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Abstract. In this work we study a mixed problem for a nonlinear wave equation with dynamical boundary
conditions. Using the nonlinear semigroup theory we investigate the existence and uniqueness of local and
global solutions. We also investigate the question about solvability of these problems, when the dynamical
boundary conditions deteriorate to the quasi-static boundary conditions.
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1 Introduction

In this paper, we consider a nonlinear wave equation with dynamic boundary conditions
and source term

utt − uxx +B1(ut) +B2(x, u) = f(t, x), x ∈ (0, 1), t > 0, (1.1)

εutt(t, 0)− ux(t, 0) + b10 (ut(t, 0)) + b20 (u(t, 1)) = f0(t), t > 0, (1.2)

δutt(t, 1) + ux(t, 1) + b11 (ut(t, 1)) + b21 (u(t, 1)) = f1(t), t > 0, (1.3)

u(0, x) = ϕ(x), ut(0, x) = ψ(x), (1.4)

where B1, B2, b10, b11, b20, b21, f , f0 and f1 are given real valued functions. The functions
B1, b10 and b11 have the form B1(s) = µ|s|q−1s, b10(s) = µ0|s|q0−1s and b11(s) =
µ1|s|q1−1s, respectively, where µ, µ0, µ1 and q, q0, q1 are real constants such that

µ ≥ 0, µ0 ≥ 0, µ1 ≥ 0 and q > 1, q0 > 1, q1 > 1. (1.5)

Let the functions B2, b20 and b21 satisfy the local Lipschitz condition, i.e.

|B2(x, s2)−B2(x, s1)| ≤ c (|s1|, |s2|)|s2 − s1|, (1.6)
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|b20(s2)− b20(s1)| ≤ c0 (|s1|, |s2|)|s2 − s1|, (1.7)

|b21(s2)− b21(s1)| ≤ c1 (|s1|, |s2|)|s2 − s1|, (1.8)

where 0 ≤ x ≤ 1, s1, s2 ∈ R, c(·), c0(·), c1(·) ∈ C(R2
+;R+), R+ = (0,∞).

In the present paper, we will first investigate the existence of solutions in the case ε > 0
and δ > 0. Further, in the case q = q0 = q1 = 1, ε = δ, we study the existence of the limit
lim
ε→0

uε ε(t, x) and prove that the limit function is a solution of the degenerate problem

utt − uxx + µut +B2(t, x, u) = f(t, x), t > 0, x ∈ (0, 1), (1.9)

−ux(t, 0) + µut(t, 0) + b20(t, u(t, 1)) = f0(t), t > 0 (1.10)

ux(t, 1) + µut(t, 1) + b21(t, u(t, 1)) = f1(t), t > 0, (1.11)

u(0, x) = ϕ(x), ut(0, x) = ψ(x), x ∈ (0, 1). (1.12)

Problem (1.9)-(1.12) are called the mixed problem for the wave equation with a qua-
sistatical boundary condition [1]. We note that some special case of problem (1.9)-(1.12)
investigated in [2-6].

2 Preliminaries and technical lemmas

In this paper, problem (1.1)-(1.4) was solved using the semi-group theory.
Let ‖ · ‖ be the norm in L2(0, 1). By H we denote the direct sum of L2(0, 1) and R2, i.e.

H = L2(0, 1)⊕ R⊕ R = {w : w = (u, α, β), u ∈ L2(0, 1), α, β ∈ R}.

Moreover, define the scalar product in the space H as follows:

< w1, w2 >=

∫ 1

0
u1(x)u2(x)dx+ εα1 · α2 + δβ1 · β2,

where wk = (uk, αk, βk), uk ∈ L2(0, 1), αk, βk ∈ R, k = 1, 2.
By H0 and H1 we denote the following spaces

H0 = {ũ : ũ = (u, u(0), u(1)) , u ∈W 1
2 (0, 1)},

H1 = {ũ : ũ = (u, u(0), u(1)) , u ∈W 2
2 (0, 1)}.

Let us define a linear operator Aε, δ in space H as follows{
D(Aε,δ) = H1,
Aε,δ ũ =

(
−uxx(x),−1

εux(0),
1
δux(1)

)
, ũ = (u, u(0), u(1)) ∈ D(Aε,δ).

In addition, we define the following nonlinear operators:

Gε,δ(ũ) =
(
µ|u(x)|q−1u(x), µ0

ε
|u(0)|q0−1u(0), µ1

δ
|u(1)|q1−1u(1)

)
Φε,δ(ũ) =

(
B2(x, u(x)),

1

ε
b20(u(0)),

1

δ
b21(u(1))

)
,

ũ = (u(x), u(0), u(1)) ∈ H1.

