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Abstract. In this work we study a mixed problem for a nonlinear wave equation with dynamical boundary
conditions. Using the nonlinear semigroup theory we investigate the existence and uniqueness of local and
global solutions. We also investigate the question about solvability of these problems, when the dynamical
boundary conditions deteriorate to the quasi-static boundary conditions.
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1 Introduction

In this paper, we consider a nonlinear wave equation with dynamic boundary conditions
and source term

Ut — Ugg + B1(ug) + Bo(x,u) = f(t, ), €(0,1), t>0, (1.1)

et (t,0) — ug(t,0) + bro (ue(t,0)) + bao (u(t, 1)) = fo(t), t >0, (1.2)

Oup (6, 1) + ug(t, 1) + b1y (ue(t, 1)) + bay (u(t, 1)) = f1(t), t >0, (1.3)

(0, 2) = p(z), u(0,2) = ¥(x), (1.4)

where By, Bs, big, b11, bag, ba1, f, fo and f; are given real valued functions. The functions

By, bip and by; have the form Bl(S) = ,u|s|q_1s, blo(s) = ,u0|s|qo_1s and bll(s) =
p1|s|9ts, respectively, where 1, o, 11 and g, qo, g1 are real constants such that

x
1
1

NZO7MOZO7M1ZoandQ>17QO>17Q1>1- (15)
Let the functions Bs, by and bo; satisfy the local Lipschitz condition, i.e.

|Ba(w, s2) — Ba(w,s1)| < e(|s1], |s2])|s2 — 51, (1.6)
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|b20(s2) — bao(s1)] < co (Is1l, |s2])[s2 — s1], (1.7)
ba1(s2) — b21(s1)| < 1 ([s1],]s2])[s2 — s1l, (1.8)

where 0 <z < 1, 51,82 € R,c(+), co(-), 1 (") € C(R%; Ry ), Ry = (0, 00).
In the present paper, we will first investigate the existence of solutions in the case € > 0

and 0 > 0. Further, in the case ¢ = g9 = q1 = 1, € = J, we study the existence of the limit
lin% ue(t, z) and prove that the limit function is a solution of the degenerate problem
E—

Utt_uwm+uut+32(taxau) :f(ta'r)v > 07 T e (07 1)7 (19)
_ux(t>0) + :uut(ta 0) + bZO(ta u(t’ 1 ) = fO(t)a t>0 (1.10)
ux(ta 1) + )uut(tv 1) + b21(ta u(t7 1)) = fl(t)v >0, (1.11)

U(O,.’IJ) - (p(.TU), Ut(o,lt) - ¢(.’L‘), T e (07 1) (1.12)

Problem (1.9)-(1.12) are called the mixed problem for the wave equation with a qua-
sistatical boundary condition [1]. We note that some special case of problem (1.9)-(1.12)
investigated in [2-6].

2 Preliminaries and technical lemmas

In this paper, problem (1.1)-(1.4) was solved using the semi-group theory.
Let || - || be the norm in Ly(0, 1). By H we denote the direct sum of L3(0, 1) and R?, i.e.

H=L0,1)oReR={w:w= (u,, ), u € L(0,1), 0, 8 € R}.

Moreover, define the scalar product in the space H as follows:

1
< Wi, Wy >= / uy(x) ug(z)dr + eay - ag + 61 - P,
0

where wy, = (ukaak’aﬁk)) up € LQ(O’ ]‘)70”675]6 ER, k=1, 2.
By Hy and H; we denote the following spaces
Ho = {a:a= (u,u(0),u(l)), ue Wy(0,1)},
Hy = {i: i = (u,u(0),u(l)), ue W30,1)}.

Let us define a linear operator A, s in space H as follows

{D(AE,J) = Hl:
Acsti = (= tga(®), —1uz(0), Juz (1)), @ = (u,u(0),u(1)) € D(A.s).

In addition, we define the following nonlinear operators:

Ges(i) = (plu(@)" " u(@), E2Ju(0)* u(0), Eu(n)~u(1)

2.5(1) = ( Balo.u(e). 2 baou(O). 5 bu(u1)) .

= (u(z),u(0),u(l)) € Hy.

