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Abstract. In this paper we study Spanne-Guliyev type boundedness of the fractional maximal operator
Mo, 0 < o < Q on Heisenberg group Hy, in the generalized weighted Morrey spaces Mp,,(Hn, w)
including weak versions, where Q is the homogeneous dimension of Hy,. In the case b € BMO(H,,)
we obtain Spanne-Guliyev type boundedness of the kth-order fractional maximal commutator operator
My, o 1, on the generalized weighted Morrey spaces.
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1 Introduction

The classical Morrey spaces were introduced by Morrey [27] to study the local be-
havior of solutions to second-order elliptic partial differential equations. Moreover, various
Morrey spaces are defined in the process of study. Guliyev, Mizuhara and Nakai [11,26,
28] introduced generalized Morrey spaces M, ,(R") (see, also [12,13,30]). Komori and
Shirai [23] defined weighted Morrey spaces L, .(w). Guliyev [15] gave a concept of the
generalized weighted Morrey spaces M, ,(R", w) which could be viewed as extension of
both M, ,(R") and L, ,.(w). In [15], the boundedness of the classical operators and their
commutators in spaces M), ,(R™, w) was also studied, see also [16-22].

The spaces M, ,(R", w) defined by the norm

£ las, o@rw) = sup (@, ) w(B(@, 7)™ P || fll1, (Bler)w):
zeR™ r>0

where the function ¢ is a positive measurable function on R™ x (0,00) and w is a non-
negative measurable function on R”,

Heisenberg groups, in discrete and continuous versions, appear in many parts of mathe-
matics, including Fourier analysis, several complex variables, geometry, and topology. We
state some basic results about Heisenberg group. More detailed information can be found
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in [5-7] and the references therein. Let H,, be the 2n 4 1-dimensional Heisenberg group.
That is, H,, = C" x R, with multiplication

(z,t) - (w,8) = (z+w,t+ s+ 2Im(z - w)),

n
where z - = Y zjw;. The inverse element of u = (z,t) is u™! = (-2, —t) and we write
j=1
the identity of H,, as 0 = (0,0). The Heisenberg group is a connected, simply connected
nilpotent Lie group. We define one-parameter dilations on H,,, for » > 0, by 6,(z,t) =
(rz,r%t). These dilations are group automorphisms and the Jacobian determinant is rQ,
where () = 2n + 2 is the homogeneous dimension of H,,. A homogeneous norm on H, is
given by
[(z,0)] = (|21 + [¢)'/2.

With this norm, we define the Heisenberg ball centered at u = (z,t) with radius r by
B(u,r) = {v € H, : [u~tv| < r}, and we denote by B(u,2r) = {y € H,, : |u~'2v| < r}
the open ball centered at u, with radius 2r. The volume of the ball B(u,r) is CQTQ, where

Cg is the volume of the unit ball B(0, 1).
Using coordinates u = (z,t) = (x + iy, t) for points in H,,, the left-invariant vector

0
fields X, Y; and T on H,, equal tog,a—yandaat the origin are given by
J j
0 0 0 0 0
Xi=—+42yi—, YVi=— 20—, T=—
1o Vg T oy e T T aw

respectively. These 2n + 1 vector fields form a basis for the Lie algebra of H,, with com-
mutation relations

[V, X;] = 4T

for j = 1,...,n, and all other commutators equal to 0.
Let f € LI°°(H,). The fractional maximal operator M, is defined by

Mo f(u) = sup | B(u,r)| "1+ & /B L V@, 0<a<q

r>0

where () is the homogeneous dimension of the Heisenberg group H,, and | B(u, )| is the
Haar measure of the H,- ball B(u, ).

If « = 0, then M = M, is the Hardy-Littlewood maximal operator on H,,. The oper-
ators M, plays an important role in real and harmonic analysis and applications (see, for
example [5] and [6]).

