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On the boundedness of the G—maximal operator and G—Riesz potential
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Abstract. In this paper, we study the maximal function (G—maximal function) and the Riesz potential
(G—Riesz potential) generated by the Gegenbauer differential operator

r d

dx
We introduce the generalized Gegenbauer-Morrey spaces (generalized G—Morrey spaces ) and find the
condition for the boundedness G—maximal operator and G—Riesz potential from the G—Morrey spaces
Ly s to Ly xand Ly, \ to weak G—Morrey space W L , ». We obtain the new results of the strong
and weak Spanne-Guliyev and Adams-Guliyev type boundedness of the maximal and Riesz potential op-
erators in generalized C—Morrey spaces, respectively.
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Gy = (a2 —1) (@? — 1) %, z€(1,00), A€ (0,1/2).
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1 Definition and auxiliary results

Let f € Lll"f\ (Ry), Ry = (0,00). The maximal operator M, the fractional maximal
operator M§ and the Gegenbauer-Riesz (G —Riesz) potential I are defined in [16-18] as
follows:

1 s
Mg f(chx) =sup ——— / A chx)|sh* tdt,
Gf( ) r>1é)) ’H(O,T’)’)\ 0 ht|f( )|

Mg (eh) = sup [ HO [ PT [ Y, fcho)|shP e,
r>0 0
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and

1 e © a
IG f(chx) = F(l)/o (/0 r2_1hr(cht)dr> AN f(chx)sh® tdt,

2

where |H (0,7)[x = [; sh®tdt is the Lebesgue measure of the interval (0, 7),

hr(eht) = / e VTP (cht) (v — 1) 2 d
1

and P)(cht) is eigenfunction of the operator G'y,

r(A+3) [T
AN f(chx) = ( +(21)) / f(chacht — shasht cos ) (sing)** Ldy
3) Jo

ror
is the generalized shift operator generated by the Gegenbauer differential operator G y.
The operators Mg = M, g, Mg¢ and I¢, play an important role in harmonic analysis.
Throughout in the paper, we will denote shx, chx by the hyperbolic functions and by
A < B we mean that A < C'B with some positive constant C' such that 0 < A < CB,
moreover C' can dependent on some parameters. Symbol A ~ B denote that A < B and
B < A
Further we need the following assertion.

Lemma 1.1 [I8] For0 < A < % the following correlations is true:

, 0<r <2,
, 2<r<oo.

)2>\+1

H(O.r)|s ~ { g

OIS oI

sh
ch )4/\

Lemma 1.2 [17] For any v > 0 the following correlations are true:

1
|H(z,7)|y = /x+r sh*\tdt ~ {(Sh%”)wr , U<ae+r<,
2
x

-

where

H(x,r) = 0,z+71), 0<z<r,
(= +r), x>T

Further we need the following statement.

Theorem 1.1 [19] (Fefferman-Stein type inequality)
(1) For every nonnegative measurable functions f and g on Ry every 1 < p < oo and
every ) <t < oo

AN (Mg f(chz))Pg(chz)sh* zdx < AN f(cha)? Mqg(chx)sh? zdz.
R, Ry

(i) For any measurable functionon Ry f > 0and g > 0

1
/ g(chx)shPzdr < — AN, f(chz) Mag(chz)shP zdz.
{z€RL:AY, Mg f(chz)>a} @ JR,
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2 Generalized Gegenbauer-Morrey spaces

In connection with elliptic partial differential equations, C. Morrey proposed a weak
condition for the solution to be continuous enough in 1938. Later on, his condition became
a family of normed spaces and they are called Morrey spaces [21]. Although the notion is
originally from the partial differential equations, the space turned out to be important in
many branches of mathematics. Therefore this theory is devote many work [1]-[16], [22]-
[26].

In the [16] introduced Gegenbauer-Morrey space as the set of locally integrable func-
tions f(chz), x € Ry with the finite norm

r 1
1l = sup ( / Aéhtrf@hx)psh”tdt)p
0

Z€R+ ,’I’>0

where 1 < p < oo, A € (0,1/2),0 < v < 2X + 1, and also the weak space WL, » (R1)
with the finite norm
N

1
sh”ydy) v

3 =

[P 0weyn, =supr sup (7| {y € (0,6): |42, £ (cha)| > r

r>0 x€Ry,t>0

=supr sup (t”/
r>0 xz€R4,t>0 {y€(0,t):A% |f(cht)|>r}

chy

In [16] the following statements were proved.