By the definition of the scalar product in the space H and the definition of the operator
Aε,δ we have

< Aε,δ ũ, ṽ > = −
∫ 1

0
uxx(x) · v(x)dx−

1

ε
εux(0)v(0) +

1

δ
δux(1)v(1)
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=

∫ 1

0
ux(x)vx(x)dx = −

∫ 1

0
u(x)vxx(x)dx− u(0)vx(0) + u(1)vx(1) =< ũ,Aε,δ ṽ > .

Thus for any ε > 0 and δ > 0 the linear operator Aε,δ is symmetric.
Moreover, the operator Ãε,δ is bounded below since

< ũ,Aε,δũ > =

∫ 1

0
|ux(x)|2dx ≥ 0.

For every h̃ = (h, α, β) ∈ H we consider the equation

Aε,δ ũ+ ũ = h̃.

Obviously, this equation is equivalent to the following problem for an ordinary differential
equation with Robin boundary condition

−uxx(x) + u(x) = h(x), (2.1)

−1

ε
ux(0) + u(0) = α, (2.2)

1

δ
ux(1) + u(1) = β. (2.3)

Next, we note that for any h(·) ∈ L2(0, 1) α ∈ R, β ∈ R, ε > 0 and δ > 0 problem
(2.1)-(2.3) has a solution u ∈W 2

2 (0, 1) (see e.g., [8]).
Thus, by using general theory, we get the following statements: (see [9-10])

Lemma 2.1 For every ε > 0 and δ > 0 the operator Aε,δ is positive self-adjoint in the
space H = L2(0, 1)⊕ R⊕ R.

Lemma 2.2 For every ε > 0, δ > 0, µ ≥ 0, µ0 ≥ 0 and µ1 ≥ 0 the operator Gε,δ is
monotonic, acting from H0 to H ′0, where H ′0 is a dual space to H0.

Proof. Let ũ1, ũ2 ∈ H0 then

H0 〈G(ũ2)−G(ũ1), ũ2 − ũ1〉H1
0

=

∫ 1

0

[
µ |u2(x)|q−1 u2(x)− µ |u1(x)|q−1 u1(x)

]
(u2(x)− u1(x)) dx

+ [µ0|u2(0)|q0−1u2(0)− µ0|u1(0)|q0−1](u2(0)− u1(0))
+ [µ1|u2(1)|q1−1u2(1)− µ1|u1(1)|q1−1](u2(1)− u1(1)) ≥ 0.

Lemma 2.3 The nonlinear operator Φε,δ(·) acting from H0 to H satisfies the local Lips-
chitz condition, i.e. for every ‖w̃1‖H0 ≤ r, ‖w̃2‖H0 ≤ r the following inequality holds

‖Φε,δ( · , w̃1( · ))− Φε,δ( · , w̃2( · ))‖H ≤ c(r)‖w̃2( · )− w̃1( · )‖H0 ,

where c ( · ) ∈ C(R+; R+).
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Proof. Let w1, w2 ∈ H0. Then we have

‖Φε,δ(w1)− Φε,δ(w2)‖H =

(∫ 1

0
|B2(x, u2(x))−B2(x, u1(x))|2 dx

)1/2

+ ε

∣∣∣∣1ε [b20(u2(0))− b20(u1(0))]
∣∣∣∣+ δ

∣∣∣∣1δ [b21(u2(1))− b21(u1(1))]
∣∣∣∣

≤
(∫ 1

0
c2(|u1(x)|, |u2(x)|) · |u2(x)− u1(x)|2dx

)1/2

+ c0(|u1(0)|, |u2(0)|)|u2(0)− u1(0)|+ c1(|u1(1)|, |u2(1)|)|u2(1)− u1(1)|

≤ max
0≤x≤1

c(|u1(x)|, |u2(x)|)
(∫ 1

0
|u2(x)− u1(x)|2dx

)1/2

+ c0 (|u1(0)|, |u2(0)|)|u2(0)− u1(0)|+ c1 (|u1(1)|, |u2(1)|)|u2(1)− u1(1)|
≤ c̃ (‖w1‖H0 , ‖w2‖H0)‖w2 − w1‖H0 .

3 Reducing a mixed problem with a dynamical boundary condition to a operator
equation and application of theory of nonlinear semigroups

The problem (1.1)-(1.4) can be rewritten as a Cauchy problem in the space H = L2(0, 1)⊕
R⊕ R:

w′′(t) +Aε,δw(t) +Gε,δ(w
′(t)) + Φε,δ(w(t)) = Fε,δ(t), (3.1)

w(0) = w0, w
′(0) = w1, (3.2)

where

Fε,δ(t, x) =

f(t, x)1
εf0(t)
1
δf1(t)

 , w0 =

(
ϕ(x)
ϕ(0)
ϕ(1)

)
, w1 =

(
ψ(x)
ψ(0)
ψ(1)

)
.