By the definition of the scalar product in the space H and the definition of the operator
A, s we have

1
<A.50,0>= —/0 Ugg () - v(2)dx — ésux(O)U(O) + %&Lx(l)v(l)
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1 1
= / Uy (z)vy(x)de = —/ U(2) Vg (x)dr — u(0)v5(0) + u(1)vy (1) =< @, A 50 > .
0 0
Thus for any € > 0 and § > 0 the linear operator A, 5 is symmetric.
Moreover, the operator 121;75 is bounded below since

1
< U, Ao su > = / |lug (2))?dx > 0.
0

For every h = (h, o, 3) € H we consider the equation

Ag,g’fl,—l—ﬂ:h.

Obviously, this equation is equivalent to the following problem for an ordinary differential
equation with Robin boundary condition

—Uge(z) + u(x) = h(x), 2.1
1

—gum(()) +u(0) = a, (2.2)
1

Sus(1) +u(1) = 5. 2.3)

Next, we note that for any h(-) € L2(0,1) « € R, 8 € R, e > 0 and 6 > 0 problem
(2.1)-(2.3) has a solution u € W5(0, 1) (see e.g., [8]).
Thus, by using general theory, we get the following statements: (see [9-10])

Lemma 2.1 For every € > 0 and 0 > 0 the operator A, s is positive self-adjoint in the
space H = L1(0,1) s R& R.

Lemma 2.2 For every e > 0,0 > 0, u > 0, up > 0 and p; > 0 the operator G s is
monotonic, acting from Hy to H),, where H|, is a dual space to H,.

Proof. Let w1, 4o € Hy then
Ho (G(ug) — G(u1), ug — 1)

1
= [ [pua@ wae) = @ 0 @)] a(0) = ) i

+ [0 u2(0)% " g (0) — prolur (0)]° 1] (uz(0) — u1(0))
+ [ |ug (1) ug (1) — g fua ()] (uz(1) — ua (1)) > 0.

Lemma 2.3 The nonlinear operator ¢, 5(-) acting from Hy to H satisfies the local Lips-
chitz condition, i.e. for every ||W1| g, <, ||W2||m, < 1 the following inequality holds

[Pes (-5 w1(-)) = Pes(-, w2 )| < e(r)l[wa(-) = wi(-) o,

where c(-) € C(Ry; Ry).
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Proof. Let wi,ws € Hy. Then we have

1 1/2
H@Mm)¢wwmm=(/MM%w@)lﬂ%mwﬁw)

+¢€

Lbn(u(0)) — ban (s O)]| + 8 Sl (21)) — s an 1)

1/2

s(Aiﬂmmwumum»wxm—umw&m)

T colfur (O)] [u2(0) ) u2(0) — s (0)] + ex (Jus (U] (1)) uz(1) — s (1)
1/2

Sorgaé( c(|ui(x)], lue(x (/ lug(x) — ui(x)] dx)

T o (Jur ()] [u2(0) ) [u(0) — s (0)] + ex (Jes (V)] (1) )z (1) — s (1)

< € (|lwr ]| o w2l o) lwe — w1 ] £, -

3 Reducing a mixed problem with a dynamical boundary condition to a operator
equation and application of theory of nonlinear semigroups

The problem (1.1)-(1.4) can be rewritten as a Cauchy problem in the space H = L2(0,1) ®

R R:
w”(t) + Aa,éw(t) + Ga,é(w/(t)) + @575(’[0@)) = Fe,&(t)v (31)
w(0) = wp, w'(0) =wy, (3.2)
where
f(t,x) o(z) ¥(z)
Fa(;(t,a:) = lf(](t) , Wo = (4,0(0)) , W1 = (@Z)(O)) .
Tr (@) ¢(1) ¥(1)

For investigating the problem (3.1), (3.2) we define the space Z = H <A€761/2> x H,
where
1/2 1/2
H (A7) = {viveD (Apn) ) ol = 142500,

and Ai/ 52 is a square root of the positive operator A, 5 defined by spectral decomposition

[9].