Theorem 2.1 [16]Let0 < o <2A+1,0 <y <2 \+1—aand1 < p < 2L
(DIfl<p< ”‘t% then the condition % — % = 547 I8 necessary and sufficient for

the boundedness of 18, from Ly, » (R1) to Lg  (R4).
(i) Ifp=1< ”‘t% the condition 1 = % = 3=

the boundedness of 18 from Ly y(Ry) to WLy » (R4).

e

5 is necessary and sufficient for

Everywhere in the sequel the functions w(z, ), w1 (z, ) and wa(z, ) used in the body
of the paper are nonnegative measurable function on R ..
By analogy with [11], we introduce the following notation.

Definition 2.1 Ler 1 < p < oo. The generalized Gegenbauer-Morrey (G-Morrey) space
My, A(R4) associated with the Gegenbauer differential operator Gy as the set of locally
integrable functions f(chx), x € Ry with the finite norm

2241
P |’fHLp7)\(0,arcshr) +

1flMyon = sup w(a,r)~'r

$€R+

0<arcshr<2

+  sup  w(z,r)!
I€R+
2<arcshr<oo

_ax
ror HfHLp’A(O,arcshr)’

where
1/p

arcshr
sy sarcn = ([ Adullena)psnvat)
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Definition 2.2 Letr 1 < p < oo. We denote by W L, , \(R,.) the weak space L, »(R1)

defined as the if locally integrable functions f(chz), © € R, with the finite norm

o241
”fHWMp,w,/\ = SeuRp w(:c,r) 17” P HfHWLp’A(O,arcshr) +
T
O<arcsl':—r<2

o
+ sup UJ(:E, 7") e ||f||WLp 2 (0,arcshr)
Z‘ER+ ’
2<arcshr<oo

where
1/p

— AN
£, s(areshr = $up e { € (O areshr) : A2y |f (char) > ¢}

1/p
= sup / shQ’\ydy .
t>0 {y€(0,arcshr): A, |f(chz)|>t}

chy

3 G—maximal operator in the spaces M, ,, » (R)

The following local Guliyev type estimate for the G—maximal function (see [11]) is valid.

Theorem 3.1 Let1 <p <ooand f € Lé‘fi(RJF).
(i) Then forp > 1

2241 220414

arcsht

||MGf H Ly 2 (0,arcsht) S
arcsht!

and forp =1

4ax _4x_q
tr foo P HfHL%)\(O,m‘cshr) dr, 2 < arcsht <oo

foo rop ||f||Lp,)\(0,arcshr)d7", 0 < arcsht < 2,

3.1

t2>\+1foo 222 ||f||L1’A(O,arcsh7”) dr, 0 < arcsht <2,

arcsht

Mcf S —AA—
H HWLl’/\(O’aTCSht) t4)\fa0:cshtr -t HfHLl,)\(Oﬂrcsh?") dT, 2= arcshi < oo

Proof. Let 1 < p < oco. We represent f as f1 + fo,
fl(Chy) = f(Chy)X(O,m‘csht) (Chy)a fQ(Chy) = f(Chy)X(arcsht,oo) (Chy)

and we have

HMGfHLp’A(O,arcsht) < HMGfluLp))\(O,m‘csht) + |’MGf2HLp7/\(arcsht,oo)

Further by Theorem 1.1 we obtain

IMefil, \oaresn < IMeilly, ey S Wl @ S 151, y@areshs

from (3.4) we have

22+1 S _22+1 g
M6 1l o aresiy 05 [ 77 T 1, e

2241 oo _22+1
<t v / TP ||f||Lp7A(0,arcshT) dr
arcsht

3.2)

(3.3)

34

(3.5)

(3.6)
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since norm || f|| L, , (0,arcshr) is nONCreasing by r.
Now we estlmate Mg fa. For any u € (0,7) we get

M fa(chu) = sup / A%, | falchu) s ydy.

r>0 |H('LL T
H(u,r)
Using Lemma 1.2 by v = 2\ we have
(sh T)2)‘+1, 0<u+r<2,
[H (u,7)|x ~ WA
(sh 5 ) , 2<u+4r <oo.
—22—1 A 2
Sup (Sh ) fH(u,r)ﬂ(arcsht oo)Achy|f(Chu)|Sh ydy
MGf2 chu o<r<2 i o
Sup (Sh ) fH(u,r)ﬁ(arcsht,oo chy‘f(Chu)‘Sh ydy
2<r<oco
Then
. iup 2t_2)‘ 1 ;thAg\hy]f(chu)lsh2’\ydy
MGfQ Ch'u sters a)\ rutr A 2
sup t~ fmshtAchy|f chu)|sh* ydy
2<t<r<oo
msht (shy) 274, | (chu) sh™ydy, 0 <t <2 4
Jorest (5hy) " AY | f (chu) |sh*Pydy, 2 <t < oo
We choose 5 > 2\ 4 1 and estimate first integral in (3.7)
o
[ (st LAy el st ydy
arcsht
oo o0
=3 (shy)”" A1 A, | f(chu)] ( / s‘“ds> sh*ydy
arcsht shy
e 22—1
5[ (] (shy)? =2 A, | f(chu) shPydy | ds
shy {u€Ry:arcsht<y<arcshs}
o
-1
5 / Sﬁ ||f||Lp’>\(0,a7"cshs) ||5hy||Lp/ 1 (0,arcshs) ds, (3-8)
arcshy ’

