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Non-existence of global solution of a semi-linear parabolic equation
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Abstract. In the domain Q' (R) = {(=,v);|z| > R,|y| > R} x (0;+00) the problem of the absence
of nonnegative global solutions of a semilinear parabolic equation % = divg (|2|*Vzu) + Ayu +
mcﬁu + IZ%U + |z|7t y|7t [ul? with an initial condition u|,_, = uo(x,y) > 0 is investigated. A
sufficient condition for the absence of global non-negative solutions is obtained. The proof is based on

the test function method.
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1 Introduction

We introduce the following denotation:

x = (21,22, ... Tm), Y= (Y1,Y2, -, Yn), || = \/l‘% + ...+ a2,
lyl = \/yi + - + 2, Bu(r) = {z; ]zl <7}, By(r)={y;lyl <7},

By(r1,r2) = {z; r1 < l|z[ <ra}, By(ri,r2) ={y; r1 <yl <ra},

B,(R) = R™\B.(R), B,(R)=R"\By(R), B'(R)=B,(R)x B,(R),

Q'(R) = B'(R) x (0;+00) and for R = 1 B,(1) = B,,B,(1) = B,, B'(1) =
B, Q %) =q'.

In Q' (R) we consider the equation
ou . C1 2 o o
5 = divy (|z]|*Veu) + Ayu + Wu + Wu + || 7 y|7? |u|? (1.1)
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whit the initial condition
uly_g = uo(z,y) =0, (1.2)

where 0 < ¢; < (O‘JFT’H)Q, 0 < e < (”7_2)2, qg>1, 01,00 € R, a < 2,

Ve = (8% %) YV, = (8% %) AV (frs oo frn) = S G A =

02 9?2

a2 et g2

We study the existence of global solution of problem (1.1), (1.2).

The solution of problem (1.1),(1.2) is understood in the classic sense. Problems of the
existence and nonexistence of global solutions of various class of differential equations
and inequalities play an important role in theory and applications therefore attract constant
attention of mathematicians and a great number of works were devoted to them. In the
classic work of Fujita [1] the following initial problem
{%;:Au—f—up, (z,t) € R™ x (0,00) (1.3)
ul,_y = uo(x), x € R"”

is considered and it is proved that there are non-negative global solutions of problem (1.3)
forl <p<p* =1+ %, and for p > p* for small (1.3) there exist non-negative global
solutions. The case p = p* was studied in the papers [2],[3] and it was proved that in this
case also there no non-negative global solutions. The results of Fujita’s papes [1] caused a
great interest to the problem of non-existence of global solutions of various class of differ-
ential equations and inequalities. One can see the review of such papers in the paper [4], in
the monograph [5] and in the book [6].

In the represented work, in the equation there is a minior term with a singular potential,
and the principal part of the equation is a Baouendi-Grushin type operator. In fact, if we
take substitution u = ||~ 2 v in equation (1), then it is reduced to the

—a O _ 1
‘x’ aai/;}:Ag;fU‘i_Lr’ aAyU+(;é(2—n—a>+Cl>|’2'U
xr
|z~ o1=%(g+1) |, 02 |, [a
+ W v+ [T ly[7 [o]?,

where principal part is a Baoendi-Grushin operator.

Linear and semilinear equations with Baouendi-Grushin operator in the principal part
were also widely studied in [7]-[12].

The issues considered in this paper were earlier studied in the papers [13]-[19].

2 The basic theorem and its proof

—2\2 —2\?
D1: (O[—i_gl ) _Cl7 D2: <n2 > _027

Denote

a+m-—2 a+m-—2
At :—#—k\/D , Ao =~ v D,
n—2 n—2
Pt =~ Dyy po=——F——vDa
We consider the following functions
E=lal™ — 2, m =1yl =yl
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Obviously
c
divy (|x[* V&) + | ’21_a§ =0 2.1
X
in Rm\ {0} s €|\x|:l = 0and
C2 .
Ayn + Wn =0 in R"\{0}, nl, - =0. (2.2)
We consider the following functions
1, R< |zl <p
k
1= 4 (3 (cos (2= 1)) 1)) < ol <2
0’ ‘l‘| > 2[)7
1, R< |yl <p°
k
Y(y) = (% (cos ((lj—s‘ - 1) 7r> + 1)) 2, p° <ly| < 2p°
0, lyl = 2¢°,
1, 0<t<p”
k
T(t): (%(COS((%— )W)+1>>2’p%§t§2p%
; t > 2p”,

where ¢, sc are constants and their concrete values will be determined later, k1, ko, k3 are
large positive numbers.
The following theorem is the basic result of this paper.