Let us define the scalar product in the space Z as follows:
[21, 22] = <Ai‘,/62 Ai/52UQ> + < wi,vg >,
2 = (ui,vi) ez, i=1,2.
Using the substitutions v; = w, va = wy, we reduce problem (3.1), (3.2) to the problem
2(t) + Losz(t) + Geg(2(t)) = Pes(2(1) + Frs(t, z), (3.3)
z(0) = zp, (3.4)

where

v 0 -1 1/2
() (2, 7). )
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6= (g, ) 201 = (g 20)).

b1~ () - ()

From the definition of the linear operator L s it follows that L. 5 is a maximal dissipa-

tive operator in the space Z. On the other hand, G is a monotone operator in Z. Therefore,
the following statement is valid [9,10,14].

Lemma 3.1 Let ¢ > 0,0 > 0,u > 0,9 > 0and py > 0. Then M, = L.+ G.isa
maximal monotone operator in the functional space Z.

Using Lemmas 1-4 and Theorem 3 of [7], we obtain the following result.

Theorem 3.1 Lete > 0,6 > 0, u > 0, ug > 0, u1 > 0 and FE,(;(-) € WH0,T; 7).
Then for every zg € D (L. s + G, 5) the problem

2 () 4+ Losz(t) + Go52(t) = E.5(t, ), (3.5)
z(0) = zp, (3.6)

has a unique solution
2 =245 €WL(0,T;2)

such that z.5(t) € D(/Nle,(; + C~}’575), 0<t<T. Ifzg e D(L:s+ CNJW;) and FE,(;(-) €
L1(0,T; Z) the the problem (3.5), (3.6) has a generalized solutions z. s € C([0,T; Z).

Using Theorem 3.1, we can conclude results about solvability of the following problem

U — Ugy + Bl(ut) = f(tvx)v t>0, € (07 1) (3.7
et (t,0) — ug(t,0) + bro(u(t,0)) = fo(t), t >0 (3.8)
Sup(t, 1) +ug(t, 1) + bi(w(t, 1)) = fi(t), >0, (3.9

U(O,l‘) = SO(‘Z‘)? ut(()’x) = w($)7 T € (Oa 1) (3.10)

Theorem 3.2 Let, ¢ > 0,0 > 0, > 0,0 > 0,11 > 0 and f(-) € Wi(0,T; W2(0,1),
L2(0,1)), fo(t), f1(t) € W(0,T). Then for any ¢ € W2(0,1),v» € W (0,1) and T > 0
the problem (3.7)-(3.10) has a unique solution

ues(+) € WA(0,T; W3(0,1), W (0,1), Ly(0, 1))
such that uzs(0, - ),uss(1, -) € W2,(0,T;R).
Using Lemma 4 and applying theorem 7.2 of [8], we get the following statement:

Theorem 3.3 Let e > 0,6 > 0, 1 > 0, g > 0, iy > 0, Fo5(-) € W(0,T; 2)), and
conditions (1.6)-(1.8) are satisfied. Then for every zy € D (Les + Ges) there exists T' > 0
such that problem (3.3)- (3.4) has unique solution z = z.5 € WL (0,T'; Z) with z.5(t) €

D (Ass + Ges)- If 20 € D(Les + Ges) and Fi5(+) € L1(0,T'; Z), then the problem (3.3),

(3.4) has a generalized solution z.5 € C([0,T]; Z). Moreover, if for the existence of the

local solution T ax > 0 is a maximum interval then one of the following alternatives is true
L Tim [lems(8)]? = + oo

ax

2. Tiax = + 0.
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Using Theorem 3.3 for the existence of the local solutions of (1.1)-(1.4) we obtain the
following result.

Theorem 3.4 Lete > 0,0 > 0, 0 > 0, o > 0, u1 > 0, f(-) € W(0,T; W4(0,1),
L2(0,1)), fo(t), f1(t) € W(0,T), and conditions (1.6)-(1.8) are satisfied. Then for any
o € W2(0,1),vp € W4(0,1) there exists T' > 0 such that problem (3.7)-(3.10) has a
unique solution u.s € W2 (0 T';W3(0,1), Wi(0,1), La(0,1)) with uss(0,t), uss(1,t) €
W2,(0,T;R). Moreover, if Tyax > 0 is the length of maximal interval in which the local
solution exists, then one of the following alternatives is true

1t et s ()P + a2, 0)] + Jures(t, DI} = + 6,

max

2. Tinax = + 0.

4 Global solvability of the mixed problem for a one-dimensional nonlinear wave
equation with dynamic boundary conditions

In this section we will study the problem (1.1)-(1.4) in the case when the following condi-
tions are satisfied:

Bs(z,u) =nluf’'u, n>0, p>0, (4.1)
bao (&) = mol€[Po e, mo > 0, po > 0, 4.2)
bo1 (&) = m ¢, m >0, p1 > 0. (4.3)

In this case we can prove the existence and uniqueness of global solution of problem
(1.1)-(1.4).

