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Abstract. The Schrodinger equation with a linearly growing potential is considered. Using transforma-
tion operators, we obtain representations of solutions of this equation with conditions at infinity. Estimates
for the kernels of the transformation operators are obtained.
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1 Introduction

In many aspects of the theory of inverse problems of spectral analysis, an important role
is played by so-called transformation operators (see [8], [10] and the references therein).
These operators arose from the general ideas of the theory of generalized shift operators
created by Delsarte [3]. For arbitrary SturmLiouville equations, transformation operators
were constructed by Povzner [10]. Marchenko [8] used transformation operators for study-
ing inverse spectral problems and the asymptotic behavior of the spectral function of the
singular SturmLiouville operator. Levin [7] introduced transformation operators of a new
form that preserve the asymptotic expansions of solutions at infinity. Marchenko [8] used
them to solve the inverse problem of scattering theory. Similar problems for the Schrodinger
equation with unbounded potentials were considered in [2], [4], [9], [12].

We consider the differential equation

4"+ |zly + q(x)y = Ay, —0o <z <00, A € C. (1.1)

where the real potential ¢(z) satisfies the conditions

o

q(z) € C(—o0,+00), / |zq(z)|dx < oo. (1.2)

—00

In the present paper, using transformation operators, we obtain representations of solu-
tions of this equation with conditions at infinity. The results obtained can be used to solve
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inverse spectral problems for an equation (1.1). Note that for x > 0, equation (1.1) turns
into the one-dimensional Stark equation. Some questions of the spectral theory of the one-
dimensional Stark equation were studied in [5], [6], [9].

2 The transformation operators
In what follows, we deal with special functions satisfying the Airy equation
-y + 2y =0.

It is well known (e.g., see [12]) that this equation has two linearly independent solutions
Ai(z) and Bi(z) with the initial conditions

1 Lo

Oy Y ey
1 30

Bi(0) = ——— Bi' (0) = .
0 350 (2) ey

The Wronskian { Ai(z), Bi(z)} of these functions satisfies

{Ai(z2), Bi(2)} = Ai(2)Bi'(z) — Ai'(2)Bi(z) = n '

Both functions are entire functions of order 2 5 and type . We have (see [1]) asymptotic
equalities for |z| — oo

Ai(z) ~mT2r e S [1+0 (¢ )] ,|arg z| < m,

Ai(—=2z) ~ 732 % sin <C + %) [1 +0 (Cil)] ,|larg z| < 2%,

Bi(z) ~ 7216 [1+0 (¢, |arg 2| < %,
2m

Bi(—z) ~ 772271 cos (C + Z) [1+0(¢)], |arg 2| < 5

where ( = %z% In what follows we will need special solutions of the unperturbed equation
—y" + x|y = Ny, —c0 < & < 00, X € C. 2.1

Lemma 2.1 For any A from the complex plane, equation (2.1) has solutions 1 (x, \) in
the form
Ai(x—)N),z >0,
Yy(x,N) =< —m (Ai (=) Bz( )\))'Az
21 Ai (=) Ai' (—=\) Bi (—

(—x—A)— 2.2)
x—A),x <0,

—m (Ai (=) Bi (=\)) Ai (x — \) —
Y_(x,\) =< —2wAi (=) Ai' (=\)Bi(x —\),z >0, (2.3)
Ai(—z —N),z <0.
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Proof. Obviously, when = > 0 one of the solutions of equation (2.1) is function Ai(z — \).
On the other hand, for z < 0 any solution of equation (2.1) can be represented as

adi(—x — X) + BBi(—x — ).
If we glue these solutions at a point x = 0, we get
a = —m(Ai(=N)Bi(=\)), B = =2 Ai(=)\) Ai'(=)).

Thus, formula (2.2) is established. Formula (2.3) is derived similarly.
The lemma is proved.
We shall use the following notation

+oo
o () :i/ |—t+ |t + q(t)|dt.

In the following theorem the representation of solution from the equation (1.1) is found
by means of transformation operator.

Theorem 2.1 [fthe potential q(x) satisfies conditions (1.2), then for any A from the complex
plane equation (1.1) has a solution f(x, \) that can be represented in the form

Filw ) = vs @) + [ Koot Nt 4
where kernel K (x,t) is continuous function and satisfies relations
T+t
K+(1:,t)—0(0+< . )),a:—i—t—)oo, (2.5)
1 (e}
Kelaa) =5 [ (= t+ gt 2.6)

Proof. We rewrite the perturbed equation (1.1) in the form
—y" + 2y + Q(x)y = My, —o0 < x < 00. 2.7)

where Q(z) = |x| —z+q(x). Obviously, the Q(x) function for all z > a,a > —oo satisfies
the condition

Q € C(—o0,+00), /00 |z Q(z)|dr < 0. (2.8)

a

Let f(x, \) be solution of equation (2.7) with the asymptotic behavior
f+($a )‘) = fo(l‘,)\) (1 + 0(1)) » T — 00,

where fo(z, A) = Ai(x — A). Subject to the conditions (2.8), such solution exist, is deter-
mined uniquely by its asymptotic behavior. With the aid of operator transformations, we
have the representation

Fo(@\) = fola,\) + / T K () ot Nt (2.9)

Moreover, the kernel K (x,t) is a continuous function and satisfies the following relations

K(x,t):O<a+ (x;—t>),x+t—>oo, (2.10)
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:;/OOQ(t)dt. 2.11)

In addition, rewriting the unperturbed equation (2.1) in the form

—y" + 2y + Qo(z)y =Ny, —o0 <1 < o0,

where Qo(z) = |z| — =, we obtain

wﬂmM—hmM+/m%mﬁthﬁ

Moreover, in this case, Ko(x,t) satisfies the identity Ko(x,t) = 0,2 > 0. From the
well-known properties of the transformation operators it follows that (see [8]) the function
fo(z, A) also admits the representation

fole.N) = 0s@ )+ [ Rola o (. Vi @12
where the kernels Ko (z,t), Ko(z, t) are connected by the equality
Ko(z,t) + Ko(z,t) + /t Ko (z,u)Ko (u,t) du = 0. (2.13)
x
Substituting the expression (2.12) from the fo(z, A) in (2.8), we get

Fr@N) = o) + [ K (0, 8) [0 (62) + 7 Ko (t.0) o (u,A) du]d =
=Yp (2, A) + [°K(z, )y (6, N)dt + [ K(x,t) [ Ko (t,u) 4 (u, A) dudt =
= (2, ) + [ K (@, )y (Nt + [ ( JUK (2, u) Ko (u, 1) du) Do (L, N)dt.
Setting
Ky(z,t) = K(z,t) / K (z,u)Ko (u,t) du, (2.14)

one can recast the last relation in the form
f—l—(x?)‘) _¢+($,)\)+/ K+(9C7t)"¢+(ta A)dt

Formula (2.5) is a straightforward consequence of (2.10), (2.13), (2.14). Taking ¢ = x in
the equality (2.14), we find that Ky (x,t) = K(x,t). Whence, by virtue of (2.11), formula
(2.6) follows.

The theorem is proved.

The following theorem is proved in a similar way.

Theorem 2.2 [f the potential q(x) satisfies condition (1.1), then, for all values of A, equa-
tion (1.2) has a solution f_(x, \) representable as

f@nk)=:w0mk)+:/f K_(a, 0 (t, A,

where the kernel K_(x,t) is continuous function and satisfy the following conditions

K_(z,t) = O(O’ (x+t)),x+t—>oo,
K_(z,z) =5 ["_(t| +t+q(t))dt.
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