In the present work, we study Spanne-Guliyev type boundedness of the fractional maxi-
mal operator M,, 0 < o < ) on Heisenberg group H,, in the generalized weighted Morrey
spaces M), ,(H,,w) including weak versions, where () is the homogeneous dimension of
H,. In the case b € BMO(H,,) we obtain Spanne-Guliyev type boundedness of the kth-
order fractional maximal commutator operator Mj , . on the generalized weighted Morrey
spaces.

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A ~ B and say that A and B are
equivalent.
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2 Preliminaries and some lemmas

By a weight function, briefly weight, we mean a locally integrable function on H,, which
takes values in (O o0) almost everywhere. For a weight w and a measurable set F, we define
= [Lw w(x)dz, and denote the Lebesgue measure of E by |E| and the characteristic
functlon of & by XE-
If w is a weight function, we denote by L, ,,(H,,) the weighted Lebesgue space defined
by finiteness of the norm

10 = ([ 17 @P0@dv )" <o, if 1<p<oc

n

and
[ f1 2oo o (B0) = €88 sUP | f(u)|w(u), if p=oc.

’U,EHn

We define the generalized weighed Morrey spaces as follows.

Definition 2.1 Ler 1 < p < oo, ¢ be a positive measurable function on H,, x (0,00) and
w be non-negative measurable function on H,,. We denote by M, ,(H,,,w) = M, ,(w) the

generalized weighted Morrey space, the space of all functions f € LéofU(Hn) with finite
norm

_1
1f Ity o) = sup @, 7) " w(B(u, )" 2 | L, 0 (Bur):
u€Hy, ,r>0

where Ly, ,(B(u,r)) denotes the weighted Ly-space of measurable functions f for which

1

1yt = X500t = (| S0PV )"

Furthermore, by W M,, ,(w) we denote the weak generalized weighted Morrey space of
all functions f € W L (Hy,) for which

1
Ifllwaty o) = sup  @(u,r) " w(B(u, )7 | flwe, B < o0
u€Hy,,r>0

where W Ly, ,(B(u, r)) denotes the weak Ly, .,-space of measurable functions f for which

1

1wz, ey = 1 xBn Wi, ) = supt / ww)dV ()’
pe (B ( po(n) =000 ( (wEB(ur):|f(v)| >t} )

We recall a weight function w is in the Muckenhoupt’s class A, (H,,) [24], 1 < p < oo,
if

._ o (L W)t -t
[w]a, = Slép[w]pr)—S%p(‘m/Bw(u)d ‘B,/ av( )) <(20?)

1 1

where the supremum is taken with respect to all the balls B and — + — = 1. Note that, for
p p

all balls B Holder’s inequality is

1 _1
[w]}, ) = 1Bl 1HwHL w w5 = 1. 22)
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Forp = 1, w € A;(H,) is defined by the condition Mw(u) < Cw(u) with [w]4, =
Mw(u .
SUD,cH, w(’L(L))’ and for p = 00 Ao (H,,) = Ur<pcooAp(H,) and [w]o = 1nf1§p<oo[w]Ap.

A weight function w is in the Muckenhoupt-Wheeden class A, ,(H,), 1 < p < oo, if

/q 1/p’
_ q p
Y !BI/ dv{u !B\/ dv( >) < 0%

1 1
where the supremum is taken with respect to all the balls B and — + — = 1. Note that, for
p P
all balls B Holder’s inequality is

1_1_ _
[w] Ao = [BI» "¢ Hwl gy lw ™, m) = 1. 2.3)

Whilep =1, w € A1 4 with1 < ¢ < oo if
[w]Al N Sup[ ]Al q

1
1 1
= u)?dV (u q - . 2.4
SUp ‘B’ / <esses];1p w(u)) = -

We denote by B(u,2r) = {y € H,, : |u"lv| < 2r}.
In the sequel M(R ), M (R,) and M+ (R ; 1) stand for the set of Lebesgue-measurable

functions on R , and its subspaces of nonnegative and nonnegative non-decreasing func-
tions, respectively. We also denote

A={peM (R 1): lim =0}

Let u be a continuous and non-negative function on R . We define the supremal operator
S, by

(Sug)(t) = [ugll oo t.c)> ¢ € (0,00).