For investigating the problem (3.1), (3.2) we define the space Z = H
(
Aε,δ1/2

)
× H ,

where
H
(
A

1/2
ε,δ

)
=
{
υ : υ ∈ D

(
Aε,δ1/2

)}
, ‖v‖

H(A
1/2
ε,δ )

= ‖A1/2
ε,δ υ‖,

and A1/2
ε,δ is a square root of the positive operator Aε,δ defined by spectral decomposition

[9].
Let us define the scalar product in the space Z as follows:

[z1, z2] =
〈
A

1/2
ε,δ u1, A

1/2
ε,δ u2

〉
+ < υ1, υ2 >,

zi = (ui, υi) ∈ Z, i = 1, 2.

Using the substitutions v1 = w, v2 = wt, we reduce problem (3.1), (3.2) to the problem

z′(t) + Lε,δz(t) + G̃ε,δ(z(t)) = Φ̃ε,δ(z(t)) + F̃ε,δ(t, x), (3.3)

z(0) = z0, (3.4)

where

z =

(
v1
v2

)
, Lε,δ =

(
0 −I
Ãε,δ 0

)
, D(Lε,δ) = H(Aε,δ)×H

(
A

1/2
ε,δ

)
,
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G̃ε,δ(z) =

(
0

Gε,δ(v2)

)
, Φ̃ε,δ(z) =

(
0

−Φε,δ(v1)

)
,

F̃ε,δ(t, x) =

(
0

Fε,δ(t, x)

)
, z0 =

(
w0

w1

)
.

From the definition of the linear operator Lε,δ it follows that Lε,δ is a maximal dissipa-
tive operator in the space Z. On the other hand, G̃ε is a monotone operator in Z. Therefore,
the following statement is valid [9,10,14].

Lemma 3.1 Let ε > 0, δ > 0, µ ≥ 0, µ0 ≥ 0 and µ1 ≥ 0. Then Mε = Lε + G̃ε is a
maximal monotone operator in the functional space Z.

Using Lemmas 1–4 and Theorem 3 of [7], we obtain the following result.

Theorem 3.1 Let ε > 0, δ > 0, µ ≥ 0, µ0 ≥ 0, µ1 ≥ 0 and F̃ε,δ( · ) ∈ W 1
1 (0, T ;Z).

Then for every z0 ∈ D (Lε,δ + G̃ε,δ) the problem

z′(t) + Lε,δz(t) + G̃ε,δz(t) = F̃ε,δ(t, x), (3.5)

z(0) = z0, (3.6)

has a unique solution
z = zεδ ∈W 1

∞(0, T ;Z)

such that zεδ(t) ∈ D(Ãε,δ + G̃ε,δ), 0 ≤ t ≤ T. If z0 ∈ D(Lε,δ + G̃ε,δ) and F̃ε,δ(·) ∈
L1(0, T ;Z) the the problem (3.5), (3.6) has a generalized solutions zε,δ ∈ C([0, T ];Z).

Using Theorem 3.1, we can conclude results about solvability of the following problem

utt − uxx +B1(ut) = f(t, x), t > 0, x ∈ (0, 1). (3.7)

εutt(t, 0)− ux(t, 0) + b10(ut(t, 0)) = f0(t), t > 0 (3.8)

δutt(t, 1) + ux(t, 1) + b1(ut(t, 1)) = f1(t), t > 0, (3.9)

u(0, x) = ϕ(x), ut(0, x) = ψ(x), x ∈ (0, 1). (3.10)

Theorem 3.2 Let, ε > 0, δ > 0, µ ≥ 0, µ0 ≥ 0, µ1 ≥ 0 and f(·) ∈ W 1
1 (0, T ;W

1
2 (0, 1),

L2(0, 1)), f0(t), f1(t) ∈W 1
1 (0, T ). Then for any ϕ ∈W 2

2 (0, 1), ψ ∈W 1
2 (0, 1) and T > 0

the problem (3.7)-(3.10) has a unique solution

uεδ( · ) ∈W 2
∞(0, T ;W 2

2 (0, 1),W
1
2 (0, 1), L2(0, 1))

such that uεδ(0, · ), uεδ(1, · ) ∈W 2
∞(0, T ;R).