here p +p' = pp'.
But

arcshs , 1/p’
Hsh(.)HLp/’)\(O,arcshs) = (/O (Shy)(ﬁ*?)\fl)p ShZAydy)

a1 22t _on_ 1 _oas1
585 D142 52 1+(2)\+1)(1 p) _ g

Then from (3.8) we obtain

o0

[ sy Ay sy s [ 55 )ds.

A(0,arcshs
rcshit pa(0

arcsht
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Analogous estimate second integral in (3.7) and we have

00 _22+1 -1
f rcshit s v ||f||Lp’)\(O7arcsh5) ds7 0 < Cl’l"CSht < 27

a

Mc¢ fa(chu) < (3.9

_4x 4
[0 s ”fHLp’A(O’amshs) ds, 2 < arcsht < oo.

arcsht

Applying of Theorem 1.1 by g(chz) = 1 and (3.9) we get

H Mc f2 || Ly A(0,arcsht)

_22+1 4
< faO:csht s F ||f||Lp,>\(0,arcshs) ds - ”1HLI,’A(O,arcsht) , 0 <aresht <2,
_4x_q

00
farcsht s ¥ HfHprA(O,arcshs) ds - ||1”Lp,>\(0,a7‘csht) ; 2 < arcsht < oo.
(3.10)

~

But by Lemma 1.1

2241 22+1
sh(arcsht) » =t » , 0 <arcsht < 2,

N < G-1h
Lp,x(0,arcsht) sh(arcsht)% = t%7 2 < arcsht < oo.

Taking into account (3.11) in (3.10) and also (3.6) in (3.4) we obtain (3.1),
Let p = 1. It is obvious that for any interval (0, arcsht)

”MGfHWLL,\(O,arcsht) < ||MGf1HWL1’,\(O,a7"csht) + ||MGf2”WL17>\(O,arcsht) :

By boundedness of the operator Mg from Ly (R) to W L; z(R;) (see [18] Theorem 2.2)
we have

||MGf1HWLL)\(O’a7"(;5ht) 5 HfHLL)\(O,aTCSht) :

Note that inequality (3.10) also true in the case p = 1. Then by (3.10) and (3.11), we get
inequality (3.2).

Therefore we get the following Spanne-Guliyev type theorem for the G —maximal operator
in generalalzied G—Morrey spaces (see [11]).

Theorem 3.2 Let 1 < p < oo and the function wi(x, ) and wa(x,T) satisfy the condition

R dr

wi(z,r)— S wa(z,t). (3.12)
arcsht r

Then for p > 1 the maximal operator Mg is bounded from My ., x\(Ry) to My, x\(Ry)

and for p = 1 Mg is bounded from M ., x(R) to WM o, A(Ry).

Proof. Let 1 < p < ooand f € M, (R). By Theorem 3.1 we have which completes
the proof for 1 < p < oo.
Letp =1and f € Mj,, A(Ry). By Theorem 3.1 we have

—1,—2)—
HMGfHWMl,wQ,)\ - SeuRp LOQ(:IZ,t) At HMGfHWLL)\(O,(lTCSht)
T
0<arcs/-1~_t<2

—1,—4X
+ sup w2(£7 t) b HMGfHWLl A (0,arcsht)
z€R L '
2<arcsht<oo

o0
-1 —2A—2
5 sup w2 ('T’ t) / r ”fHLl 2(0,arcsht) dr
zE€ER4 arcsht ’
0<arcsht<2

00
—1 —4X—1
+ sup w2 (‘/Ev t) / r ||f||L1 2(0,arcsht) dr.
zeR arcsht ’
2<arcsht<oo
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Hence
PR A dr
MG sty S 16ty | S0t t)” | s
O<arcsht<?2

4 [= dr
+  sup  wa(z,t) wi(z,7)—
zeR arcsht r
2<arcsht<oo

<t

by (4.12), which completes the proof for p = 1.