The following theorem was proved in [4].

Theorem 2.1 [4] Suppose that v1 and vy are nonnegative measurable functions such that
0 < [|v1llzoe(0,) < 00 for everyt > 0. Let u be a continuous nonnegative function on R.

Then the operator S, is bounded from Lo v, (R+.) 10 Loo 1, (Ry) on the cone A if and only
if

[ooSutionlzE oo, ., <
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3 Fractional maximal operator in the spaces M, ., (H,, w)

In this section, we shall give the Spanne-Guliyev type boundedness of the operator M,
on the generalized weighted Morrey spaces M, ,,(H,,, w), including weak versions. In the
case of R Spanne-Guliyev type result for the operator M, in the space M, ,(R", w) was
proved in [22], see also [1,18,21].

The following Guliyev weighted local estimates are valid (see [15]).

Theorem 3.1 Let1 <p<g< oo, 0<a< g ; = % — o andw € Ap q(Hy). Then, for
p > 1 the inequality

IMafllz, soBr) S @(B(u,r))s D 11 (500 (wi(B(u,1))) 1 (3.1)

holds for any ball B(u,r) and for all f € L, (Hy,).
Moreover, for p = 1 the inequality

1 _1
IMaFllw Ly e B S (W (B(w)) 80D [ FllL, wsn (W (Blu,8))) o (3.2)

holds for any ball B(u,r) and for all f € Ll"c ¢ (Hp).

Proof. Let 1 < p< g <o0,0<a< 9, q:%—@,andweA q(Hy,). For arbitrary
u € H, andr > 0, set B = B(u, ), 2B = B(u, 2r).

We present f as

F=Ft o Ji®) = F0)xa8(0), fov) = F(0) Xo ()

"5

and have
[MafllL, o) < [Mafill, om) + 1 MafellL,
Since f1 € Lywrm,)> Mafi € Lguwa (H,,) and from the boundedness of M, from
Ly wr(Hy) to Ly e (H,) (see [3,29]) it follows that

1Mo fillz, e < IMafille, o S WfillL, o = 1Nz, .0 @B)- (3.3)

From (3.3) we obtain

Mo il ) S (B ))E SUDF L, oy (B 1) 5. G

Let ¢ = (h, ) be an arbitrary pointin B = B(u, ). If B(C,t) N *B(u, 2r) # @, then
t > r.Indeed, if v € B((,t) N EB(u, 2r), then we get t > |¢("to| > v tu| — [¢tu| >
2r—r=r. . . .

On the other hand, B({,t) N B(u,2r) C B(u,2t). Indeed, if v € B((,t) N B(u,2r),
then we get |[v~tu| < |¢" | + [¢"tu| < t +r < 2t. Hence, forall ¢ € B

Mo fo(C) = sup | B(C, 1) 78 /B RV

t>0

< sup | Blu,20) 78 / F()[dV (v)
B(¢,t) (u,2r)

t>r

IN

sup | B(u, 26)| 7+ /B oy NV

t>r

t>2r

= sup |B(u, £) 78 /B L eI
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By applying Holder’s inequality, for all ( € B we get
Mofo(O) S sup Bl [ )V (o)
t>2r B(u,t)
-1 _
S §1>1P|B(u,t)| +Q||f||Lp,wp(B(u,t)) |w IHLP/(B(u,t))
'
_1
< Sup 1N Ly (Buty) (W (B(u,t))) 4.
T

Thus, the function M, fo({), with fixed w and r, is dominated by the expression not
depending on (. Then

Q=

1 _1
HManHqu,q(B(um)) 5 (wq(B(u7 T))) 4 igp HfHmeJp (B(u,t))(wq(B(ua t))) . (3.5)