Using Lemma 4 and applying theorem 7.2 of [8], we get the following statement:

Theorem 3.3 Let ε > 0, δ > 0, µ ≥ 0, µ0 ≥ 0, µ1 ≥ 0, F̃εδ(·) ∈ W 1
1 (0, T ;Z)), and

conditions (1.6)-(1.8) are satisfied. Then for every z0 ∈ D (Lεδ + G̃εδ) there exists T ′ > 0
such that problem (3.3)- (3.4) has unique solution z = zεδ ∈ W 1

∞(0, T ′;Z) with zεδ(t) ∈
D (Ãεδ + G̃εδ). If z0 ∈ D(Lεδ + G̃εδ) and F̃εδ(·) ∈ L1(0, T

′;Z), then the problem (3.3),
(3.4) has a generalized solution zεδ ∈ C([0, T ];Z). Moreover, if for the existence of the
local solution Tmax > 0 is a maximum interval then one of the following alternatives is true

1. lim
t→Tmax

‖zεδ(t)‖2 = +∞,

2. Tmax = +∞.
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Using Theorem 3.3 for the existence of the local solutions of (1.1)-(1.4) we obtain the
following result.

Theorem 3.4 Let ε > 0, δ > 0, µ ≥ 0, µ0 ≥ 0, µ1 ≥ 0, f(·) ∈ W 1
1 (0, T ;W

1
2 (0, 1),

L2(0, 1)), f0(t), f1(t) ∈ W 1
1 (0, T ), and conditions (1.6)-(1.8) are satisfied. Then for any

ϕ ∈ W 2
2 (0, 1), ψ ∈ W 1

2 (0, 1) there exists T ′ > 0 such that problem (3.7)-(3.10) has a
unique solution uεδ ∈ W 2

∞(0, T ′;W 2
2 (0, 1), W

1
2 (0, 1), L2(0, 1)) with uεδ(0, t), uεδ(1, t) ∈

W 2
∞(0, T ;R). Moreover, if Tmax > 0 is the length of maximal interval in which the local

solution exists, then one of the following alternatives is true
1. lim
t→Tmax

{
‖uεδt(t, ·)‖2 + ‖uεδx(t, ·)‖2 + |uεδt(t, 0)|+ |utεδ(t, 1)|

}
= +∞,

2. Tmax = +∞.

4 Global solvability of the mixed problem for a one-dimensional nonlinear wave
equation with dynamic boundary conditions

In this section we will study the problem (1.1)-(1.4) in the case when the following condi-
tions are satisfied:

B2(x, u) = η|u|p−1u, η ≥ 0, p > 0, (4.1)

b20(ξ) = η0|ξ|p0−1ξ, η0 ≥ 0, p0 > 0, (4.2)

b21(ξ) = η1|ξ|p1−1ξ, η1 ≥ 0, p1 > 0. (4.3)

In this case we can prove the existence and uniqueness of global solution of problem
(1.1)-(1.4).

Theorem 4.1 Assume that, ε > 0, δ > 0, µ ≥ 0, µ0 ≥ 0, µ1 ≥ 0, f(·) ∈ W 1
1 (0, T ;

W 1
2 (0, 1), L2(0, 1)), f0(t), f1(t) ∈W 1

1 (0, T ) and conditions (4.1)-(4.3) are satisfied. Then
for any ϕ ∈ W 2

2 (0, 1) and ψ ∈ W 1
2 (0, 1) the problem(1.1)-(1.4) has a unique solution

uεδ ∈W 2
∞(0, T ;W 2

2 (0, 1),W
1
2 (0, 1), L2(0, 1)) so that uεδ(0, t), uεδ(1, t) ∈W 2

∞(0, T ;R).

Proof. By virtue of Theorem 3.4, in order to prove the theorem it is sufficient for uεδ( · )
to obtain an a priori estimate

‖uεδt(t, ·)‖2 + ‖uεδx(t, ·)‖2 + |uεδt(t, 0)|2 + |uεδt(t, 1)|2 ≤ c. (4.4)

First, we multiply both sides of (3.1) by uεδt(t, x) and integrate in [0, t]× (0, 1). Then,
we multiply both sides of (3.3) by uεδt(t, 0) and uεδt(t, 1), respectively, and integrate the
resulting equalities in [0, t]. Next, by applying the integration by parts and using the Hölder
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inequality one can get

1

2

∫ 1

0
|uεδt(t, x)|2dx+

1

2

∫ 1

0
|uεδx(t, x)|2dx

+ µ

∫ 1

0
|uεδs(s, x)|q0+1dxds+ µ0

∫ t

0
|uεδs(s, 0)|q0+1ds

+ µ1

∫ t

0
|uεδs(s, 1)|q1+1ds+

η

p+ 1

∫ 1

0
|uεδ(t, x)|p+1dx

+
η0

p0 + 1
|uεδ(t, 0)|p0+1 +

η1
p1 + 1

|uεδ(t, 1)|p1+1

≤ 1

2
|ψ(x)|2dx+

1

2

∫ 1

0
|ϕx(x)|2dx

+
η

p+ 1

∫ 1

0
|ϕ(x)|p+1dx+

η0
p0 + 1

|ϕ(0)|p0+1

+
η1

p1 + 1
|ϕ(1)|p1+1 +

ε

2
|ψ(0)|2 + ε

2
|ψ(1)|2

+
1

2

∫ 1

0
|f(t, x)|2dxds+ 1

2
|f0(t)|2dt+

1

2

∫ T

0
|f1(t)|2dt

+
1

2

∫ T

0

∫ 1

0
|uεs(s, x)|2dxds+

1

2

∫ T

0
|uε(s, 0)|2ds+

1

2

∫ T

0
uε(s, 1)|2ds.