Theorem 2.1 Let m,n > 2, a < 2,q > 1,0 < ¢ < (O‘JFT"H)Q, 0 < e <

n—21\2 _ 2-a 2—a+01+2_T°‘02 . .
(T) y 2—a+o1+ %02 >0, ¢ <1+ PP e & Then, if u(x,y,t) is

the solution of problem (1.1), (1.2), then u(x,y,t) = 0.

Proof. For simplicity of notation we take R = 1. Mulitiply equation (1.1) by the function
f(zyy,t) = &(z)n(y)e(z)Y(y)T'(t) and make integration parts. Then we get are following
relation

G = [laf bl ulte(e)n()e @) () T (O dsdyi
Q/

or
—— [ugnovsy dodydt — [unley)énpidady

Ql B/
—/un¢TdivX (1x]* (Vx€p + EVip)) dxdydt
Q/
—/u§¢TAy(1/Jn)dxdtdt — /| ’6217(1 uEnpTdxdydt
x
Q’ Q’

. oT
N / ﬁ wénpTdedydt — — / e -drdydt — / uo (2, y)Enpipdrdy
Q/ Q/ B/
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—/um/;Tga {divX (|x]*VxE) + |X‘C;7a } dxdydt
Q/
—/um/;TH(a:,& )dxdydt — /u&pTl/J [Ayn + ;Tzn] dxdydt
Q' Q'
~ [T 209, 9,1) + 19, dodyt, 3)
Q/

where
H(z,&,¢) = |2|* (Va&, Vap) + |2]% EAzp + (Vi (127 €) , Vi)
= |x’a (vwgv VCE(P) + |x’a fAng + o ‘x|a—2 3 (x, VISD) + |x|a (vzga VISD)

= alg]* € (2, Vap) + 22" (Vak, Vai) + [2]* €Asgp.
Taking into account (2.1), (2.2) and [ uo(z,y)Eneydzdy > 0, from (2.3) we get
B/

G < —/ufnwwgdaﬁdydt - /um/JTH(x,§, o)dxdydt
Q' Q'

= [u (207,91 + 0] dedyt. 2.4)
Ql
Using the Holder inequality from (2.4), we can write
2p*

= //|x|al|y”QIUIqSWwdedydt

p% B/

1
Qp" Py
12217 enos vt
Tq’ 1rw|al<q’ D yJoala—1) WY
p*

1
2p% 2
- / |7 y|72 [ul "€y T dadydt
By By (/%20
1
2p* y 7
T
Hiz, o) mfj —daxdydt
va\"l ~Dy|eald "D gr L -
0 B”{JBQU P72ﬂ

¥4

/ / /mal\yIUQIUqunWwadydt

0 By(p®,20°)B;

Q=

+
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1, Vytb) +77Ay¢|q §oT
/ / /9c|"1(q'1 ) y|oa(d'—1pa' =Ly’ = pdudydt | (23
)

0 By(p.2

~

or (4
@ 15 |" Enpy
G < Ga /Tq’—1|x’al(q/_1)’y|g2(q/_1)dacdydt

H ¢
Hx, & o)f o T
|$|01 |02(q 1) fq 190q -1

1

q/

2 Al €T i,

|| o1(a" =) |gy|o2(@’ —1)pa’ —1qpa'~1

_|_

where I, Is, Is denote the first, second, third integral respectively in the brackets.
Hence

R
GQZqull +.[2 +I37

GSC(Il—i-Iz-l-Ig). (2.6)
Now using the substitution
~ T t
xzfyy:*a7'—*78037):@(@:90(950)7
p p* p* (

DG = v(y) = ¥Gp°), T(r) = T(t) = T(rp")

we estimate each integral Iy, I, I3 separately.

2p” /
ar |4 oT 14
|5l Enev EA
- <
Il /Tq,1|x|‘71(q/1)|y|02(f1'1) dl’dydt < / Tq/—l dt
/ e
2 o7 |7
o ¢ . L
: / ly|o2(@ =D W / || e Y
By(1,2p5) Bz(l,Qp) 1
X / |2 Dy / o@D gy < opra 7T,
By(1,2p°) B (1,2p)
2p£ 2/)
></r“*_"2(q'_1)+"—1d7~/r/\+—01(q’—1)+m—1dr
1 1

<cp #(¢'—1)+ A +eput+m+ten—oi1(qg' —1)—eoa(q’—1) fl , 2.7)
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!
o
where I; = [ TqT,
1

dr.