Theorem 4.1 Assume that, € > (), § >0, >0, > 0,u1 >0, f(-) € WEO,T;
W1(0,1), La(0,1)), fo(t), f1(t) € W(0,T) and conditions (4.1)-(4.3) are satisfied. Then
for any ¢ € WZ2(0,1) and W21 (0,1) the problem(1.1)-(1.4) has a unique solution
Ues € Wgo(O’T§ W;(O,l),Wg( ) )a 2(0a1>) SO thatuaé(ovt)vueé(l’t> € Wgo(OaT;R)'

Proof. By virtue of Theorem 3.4, in order to prove the theorem it is sufficient for u.s( - )
to obtain an a priori estimate

luest (t, )17 + luesa (t, )1 + Juese(t, 0)[ + Juese(t, 1) < 4.4)

First, we multiply both sides of (3.1) by u.s:(t, z) and integrate in [0,¢] x (0,1). Then,
we multiply both sides of (3.3) by wu.s:(t,0) and w4 (t, 1), respectively, and integrate the
resulting equalities in [0, ¢]. Next, by applying the integration by parts and using the Holder
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inequality one can get

1 1 1 1
2/ |u55t(t,x)\2dx+2/ |u55z(t,m)]2dx
0 0
t

1
—l—M/ |u555(s,x)|%+1dxds+u0/ ’Uaés(S,O)\q0+1dS
0 0

t 1
1)+ ds + —— / t,z)[P+d
i [ a0 s st
"o

t.0)Pot1 m t.1)Prt1
lues (b 0P (1 1)
1 ) 1 (! )
< () Pde + = | |pe(x)|?de
2 2 Jo

1
n +1 "o +1
T )Pz + —12 | p(0)|P
L [ ettt + —Bo(0)
m

eI 4 SO + S F

/LHxIM%+IhUMH-/\ﬁUWt

1 T
—l—/ / ]ugs(s,x)\Qda:ds—i-/ ]ue(s,O)\st—i-/ u(s,1)|%ds.
2Jo Jo 2 Jo 2 Jo

Using the Gronwalls inequality from this relation we get a priori estimation (4.9).

5 Mixed problem in the linear case of dissipative term

In this section we will consider problem (1.1)-(1.4) in linear dissipation case, more pre-
cisely, we consider the mixed problem

utt_uzz+ut+B2(u) :f(tvaj)a € (07 1)7 t>0,0<t<T, (5.1
unt(t,0) — uz(t,0) + ui(t,0) + bao(u(t,0)) = fo(t), 0 <t < T, (5.2)
eup(t, 1) +ug(t, 1) + ue(t, 1) + bar(u(t, 1)) = fi(t), 0 <t < T, (5.3)

1(0,2) = ¢(x), = € (0,1), (5.4)

u(0,z) = p(z), u
where Bs(s) = n|s[P~!s b20( ) = mo|s[Pots, bor(s) = m|s[PrLs, f(t,x) € W3 ((0,T)x
(0,1)), fo(t), fi(t) € W3 (0,T).

Acting as in the previous section, we reduce problem (5.1)-(5.4) in the space H =
L2(0,1) ® R @ R to the following Cauchy problem:

u(t) + Sea(t) + @' (t) + R (a(t)) = Fo(t) (5.5)
@(0) = o, @ (0) =y, (5.6)

where
= (u(z),u(0),u(l)) € D(S;) = Hy,

%ﬂZA%=<—MA@éﬂA®—i%ﬂo,

Re(@) = @-c(@) = ()P~ ul@), Llu(0)~u(0), Lu@)Pu(1))
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R0 = (0. 200 21 0)

Using Lemmas 3.1-3.4 and [7] for problem (5.1)-(5.4) we get the following result.