We then obtain (3.1) from (3.4) and (3.5).
Letp=1,and w € A; ,(H,).
Then,

[Mafllwer, paB) < IMafillwr, o) + 1Mafollwr, .q8)-
Since f1 € Ly w,)> Mafi € WLqua (H,,) and from the boundedness of M, from

n

L .,(H,) to WL 4 (H,) (see [3,29]) it follows that
Mo fillwer, o) < 1Mafillwiy e S 1AllLr., = 1y w@B)- (3.6)

From (3.6) we obtain

1

1 1
IMafillw sy e (m) S (W (B(w))7 8D [ FllL, By (W (B, 8)) 7o, G

On the other hand,
Mo fallwr, waBur) < [Maf2llL, wa(Bur)
1 _1
S (wi(B(u,r)))e Sup 1Ly o (But) (W (B(u, 1)) a.  (3.8)

We then obtain (3.2) from (3.7) and (3.8).

For the operator M, the following Spanne-Guliyev type result on the space M), ,,(w) is
valid.

=0

_1_

Theorem 3.2 Let 1 <p<g<oo 0 < a< %, % = ,w e Ay (Hy), and (o1, p2)

satisfy the condition

Qe

_ess inf o (u, ) (WP B((u, )7
or (wi(Bu, 1)) /4

where C does not depend on w and r. Then the operator M, is bounded from M, ,,, (wP) to
Mgy o, (w?) for p > 1 and from M ,, (w) to W My o, (w?) for p = 1. Moreover, for p > 1

< Cya(u,r), 3.9

[ Maf g gy wey S N1 llazy 0, (wr)s

and forp =1
[ Mo fllw g gy (wa) S llaryg, (w)-
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Proof. For p > 1 from Theorem 2.1 and Theorem 3.1 we get
_1
1Mo fllaty pywny S sup @a(u,m) " sup | flz, wrw(B(u,t)) s
u€H,,r>0 t>r

< -1 -1
S s o10) Il g

S I agy g, (wr);

and forp =1

_1
Mo fllwaty pyws) S sup pa(u,7) " sup || fl| 2, ww(B(u, t)) s
u€H,,r>0 t>r

< -1 -1
~ ue]fﬂligvo o1(u,r) HwHLq(B(u’r))HfHLlyw

S 1l agy 0, (wr)-

Remark 3.1 Note that, in the case w = 1, Theorems 3.1 and 3.2 were proved in [14], see
also [2,8-10].

4 Higher order fractional maximal commutator operators in the spaces
My, o (Hp, w)

In this section, we shall give the Spanne-Guliyev type boundedness of the higher order
fractional maximal commutator operator M, , j, on the generalized weighted Morrey spaces
M, »(H,,,w). In the case of R™ Spanne-Guliyev type result for the operator M, in the space
M, -(R™, w) was proved in [22], see also [1,18,21].

We recall the definition of the space of BM O (H,,).

Definition 4.1 Suppose that b € L'°°(H,,), and let

1
bll« = sup / b(v) — bpu.m|dV (v) < oo,
|| || |B(U,T)| B(u,r)| ( ) B(u, )| ( )

u€H,,,r>0
where .
by = / b(v)dV (v).
() |B(’LL, 7")| B(u,r)
Define
BMO(H,) = {b e L°(H,) : ||b]« < oo}.
Modulo constants, the space BM O(H,,) is a Banach space with respect to the norm || - ||..
Lemma 4.1 [25] Let w € Ax. Then the norm || - ||« is equivalent to the norm
1
bllsw = sup / b(v) —b w(y) dV (v),

|| || w uEHn77‘>0 ’U)(B(U,’I“)) B(u;r) | ( ) B(u,r),'w‘ ( ) ( )

where

1
%wmwzw@%%m%éwﬂmwwwmvw»

The following lemma is proved in [15].
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Lemma 4.2

1 Letw € Ay, and b € BMO(H,,). Letalso 1 < p < oo, u € Hy,, k > 0 and r1,792 > 0.
Then,

1 kp % ri\* k
YY) - < 1 In —
(w(B(u77,1)) /B(u,rl) |b(v) bB(u,rz),w’ w(U>dV(v)> < C( + ‘ n o ) 1I6]]%,

where C' > 0 is independent of f, w, u, r1 and ro.
2 Letw € Apand b € BMO(H,,). Letalso 1 < p < oo, uw € H,,, k > 0and ry,72 > 0.
Then,

|~

1 _ kp’ -’ v
(TN )~ w071 0)

<o+ 2)) i

where C' > 0 is independent of b, w, u, 1 and 7.
The following lemma is valid.