-1

H q
/‘ |H(x,&, )" npT ~dwdydt
X

Dy Tl T
2p

= 2|1 @ =D [y |oa@ D g —Tpa—1 Y

0 By(1,2p%) Bz (p,2p)

2p” /
q
= [at _ gy |H/(w,§,/s0)\ e
|y|o2(@'~1) |z|or(@ =D ed —1p0 -1
0 By(1,2p°) Ba(p:2p)

< cp%pa(’”_@ (¢'=1)+n)

/

dx

a— o o q
o172 (2, Vo) + 2121 (Vak, Vaip) + [2]” €Aatp
X
/ |z|o ('~ gd —1pa'~1

< cp%+z-:u+ +en—eoa(q’'—1)

0ol 2 (@, Vg + 20 Bl [, Vel + ™ Aug]”

2[00 (@ D) g M+ (@1 pa' 1

X
—

Bz (p,2p)

< Cp%+6u++6n—€a2(q’—l)p(a—2+/\+)q’—01(q’—l)—/\+(q’—1)+m

y (a4 204)[7]* M (@, V59)| + (7] [ Az @I\q 7
|| (1 +A) (@ ~1) ' ~1
Bz(1,2)

< cp A tepptmten—o1(q' ~1)~eoa(q - +(a-2)d' T, (2.8)

where .72 denotes the last integral in (2.8).

12(Vyn, Vi) + nA|7 €T
/ |zz|o1(@ 1) |y|o2(a'~1)qpd' ~1pa' =1

I3 = dxdydt

>

2p

2 Ayp|?
|x‘0'1(q *1) |y|<72(q *1)wq *177(1 -1

0 Bz(lv2p) By(ngZPE)

<cp

-2 q
P ‘$|)\+—al(q’—1)dx / ‘2|y|l/«+ | (yv Vyw) | + |y|“+|Ay¢|‘ dy

|y|02(q’fl)|y|u+(q’71)¢q’fl
Bw(l,Qp) By(p£72p€)

Scp”p’u o1(q'— )+mp6((u+—2)(1’—02(q’—1)—u+(Q’—1)+n)
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s [~ o _ ~ 14
/ 2311 (5:950) |+ 1 14501
Y

Jl(o2tp)(@—1) g’ —1
B%) B 0

— Cp%+)\++s,u+ +m+en—o1(¢’'—1)—co2 (q/71)725q’j}” (2.9)

where E denotes the last integral in (2.9).
Now we take &, s« such that

—xq = (a—2)¢ = —2¢q.

Hence,
2—a
5
Taking this and inequalities (2.7),(2.8), (2.9) into account, from (2.6) we get

x=2—-—qa, €=

G < cp G DA S Gt (1t 552 ) () (] 1 T, + )

= Cp_((Q—Oé)+Ul+27Ta0'2)ﬁ+/\++m+277a(u++n) (T_l n 7'2 n T3> .

It is easy to show that for large k1, ko, k3 the integrals fl, TQ, fg, are bounded (see [5]).
Then from (2.10) it follows

27a+01+Q_Taozf(k++m+2_Ta(u++n))(q71)

G<cp q-1 (2.10)

If 2—a+o01+25%0 — (A +m+ 5% (us +n)) (g—1) >0, ie.

2—a—l—a1—|—2_Taa2
Ay +m+ 5% (uy + )

then passing to limit as p — -+oo from (2.11) we get,

qg <1+

[l itttz < o

Q/
Hence it follows that in this case u(z,y,t) = 0.
Now let )

2—-a+o01+ F%0
=1+ e L @2.11)
)\++m+To‘(,u++n)

Then from (2.11) we get

[1a7 51" ult€ndodyit < c. @12

Ql
Hence and from the properties of the integral it follows p — oo as
2p*

Gilp) = / / 2|y |7 [l enod T dadydt

p* B’



86 Non-existence of global solution of a semi—linear parabolic equation with ...

2p*
< //:U|Ul|y|"2|u|q£ndmdydt — 0, (2.13)

p* B’

Galo)= [ [ [ el lal udvenouTdsdyar
0 By(1,20°) Bz (p,2p)
2
<[ [ [ lriiededyd o, 2.14)

0 By (1,2p%)Bx(p,2p)

/ / / |7 |72 |ul "€y Tdxdydt

0 By(p®,20°) Ba(1,2p)
20
< / / / ||t |y|72 |u|'€ndxdydt — 0. (2.15)
0 By(p®,20°)Bz(1,2p)

From (2.7),(1.8), (2.10) it follows that for (2.11) the integrals I, I, I3 are bounded.
Then using (2.13),(2.14), (2.15) from (2.5) we have

»n “Q\

e <0<Gi< >11+G§q<p>fz+G§<p>Ig> <0<G (0)+ Gy (n >+GE<p>).

Hence,
ql q/ (I/

GSC(G#(p)%—Gy‘](p)—i—Gf(p)) —0 as p— 4oo.
So, in this case also

[l ul7 ulv€ndzdyat < .
Q/

Hence we again obtain u(z,y,t) = 0.

The theorem is completely proved.
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