Using the Gronwalls inequality from this relation we get a priori estimation (4.9).

5 Mixed problem in the linear case of dissipative term

In this section we will consider problem (1.1)-(1.4) in linear dissipation case, more pre-
cisely, we consider the mixed problem

utt − uxx + ut +B2(u) = f(t, x), x ∈ (0, 1), t > 0, 0 ≤ t ≤ T, (5.1)

εutt(t, 0)− ux(t, 0) + ut(t, 0) + b20(u(t, 0)) = f0(t), 0 ≤ t ≤ T, (5.2)

εutt(t, 1) + ux(t, 1) + ut(t, 1) + b21(u(t, 1)) = f1(t), 0 ≤ t ≤ T, (5.3)

u(0, x) = ϕ(x), ut(0, x) = ψ(x), x ∈ (0, 1), (5.4)

whereB2(s) = η|s|p−1s, b20(s) = η0|s|p0−1s, b21(s) = η1|s|p1−1s, f(t, x) ∈W 1
2 ((0, T )×

(0, 1)), f0(t), f1(t) ∈W 1
2 (0, T ).

Acting as in the previous section, we reduce problem (5.1)-(5.4) in the space H =
L2(0, 1)⊕ R⊕ R to the following Cauchy problem:

ũ′′(t) + =εũ(t) + ũ′(t) + <ε(ũ(t)) = Fε(t) (5.5)

ũ(0) = ũ0, ũ
′(0) = ũ1, (5.6)

where
ũ = (u(x), u(0), u(1)) ∈ D(=ε) = H1,

=εũ = Aεε =

(
−uxx(x),

1

ε
ux(0)−

1

ε
ux(1)

)
,

<ε(ũ) = Φεε(ũ) =
(
η|u(x)|p−1u(x), η0

ε
|u(0)|p0−1u(0), η1

ε
|u(1)|p1−1u(1)

)
,
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Fε(t) =

(
f(t, ·), 1

ε
f0(t),

1

ε
f1(t)

)
,

ũ0 = (ϕ(x), ϕ(0), ϕ(1)), ũ1 = (ψ(x), ψ(0), ψ(1)).

Using Lemmas 3.1-3.4 and [7] for problem (5.1)-(5.4) we get the following result.

Theorem 5.1 Assume ε > 0, f(t, x) ∈ W 1
2 ((0, T ) × (0, 1)), f0(·), f1(·) ∈ W 1

2 (0, T ).
Then for any ϕ ∈ W 2

2 (0, 1), ψ ∈ W 1
2 (0, 1) there exists T ′ > 0 such that problem (5.1)-

(5.4) has a unique solution uε(·) ∈ C2([0, T ′];W 2
2 (0, 1),W

1
2 (0, 1), L2(0, 1)) such that

uε(0, t), uε(1, t) ∈ C2([0, T ′];R). If Tmax is the length of the maximum interval for the
existence of the solution, then the one of the following alternatives is true:

1. lim
t→Tmax

[
‖ũεt(t)‖2H + ‖ũε(t)‖H1

]
= +∞,

2. Tmax = +∞.

Theorem 5.2 Assume ε > 0, η1 ≥ 0, η2 ≥ 0, f(t, x) ∈W 1
2 ((0, T )×(0, 1)), f0(·), f1(·) ∈

W 1
2 (0, T ). Then for any ϕ ∈W 2

2 (0, 1), ψ ∈W 1
2 (0, 1) the problem (5.1)-(5.4) has a unique

solution uε(·) ∈ C2([0, T ];W 2
2 (0, 1),W

1
2 (0, 1), L2(0, 1)) such that uε(0, t), uε(1, t) ∈

C2([0, T ],R).

6 Mixed problem of nonlinear wave equation with quasi-statical boundary condition

In this section, we will investigate the solvability of the problem (5.1)-(5.4) in the case when
the dynamic boundary conditions degenerate to quasi-statical boundary conditions.

