Q., €€
(0,7). Let D, C D, Dy, — D as h — 0 and domains Dj, have sufficiently smooth
boundaries. Moreover, we smooth the functions f*, k = 1, n and f which are in right-hand
side of (2.4). We denote the smoothed functions by f*# and f*, where y > 0.

Let Q7 — P be a domain with a basis Dy, Q’}p,a = Qf}\@?, assume € > 0 and h —
0, p > 0. Consider the problem (2.4) in the domain Q%E. It is known that this problem has

. . —h
a unique solution uM* € C> (QTﬁ). We have

Tily o) — o -~ of*
Au+/\zaxz((_t)u])i )\(n—i_l);zl(—t)uz ut_f—i_;(‘)xk’ 5.1

l]_

where we omit the indices u? *# for the reduction of notations.
We multiply the both sides of (5.1) by (—t)Yu(¢, ) and integrate with respect to the
domain Q%E. We get

/ (—t) A - uddt + A / (—t)"u zn: 0 <”J uj> dadt — An +1)

1 83:1 4(—t)
Q. Q. o
/ Z uzu dxdt — / (—=t)"u - ugdadt = / (=t)"f - udzxdt
Qk.. - @k Qh.
/ Z Wu dadt . (5.2)
X
QT&
Further we have
A(n+1) —4)
) _ AT ) T EA
/( 7 | us —i—)\z uzu] dxdt 5
Q.. =
Y
—t)7 - dxdt
X /( ) = xdt + o(e)
Q.
= /(—t)“’ka-ukdxdt— /(—t)”f-ud;ndt, e—=0+. (5.3)
Q% = Q%

Assume h > 0, p > 0 and pass to the limit for ¢ — 0. Denote a limit function by
mA(t, )
U ,T).
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Let % < 0,ie. v > w Then, the second integral at the hand side of
(5.3) is positive. Besides, if A > 0, then

)\Z Zuzu]_O.

But if—di2 < A <0, then

)\Z uj > Nd*u2 .

xT

Let w > 0,ie. v < w Then

nn — u2
An( +21) 47/(—t)7-4(_t)dxdt

%

< 2\ n(n +21) — 8y /(_t)"/ Z 4$(i£;)ulujdl‘dt 5.4

n
QF

2( A=z ) +2A
Note that for v € (n ( d82) "; An(gﬂ))’

22n(n+1)—8y 1 1
= <HTA- 5 (5.5)

where 0 < p < 1.
We consider (5.4), (5.5) in (5.3) and get

/(—t)”’ us —|—M;1 Z 4aéfz)uzuj d:cdt</ (Zfl u; — fu> dxdt .

i,j=1 i=1
Qh I Qh

(5.6)
Since ” L <0, then

n
pw—1 TiTj 9
2 § : 4(Z Z)uluj > (n—1) [Vul
i,j=1

Taking (3.7) into account in (3.6), we deduce

T /( )7u2dacdt < / <Z IRy, — > dxdt . 5.7

QL Q.

If we estimate the right hand side of (5.7) in a standard way and use the Frederichs type
inequality, we deduce
HUWH M, (5.8)

Wy (Qh)
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where a constant M doesn’t depend on u™*. Continue the function u™* by zero in QT\Q%
01,0
It is obvious that the continued function will be an element of the space W, ., (Qr) and

01,0
the estimate (5.8) is valid in the norm W, (Qr). Hence it follows that there exist such

sequences ji; — 0, h,, — 0 for k — oo, m — oo that um#* tends to some function
0

; 1,
u € I/f/QW(QT) weakly in I/(IJ/QW(QT). It is easy to see that the function u(z, t) is the solution
of the problem (2.4).
To prove the uniqueness of the solution it is sufficient to use the procedure in proving
the existence of the solution with small alternations and to obtain the estimate

k
lullypoigp <€ (IIfIILM(QT) + ; Hf ‘ LM(QT))

with a constant C' not depending on a function w.
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