Theorem 5.1 Assume ¢ > 0, f(t,z) € W3((0,T) x (0,1)), fo(-), fi(-) € W3(0,T).
Then for any p € W2(0,1), ¢ € W3(0,1) there exists T' > 0 such that problem (5.1)-
(5.4) has a unique solution u.(-) € 02([0 T'); W2(0,1), W4 (0,1), L2(0,1)) such that
ue(0,1),us(1,¢) € C*([0, T');R). If Trax is the length of the maximum interval for the
existence of the solution, then the one of the following alternatives is true:

L lim [flac ()7 + [[ae(t)m] = + oo,

t max

2. Tax = + 0.

Theorem 5.2 Assume e > 0,m1 > 0,12 > 0, f(t,z) € WF((0,T) x(0,1)), fo(-), fr(-) €
W(0,T). Then for any p € W2(0,1), v € W4(0,1) the problem (5.1)-(5.4) has a unique
solution u-(-) € C*([0,T);W2(0,1), W4(0,1), L2(0,1)) such that u-(0,t),u-(1,t) €
C?([0,T],R).

6 Mixed problem of nonlinear wave equation with quasi-statical boundary condition
In this section, we will investigate the solvability of the problem (5.1)-(5.4) in the case when

the dynamic boundary conditions degenerate to quasi-statical boundary conditions.
We consider the following mixed problem

Ut — Uy + U + Ba(u) = f(t,x), z € (0,1),t € [0,T], 6.1)
- uz(ta 0) + Ut(ta 0) =+ bQO(U(tv 0)) = fO(t)a te [07 T]7 (6.2)
(£, 1)+ wg(t, 1) + bor (u(t, 1)) = fr(8), £ € [0,T], 6.3)

u(0,2) = p(a), u(0,2) = ¥(a), = € (0,1), 6.4)
where By(s) = |s["~"s, bao(s) = ols/Po=s, box () = i |57~

Theorem 6.1 Assume n=>0mn=>0m2>0, f(ta x) = WQI((OvT) X (07 1))7 fO(’)’
fi(:) € W(0,T). Then for any ¢ € W2(0,1), € W3 (0,1) problem (6.1)-(6.4) has a
unique solution u(-) such that

u(*) € Loo (0, T; W3(0,1)), us(-) € Loo(0,T5 W4(0,1)),

utt(') € LOO(07 T; L2(07 1))’ ut(07 ')7 ut(L ')7 um(()? )7 ut(L ) € L2(07 T)

Proof. Assume that ¢ > 0. Then by Theorem 5.2 problem (5.1)-(5.4) has a unique
solution uc(-) € C2%([0,T]; WZ(0,1), W}(0,1), L2(0,1)) such that u(0,-), us(1,:) €
(0, T, R).

Multiply both sides of (5.1) by u(t, z) and integrate in [0, ¢] x [0, 1]. In the similar way,
multiply both sides of (5.2) by u.(0,t) and both sides of (5.3) by u(1,¢), and integrate
the resulting relations in [0, ¢]. Then by applying the integration by parts we get

1 [t ) 1 [t 9
2/ |uet(t, )] dx+2/ |uer (t, x)|*dz
0 0
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t ol 1
Y +1
+// Ues(s, ) [Pdads + /ugs,:cp dx
[ et oPdsds ¢ M [t

t
9
+/ Jes(5,0) s + & uee(1,0)

[lue(t, 0+

t
/ ues (s, 1)|2ds + = |u5t(t D*+

P = /\sox a3 [ ol

Pide + & Lyttt
p+1/ o (2)] Sl )P p0+1\90( )| p1+1|80( )|

Hence we have the following a priori estimation

1
/ lut(t, 2)|?de < ¢, 0<t < T, (6.5)
0
1
| lnesttoPds <0<t < 66)
0
1
/ lus(t,z)|PTlde < ¢, 0<t < T, (6.7)
0
t 1
/ / e, (s, 7)]*deds < ¢, 0 <t < T, (6.8)
0 JO
t
/ lucs(s,0)|%ds < ¢, 0 <t <T, (6.9)
0
t
[ lstsvPas <0<, (6.10)
0
eluct(t,0)] < ¢, elug(t,1)]* < ¢, 0 <t < T, (6.11)
lue(t,0)] < ¢, fue(t,1)| <¢, 0<t<T, (6.12)

where the constant ¢ > 0 is independent of € € (0, 1).
Since u. € C*([0, T]; W2(0,1), W34 (0,1), L2(0, 1)) it follows from (5.1) that