We consider the following mixed problem

utt − uxx + ut +B2(u) = f(t, x), x ∈ (0, 1), t ∈ [0, T ], (6.1)

−ux(t, 0) + ut(t, 0) + b20(u(t, 0)) = f0(t), t ∈ [0, T ], (6.2)

ux(t, 1) + ut(t, 1) + b21(u(t, 1)) = f1(t), t ∈ [0, T ], (6.3)

u(0, x) = ϕ(x), ut(0, x) = ψ(x), x ∈ (0, 1), (6.4)

where B2(s) = η|s|p−1s, b20(s) = η0|s|p0−1s, b21(s) = η1|s|p1−1s .

Theorem 6.1 Assume η ≥ 0, η0 ≥ 0, η1 ≥ 0, f(t, x) ∈ W 1
2 ((0, T ) × (0, 1)), f0(·),

f1(·) ∈ W 1
2 (0, T ). Then for any ϕ ∈ W 2

2 (0, 1), ψ ∈ W 1
2 (0, 1) problem (6.1)-(6.4) has a

unique solution u(·) such that
u(·) ∈ L∞(0, T ;W 2

2 (0, 1)), ut(·) ∈ L∞(0, T ;W 1
2 (0, 1)),

utt(·) ∈ L∞(0, T ;L2(0, 1)), ut(0, ·), ut(1, ·), ux(0, ·), ut(1, ·) ∈ L2(0, T ).

Proof. Assume that ε > 0. Then by Theorem 5.2 problem (5.1)-(5.4) has a unique
solution uε(·) ∈ C2([0, T ];W 2

2 (0, 1),W
1
2 (0, 1), L2(0, 1)) such that uε(0, ·), uε(1, ·) ∈

C2([0, T ],R).
Multiply both sides of (5.1) by uεt(t, x) and integrate in [0, t]× [0, 1]. In the similar way,

multiply both sides of (5.2) by uεt(0, t) and both sides of (5.3) by uεt(1, t), and integrate
the resulting relations in [0, t]. Then by applying the integration by parts we get

1

2

∫ 1

0
|uεt(t, x)|2dx+

1

2

∫ 1

0
|uεx(t, x)|2dx
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+

∫ t

0

∫ 1

0
|uεs(s, x)|2dxds+

η

p+ 1

∫ 1

0
|uε(s, x)|p+1dx

+

∫ t

0
|uεs(s, 0)|2ds+

ε

2
|uεt(t, 0)|2

+

∫ t

0
|uεs(s, 1)|2ds+

ε

2
|uεt(t, 1)|2 +

η0
p0 + 1

|uε(t, 0)|p0+1

+
η1

p1 + 1
|uε(t, 1)|p1+1 =

1

2

∫ 1

0
|ϕ′x(x)|2dx+

1

2

∫ 1

0
|ψ(x)|2dx

+
η

p+ 1

∫ 1

0
|ϕ(x)|p+1dx +

ε

2
|ψ(1)|2 + η0

p0 + 1
|ϕ(0)|p0+1 +

η1
p1 + 1

|ϕ(1)|p1+1.

Hence we have the following a priori estimation∫ 1

0
|uεt(t, x)|2dx ≤ c, 0 ≤ t ≤ T, (6.5)

∫ 1

0
|uεx(t, x)|2dx ≤ c, 0 ≤ t ≤ T, (6.6)∫ 1

0
|uε(t, x)|p+1dx ≤ c, 0 ≤ t ≤ T, (6.7)∫ t

0

∫ 1

0
|uεs(s, x)|2dxds ≤ c, 0 ≤ t ≤ T, (6.8)∫ t

0
|uεs(s, 0)|2ds ≤ c, 0 ≤ t ≤ T, (6.9)∫ t

0
|uεs(s, 1)|2ds ≤ c, 0 ≤ t ≤ T, (6.10)

ε |uεt(t, 0)|2 ≤ c, ε |uεt(t, 1)|2 ≤ c, 0 ≤ t ≤ T, (6.11)

|uε(t, 0)| ≤ c, |uε(t, 1)| ≤ c, 0 ≤ t ≤ T, (6.12)

where the constant c > 0 is independent of ε ∈ (0, 1).
Since uε ∈ C2([0, T ];W 2

2 (0, 1),W
1
2 (0, 1), L2(0, 1)) it follows from (5.1) that∫ 1

0
|uεtt(0, x)|2dx ≤ c

[∫ 1

0
|ϕxx(x)|2dx

+

∫ 1

0
|ϕ(x)|2pdx+

∫ 1

0
|ψ(x)|2dx +

∫ 1

0
|f(0, x)|2dx

]
.