Remark 4.1 [6,31] (1) Letb € BMO(H,,). Then

1 P
bll« & sup / b(v) — bgrym|PdV (v 4.1
H H u€Hy,r>0 <‘B(ua T)‘ B(u,r) | ( ) B, )‘ ( )>

forl < p < oo.
(2) Letb e BMO(H,,). Then there is a constant C' > 0 such that

=

‘bB(W«) - bB(uJ)‘ < C|bl|« log; for 0 < 2r < T, (4.2)

where C' is independent of f, u, r and 7.
The commutator generated by b € Llf’c (R™) and the operator M, is defined by
My o(f)(u) = sup | B(u,r)| " Fa / [b(u) = b(V)[[f(0)|dV (v).  (4.3)
r>0 B(u,r)

For a positive integer k£ and a function b, the kth-order fractional maximal commutator
My, o . (see [14]) is defined by

My (f) (1) = sup | B(u,r)| @ / [b(w) = b(v)[*|f (v)]dV (v).
>0 B(u,r)

The following Guliyev weighted local estimates are valid (see [15]).

Theorem4.1 Let 1 < p < g < 00,0 < a <
w € Ay, o(H,,). Then the inequality

18]

- %, b € BMO(H,), and

1 1
> q D

HMb,a,kf”Lq,wq (B(u,r))

< kg 1 k AW _1
S 0115 w9 (B, ) e sup n (e + =) wI (B, ) 711 £z, o500

t>2r

holds for any ball B(u,r) and for all f € L°¢,(H,).

p,wP
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Proof. Let1 < p < ¢ < o0, 0<a<% a—%—%.Wewritefas

f=h+f [0)=Ff0)xes0), f2(v) = [(0) Xy ().
Hence,

| My o1 f1| 1 ) S Myakfillz, woB) T 1 MbakfollL,

qwq

From the boundedness of Mj i, from L, v (Hy,) to Lg e (Hy,) (see [3,29]) it follows
that

1My a1y o (B) < I Mbagefill Ly e S NOIE SN, 0 = 1O0E I f 1L, 0 2m)-  (44)

Let ¢ = (h, ) be an arbitrary point in B = B(u,r). If B((,t) N GB(u, 2r) # o, then
t > r.Indeed, if v € B((,t) N l3B(u, 2r), then we get t > |¢ " o] > |[v ™ u| — [¢tu| >
2r—r=r.

On the other hand, B(C,t) N *B(u, 2r) C B(u,2t). Indeed, if v € B(C,t) N ‘B(u, 2r),
then we get |[v—tu| < |¢" | + [¢7lu| < t +r < 2t. Hence, forall ¢ € B

My rf2(C) = sup |B(¢, )| 7@ / [b(v) = B(O)[F| f2(v)] dV (v)
>0 B(C,t)

:sup\B(g,m”S/ [b(v) = b(O)[*[f(v)| AV (v)
t>0

B(¢,0)N B(u,2r)

< sup| B(u,20) & /B INCCRLSIRERITER

t>r

t>2r

= sup | B(u, 2t)| @ /B( )Ib(v) = ()| f(v)[ AV (v).
u,t
Therefore, for all { € B we have

My rf2(C) S sup [B(u,2t)|71H0 /B( ) [b(v) = b(O) [ f ()| AV (v).

t>2r

Thus, the function M, f2({), with fixed v and r, is dominated by the expression not
depending on (. Then

M0 f2 Ly a

<(f (s \B(u,tn**% L B0 = Q1@ @) () av (0)

Q=

t>2r

< ([, Cupimeore [ - bB@,T),w\’“\f(vnde))qwq<c> av(©)

t>2r

([ (sp @Ol [ 50 = bpura
B Mt>2r B(u,t)
=J1 + Jo.