/ e (0,2) P < ¢ Ji a0 Pz
+ [ e+ [+ [ 15000

Hence we get
1
/ ey, (0, 2) [Pz < e, (6.13)
0

where ¢; > 0 is independent of ¢ € (0, 1).
By (5.2) we have

€ [ue,, (0, 0)] < [0z (0)] + [ (0)] + 10l (0)[*° + [f0(0)] < ca. (6.14)
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In the same way, from (5.3) we get

€ [y, (0, DI < oz (D] + [0 (W] + mle(D)[Pt + [f1(0)] < e, (6.15)

80, ¢ > 0 is also independent of ¢ € (0, 1).
Denoting yy (¢, z) = %[ue(t + h,x) — u:(t,x)] from (5.1)-(5.4) we obtain

1 [t 1 [t
3 [ 0P g [l (60 Pds
0 0
t 1 t t
+/0 ; \yhs(s,x)|2dmds—|—/ yhz(s,())yhs(s,())ds—/o Y, (8, Dyp, (s, 1)ds
0 / / u(s + h,z)) — Blu(s, 2))] yn, (5, 2)derds

1 1 t 1
:2/ ]yht(O,x)\Qda:+2/O |yhz(0,x)|2d:c+/0 /0 fn(s,x)yn, (s, z)dzds. (6.16)
0

Using the Lagrange’s mean value theorem and a priori estimation (6.5), (6.12) we have

u(s+h)) — B(u(s, )] yn, (s, z)dzds

t 1
< c/o /0 (|u(s + hy )P + |u(s, 2)[) lyn(s, )| lyn, (s, z)| dzds

t ol
< 01/ / [\yh(s,x)]2 . |yhs(s,x)]2} dxds. (6.17)
0 Jo
From (6.16) and (6.17) we get

/yhssx\dm—i- /]yhzstdaz—i-//]yh (s,2)|>dzds
¢

—i—/yhl(sOyhssOds—/yhzslyh (s,1)ds < = /]yhtOx)\daj

1
1 / g, (0, 2)/2dz + 3 / / [y (s, ) 2dads
2 Jo o Jo
t el t el
+03// \yhs(s,x)Ideds—i—// | fr(s, 2)|?dxds. (6.18)
o Jo 0o Jo

In the similar way from (5.2) and (5.3) we obtain

g t t 15
Sl 0P + [ lan, (5,00 ds = [ un.(5,0)un.(5.0)ds < 5 on, (0.0
0 0
t 1 t
—i—a/ \yh(s,O)\st—i—a/ | fon(s)%ds; (6.19)
0 0

t t
3 3
2tht(t,l)l2+/ |Yn, (s, 1)\2d8+/ Y (5, D)yn, (s, 1)ds < ilyht(0,1)|2
0 0
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t 1 t
o / g, (5, 1) 2ds + - / Fin(s)[2ds |
0 @ Jo

where o > 0.
Summing (6.16) and (6.20) we get

1t ) 1t )
3 [ e oPde g [l (60 Pds
0 0

t rl
€ &
[ [ o) s + Sfane 00 + Slune, P
0 JO

t t 1 1
4 [l 0Pds + [ s, 0Pds < 5 [ 0,
0 0 s
1 ! t 1
w3 [ i@ aPas e [ [ s a)Paeds
s 0 JO

t o1 t
+03/ / |yhs(s,x)]2dxd5+;|yht(0,1)|2+2a/ \yh(s,O)\st
0o JO 0

t
t 1 [t 1
+2a/ \yh(5,1)|2d5+/ |f0h(5)\2d5+/|f1h(s)]2ds.
0 @ Jo aQ
0
On the other hand, we have