Hence we get ∫ 1

0
|uεtt(0, x)|2dx ≤ c1, (6.13)

where c1 > 0 is independent of ε ∈ (0, 1).
By (5.2) we have

ε |uεtt(0, 0)| ≤ |ϕx(0)|+ |ψ(0)|+ η0|ϕ(0)|p0 + |f0(0)| ≤ c2. (6.14)
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In the same way, from (5.3) we get

ε |uεtt(0, 1)| ≤ |ϕx(1)|+ |ψ(1)|+ η1|ϕ(1)|p1 + |f1(0)| ≤ c2, (6.15)

so, c2 > 0 is also independent of ε ∈ (0, 1).
Denoting yh(t, x) = 1

h [uε(t+ h, x)− uε(t, x)] from (5.1)-(5.4) we obtain

1

2

∫ 1

0
|yht(t, x)|2dx+

1

2

∫ 1

0
|yhx(t, x)|2dx

+

∫ t

0

∫ 1

0
|yhs(s, x)|2dxds+

∫ t

0
yhx(s, 0)yhs(s, 0)ds−

∫ t

0
yhx(s, 1)yhs(s, 1)ds

+η0

∫ t

0

∫ 1

0

1

h
[B(u(s+ h, x))−B(u(s, x))] yhs(s, x)dxds

=
1

2

∫ 1

0
|yht(0, x)|2dx+

1

2

∫ 1

0
|yhx(0, x)|2dx+

∫ t

0

∫ 1

0
fh(s, x)yhs(s, x)dxds. (6.16)

Using the Lagrange’s mean value theorem and a priori estimation (6.5), (6.12) we have∣∣∣∣∫ t

0

∫ 1

0

1

h
[B(u(s+ h))−B(u(s, x))] yhs(s, x)dxds

∣∣∣∣
≤ c

∫ t

0

∫ 1

0
(|u(s+ h, x)|p + |u(s, x)|p) |yh(s, x)| |yhs(s, x)| dxds

≤ c1
∫ t

0

∫ 1

0

[
|yh(s, x)|2 · |yhs(s, x)|2

]
dxds. (6.17)

From (6.16) and (6.17) we get

1

2

∫ 1

0
|yhs(s, x)|2dx+

1

2

∫ 1

0
|yhx(s, x)|2dx+

∫ t

0

∫ 1

0
|yhs(s, x)|2dxds

+

∫ t

0
yhx(s, 0)yhs(s, 0)ds−

t∫
0

yhx(s, 1)yhs(s, 1)ds ≤
1

2

∫ 1

0
|yht(0, x)|2dx

+
1

2

∫ 1

0
|yhx(0, x)|2dx+ c2

∫ t

0

∫ 1

0
|yh(s, x)|2dxds

+c3

∫ t

0

∫ 1

0
|yhs(s, x)|2dxds+

∫ t

0

∫ 1

0
|fh(s, x)|2dxds. (6.18)

In the similar way from (5.2) and (5.3) we obtain

ε

2
|yht(t, 0)|2 +

∫ t

0
|yhs(s, 0)|2ds−

∫ t

0
yhx(s, 0)yhs(s, 0)ds ≤

ε

2
|yht(0, 0)|2

+α

∫ t

0
|yh(s, 0)|2ds+

1

α

∫ t

0
|f0h(s)|2ds; (6.19)

ε

2
|yht(t, 1)|2 +

∫ t

0
|yhs(s, 1)|2ds+

∫ t

0
yhx(s, 1)yhs(s, 1)ds ≤

ε

2
|yht(0, 1)|2
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+α

∫ t

0
|yhs(s, 1)|2ds+

1

α

∫ t

0
|f1h(s)|2ds , (6.20)

where α > 0.
Summing (6.16) and (6.20) we get

1

2

∫ 1

0
|yht(t, x)|2dx+

1

2

∫ 1

0
|yhx(t, x)|2dx

+

∫ t

0

∫ 1

0
|yhs(s, x)|2dxds+

ε

2
|yh(t, 0)|2 +

ε

2
|yh(t, 1)|2

+

∫ t

0
|yhs(s, 0)|2ds+

∫ t

0
|yhs(s, 1)|2ds ≤

1

2

∫ 1

s
|yht(0, x)|2dx

+
1

2

∫ 1

s
|yhx(0, x)|2dx+ c2

∫ t

0

∫ 1

0
|yh(s, x)|2dxds

+c3

∫ t

0

∫ 1

0
|yhs(s, x)|2dxds+

ε

2
|yht(0, 1)|2 + 2α

∫ t

0
|yh(s, 0)|2ds

+2α

∫ t

0
|yh(s, 1)|2ds+

1

α

∫ t

0
|f0h(s)|2ds+

1

α

t∫
0

|f1h(s)|2ds. (6.21)

On the other hand, we have∫ 1

0
|yh(0, x)|2dx =

1

h2

∫ 1

0
|u(h, x)− u(0, x)|2dx =

∫ 1

0
|u′t(θh, x)|2dx, (6.22)

where 0 < θ < 1.
By a priori estimation (6.5) it follows from (6.22) that∫ 1

0
|yh(0, x)|2dx ≤ c, h > 0, (6.23)

where the constant c is independent of h. According (5.2), (5.3) and (6.12) we have the
estimations