S

Q=

(0)[aV ()" wi(Q) dV (Q))
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Let us estimate J;. Applying Holder’s inequality and by Lemma 4.2 we get

1 —14a
I = wt (Bl ) sup B S [ b0 = by 1@V )
t>2r B(u,t)

1 _
~ w!(B(u, 7)) sup Q/ 1b(v) = bpur),0l*1f(©)|dV (v)
t>2r B(u,t)

1
1 _ ’ i -7
< B sup ([ 0) = bt ol ) AV 0)) Wit

t>2r

1 o t\F o
0wt (Blusr)) o sup 272 (1 o) ™y iy (500

kg L a—Q AN ~1.9:9
S ol wt (B, )@ sup =@ (140 ) (@B 1) 75 7 |l oo

= [|1bl|3 w!(B(u,r))e sup In” (e + — Jw(B(u, 1)) | fllL, .o (But))-
t>2r r ’

In order to estimate I we get

Q=

7= ( /B ( sup |Blu,1)| '@ /B g PO - byl 1 )|V () wI(C) aV(())

= (MO b QaV(Q)" supr= [ is@avio)

t>2r

According to the first part of Lemma 4.2, we get
1

k
IS s (1) B sup e [ lav ()

1 o B
< ||b]|% w9(B(u, 7)) f;gpt NNy Bty lo ™ L, (B
— [lol5 wh (B(u, )+ sup ¥ (e + 2 )wd(B(u,t)) 73 £]
[0l w?(B(u,r))7 sup In" (e + — Jw?(B(u,t)) Ly (B(u,t))-
t>2r r ’

Summing up J; and J , for all p € (1, 00) we get
[Mbarfollz, pam) S

IB]1% w?(B(u, 1))t sup Ik (e + 2)wi(B(u, )7 | £] .45
* ’ ' ép r Lp,wp(B(u’t))

>2r

Finally, from (4.4) and (4.5) we get

1

1 _1
1Moo f L, a8y S 0I5 (w0 (B(u, 7)) Sup 1Ly, p (Buty) (W (B(u,1)))

bk w?(B(u, 1))t sup In® (e + 2w (B(u, )"+
+o]lF wi(B(u,r))e supIn® e+ —Jw(B(u,t) | fllL, .o (Bt
t>2r r

LY 1 k Y\ 4 1
S0l 0t (Blu,r))s supn* (e 4 - )t (B, 1)1, ()

For the operator My, , 1, the following Spanne-Guliyev type result on the space M, ,,(w)
is valid.
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Theoremd.2 Let 1 < p < g < o0, 0 <a < & 1 =12 yc 4, H,)be
BMO(H,,) and (1, @2) satisfy the condition
£+ 658 inf o1 (u, 5) (WP B((u, 5))) /7
} k v s<00
et (4 ) S s <Ok @0

where C does not depend on v and r. Then the operator My i, is bounded from M, ,, (wP)
to My o, (w?). Moreover,

Moo f NIty 0y S NOIENF1agy. oy (im)-

Proof. Using the Theorem 2.1 and the Theorem 4.1 we have

1
||Mb,a,kf”Mq,¢2 (we) = Sup @2 (uv r)_lwq(B(u’ T)) B ||Mb,a,kaLq7wq B(u,r)

ueH, ,r>0
_ t _1
SblE sup o)™ supdnt (e + L)t (B) F 1Al oy
u€Hy,,r>0 t>2r r ’

_1
< lIbll¥ e;‘Iupwsm(u,7“)*1(101’(15(%7“))) Il (B

= DI NF 1 04y )-

Remark 4.2 Note that, in the case w = 1, Theorems 4.1 and 4.2 were proved in [14], see
also [2,8-10].
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