1 1 1 1
[ 0o = g [ lutha) - u.)de = [ luion.o)ds
0 0 0

where 0 < 6 < 1.
By a priori estimation (6.5) it follows from (6.22) that

1
/ lyn(0,2)[2dx < ¢, h >0,
0

(6.20)

6.21)

(6.22)

(6.23)

where the constant c is independent of h. According (5.2), (5.3) and (6.12) we have the

estimations ,
€ |yht(0? 1)|2 <c € |yht(17 DIF<e
where the constant ¢ > 0 is independent of » > 0 and € € (0,1).
On the other hand u.(-) € C([0,T], L2(0, 1)), and therefore

2

1
hm/ [y, (0; 2)|*dz = lim dx

h—0 0

1
/ Uert(Th, z)dT

§clim//|umt7'ha?dxd7'—c/ ! (x)]2dx < c.
h—0

According to a priori estimation (6.8) we have

t 1 t 1
lim/ / lyn(s; z)|?dzds < / / |ue, (s;2)|2dzds < c.
h=0Jo Jo 0o Jo

In the same way we get the following equalities:

1 1
lim/ lyn, (t; x)]zdx:/ |uert (5 x)\Qd:c,
h—0 0 0

(6.24)

(6.25)

(6.26)

6.27)
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1 1
lim/ |yhx(t;x)|2dx:/ Ut (t; )| de, (6.28)
h—0 0 0
t ol t ol
lim// ]yhs(s;x)\dedS—// |tess(s; x)|?dxds. (6.29)
h=0Jo Jo 0o Jo
On the other hand,
t ¢
i [ on(s) s = [ 173(s) s < e (6.30)
h—0 0 0
t t
mn/\ﬁuﬂmm:/Mﬁ@m%sgg 6.31)
h—0 0 0
t ol t 1
lim// |fh(s,x)|2dxds:// |f2(s, x)|*dzds < c. (6.32)
h=0Jo Jo 0 Jo

Taking into account (6.23)-(6.32) in (6.21), and passing to the limit as ~ — 0, we obtain

1 1
/ ugtt(t,a:)|2dx+/ |umt(t,x)|2d:1:—i—s:\ugt,g(t,O)]2
0 0

t pl
< e |uey(t, 1)|2 <cyo+ 611/ / e, (S,:E)|2dl'ds.
o Jo

Using Gronwalls inequality, we get the following a priori estimation

1 1
/ ey (¢, @) 2d + / tean(t, ) Pda
0 0

teluer (t,0)2 + e|uey (t,1)])? < ¢, (6.33)

where the constant ¢ > 0 is independent of € € (0, 1).

It follows from (5.1) and (6.33) the following a priori estimation

1 1 1
/hmmemchﬁ%mem+/hM@m%m
0 0 0

1 1
+/|Bx%ﬂ%m+/|ﬂuﬁﬁmlga (6.34)
0 0

By virtue of a priori estimations (6.33) and (6.34) from {u.(¢,x)} we can choose a

subsequence {u., (,x)} such that as e, — 0

us, —u * —weakly in Lo (0,T;W5(0,1)), (6.35)
Ue,t — up * —weakly in Lo (0,75 W5 (0,1)), (6.36)
Ugptt — Uy * — weakly in Lo (0,77 L2((0,1))) (6.37)

(see [11]).

From (6.36), (6.37) we have:
Ug,, — wr in C([0,1] : Lo(0,T)) (6.38)

(see [11]). In addition, we also have

et (t,0) = we(t,0) in La(0,T), (6.39)
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Uet(t,1) = ug(t, 1) in Lo (0,T). (6.40)
In the similar way, we get
Uepz(t,1) = ug(t, 1) in Lp(0,7), (6.41)
Uepz(t, 1) = ug(t,1) in Lo(0,T) (6.42)
It follows from (6.33) that
EkUett(t,0) = 0% — weakly in Lo (0,7, (6.43)
ErUet(t,1) = 0 % —weakly in Lo (0,7). (6.44)

Now, having written problem (5.1)-(5.4) for ¢ = ¢, we pass to the limit as e;, — 0. Then
allowing for (6.35)-(6.44) we get that the limit function (¢, z) is a solution of problem
(6.1)-(6.4). The proof of this theorem is complete.
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