ε |yht(0, 1)|2 ≤ c, ε |yht(1, 1)|2 ≤ c, (6.24)

where the constant c > 0 is independent of h > 0 and ε ∈ (0, 1).
On the other hand uεxt(·) ∈ C([0, T ], L2(0, 1)), and therefore

lim
h→0

∫ 1

0
|yhx(0;x)|2dx = lim

h→0

∫ 1

0

∣∣∣∣∫ 1

0
uεxt(τh, x)dτ

∣∣∣∣2 dx
≤ c lim

h→0

∫ 1

0

∫ 1

0
|uεxt(τh, x)|2dxdτ = c

∫ 1

0
|ψ′x(x)|2dx ≤ c. (6.25)

According to a priori estimation (6.8) we have

lim
h→0

∫ t

0

∫ 1

0
|yh(s;x)|2dxds ≤

∫ t

0

∫ 1

0
|uεs(s;x)|2dxds ≤ c. (6.26)

In the same way we get the following equalities:

lim
h→0

∫ 1

0
|yht(t;x)|2dx =

∫ 1

0
|uεtt(t;x)|2dx, (6.27)
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lim
h→0

∫ 1

0
|yhx(t;x)|2dx =

∫ 1

0
|uεxt(t;x)|2dx, (6.28)

lim
h→0

∫ t

0

∫ 1

0
|yhs(s;x)|2dxds =

∫ t

0

∫ 1

0
|uεss(s;x)|2dxds. (6.29)

On the other hand,

lim
h→0

∫ t

0
|f0h(s)|2ds =

∫ t

0
|f ′0(s)|2ds ≤ c, (6.30)

lim
h→0

∫ t

0
|f1h(s)|2ds =

∫ t

0
|f ′1(s)|2ds ≤ c, (6.31)

lim
h→0

∫ t

0

∫ 1

0
|fh(s, x)|2dxds =

∫ t

0

∫ 1

0
|f ′s(s, x)|2dxds ≤ c. (6.32)

Taking into account (6.23)-(6.32) in (6.21), and passing to the limit as h→ 0, we obtain∫ 1

0
|uεtt(t, x)|2dx+

∫ 1

0
|uεxt(t, x)|2dx+ ε|uεtt(t, 0)|2

≤ +ε |uεtt(t, 1)|2 ≤ c10 + c11

∫ t

0

∫ 1

0
|uεss(s, x)|2dxds.

Using Gronwalls inequality, we get the following a priori estimation∫ 1

0
|uεtt(t, x)|2dx+

∫ 1

0
|uεxt(t, x)|2dx

+ε|uεtt(t, 0)|2 + ε|uεtt(t, 1)|2 ≤ c, (6.33)

where the constant c > 0 is independent of ε ∈ (0, 1).
It follows from (5.1) and (6.33) the following a priori estimation∫ 1

0
|uεxx(t, x)|2dx ≤ c

[∫ 1

0
|uεtt(t, x)|2dx+

∫ 1

0
|uεt(t, x)|2dx

+

∫ 1

0
|B2(uε)|2dx+

∫ 1

0
|f(t, x)|2dx

]
≤ c. (6.34)

By virtue of a priori estimations (6.33) and (6.34) from {uε(t, x)} we can choose a
subsequence {uεk(t, x)} such that as εk → 0

uεk → u ∗ − weakly in L∞(0, T ;W 2
2 (0, 1)), (6.35)

uεkt → ut ∗ − weakly in L∞(0, T ;W 1
2 (0, 1)), (6.36)

uεktt → utt ∗ − weakly in L∞(0, T ;L2((0, 1))) (6.37)

(see [11]).
From (6.36), (6.37) we have:

uεkt → ut in C([0, 1] : L2(0, T )) (6.38)

(see [11]). In addition, we also have

uεt(t, 0)→ ut(t, 0) in L2(0, T ), (6.39)
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uεt(t, 1)→ ut(t, 1) in L2(0, T ). (6.40)

In the similar way, we get

uεkx(t, 1)→ ux(t, 1) in L2(0, T ), (6.41)

uεkx(t, 1)→ ux(t, 1) in L2(0, T ) (6.42)

It follows from (6.33) that

εkuεktt(t, 0)→ 0 ∗ − weakly in L∞(0, T ), (6.43)

εkuεktt(t, 1)→ 0 ∗ − weakly in L∞(0, T ). (6.44)

Now, having written problem (5.1)-(5.4) for ε = εk, we pass to the limit as εk → 0. Then
allowing for (6.35)-(6.44) we get that the limit function u(t, x) is a solution of problem
(6.1)-(6.4). The proof of this theorem is complete.
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