4 G —Riesz potential in the spaces M, ,, x(R4)

In this section, we shall give the Spanne-Guliyev and Adams-Guliyev type bounded-
ness of the G—Riesz potential operator on the generalized G—Morrey spaces M, , (R4),
including weak versions.

4.1 Spanne-Guliyev type result

The following local Guliyev type estimate for the G—Riesz potential (see [11]) is valid.

2241

Theorem 4.1 Let 1 < p < o0, 0 <o <=, %—%

forp>1landt >0

= g7 and f € LIS (Ry). Then

22+1 _22+1 4
t o fO:cshtr ¢ Hf”Lp,)\((],arcshr) dr, 0 < arcsht < 2,

ngfHLq’)\(Qarcsht) 5 4 ooa —4A
ta [ el ¢ HfHprA(Oyarcshr) dr, 2 < arcsht < co.

4.1)
and forp =1
22+1 _22+1 g
N < t a faofcshtr q HfHLM(OMCShT) dr, 0 < arcsht < 2,
||IG’f”WL(O,a7“csht) ~ D _4A g
LACT I A Hf”LLA(O@rcshr) dr, 2 <arcsht < .
4.2)
Proof. As in the proof of Theorem 3.1, we represent f in form (3.3) and have
I8 f(chx) = I fi(chx) + I fa(ch). 4.3)

Letl < p <o00,0<a< 2’\%1,% — % = 2)\0_11. By boundedness of the operator 17

from L, »(Ry) to Ly A(R4) (see [12]) we obtain

ng'fl”Lq’)\(O,arcsht) < ng'leLq’)\(R+) Sz |’f1HLP7>\(R+) S HfHpr)\(O,arcsht) (4.4)

Taking into account that

221 22+1

—241 g
fao:csht ro Hf||Lp7A(0,arcshr) dr, 0 <arcsht <2,

Hf”L »(0,arcsht) 5 44X _4x
», ta [ T Hf‘|Lp7>\(O,arcshr) dr, 2 <arecsht < oco.
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we get

2+1 o 2241
T < toa farcsht ro¢ ||f||Lp’A(0,arcsh7“) dr, 0<arcsht <2,
H Gf1‘|Lq7/\(0,arcsht) ~ A g _4x_ 4

ta farcshtr q ||f||Lp,)\(0,arcshr) dr, 2 <aresht < .

4.5)

Further (see [18], Corollary 3.1)

| Gsh A eha) sty
arcsht

ng'fQHLq’)\(O,arcsht) S ‘
Ly x(0,arcsht)

5 / ht<8hy)a A 1Achy‘f(0hx>‘8h2)\ydy HX(O,arcsht)(')Hqu)\(R_’_)
(4.6)

we choose 8 > 2\ + 1 and obtain

[ (st B, o)l udy

rcshit

s 0 (Shy)ﬁ+a—2x—1Aé\hy|f(chx)| (/

arcsht shy

B/ ht </{ R ht<y<arcshs} (shy)”H =2 1Achy\f(chx)|sh2’\ydy> s B-1 4
arcs xEe +:arcs sysarcsns

o

5_6_1d5> sh® ydy

< —5 1 ‘A ‘ . H sh ﬂ+a—2)\—1‘ ds
~ arcsht chy Lp,/\(O,arcshs) ( y) Lp/’,\(o,arcshs)
</ ds
rcsht p.x(0,arcshs)
~ / § 1F 11z, 7 @.areshs) 45- 4.7)
arcsht )

Combining (4.6) and (4.7) we obtain

H‘lg'fQHLq’)\(O,arcsht) (48)
o 2241
§ / s P HfHpr(O,arcshs) ds - HX(O,arcsht)(')HL ARy 0 < arcsht < 2.
arcsht ’ EN “9)
Analogous we have
& f2llz, \(0.aresht) (4.10)

oo 4y
S / e HfHLp 2(0,arcshs) ds - HX(O,arcsht)(')HL A(R4)? 2 < arcsht < co.
arcsht ’ @ @.11)

Since

Q

H X(llarcsht) (> ‘ | Ly x(0,arcsht)

2\
(sharcsht) qH, 0 < arcsht < 2,
(s harcsht)T, 2 < arcsht < oo.

4x
q

22+1
t « , 0<arcsht <2,
ta, 2<arcsht < oo.
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that from (4.8) and (4.10) we obtain

2241 _22+1
Y B Hf\\Lp’A(Omcshs) ds, 0<arcsht <2,

a

4
= oo
ta farcshts

ngfQ HLq,A(O,arcsht) 5

EL |
a HfHLM(O,MCShS) ds, 2 <arcsht < oo.

4.12)
Combining (4.5) and (4.12) we obtain (4.1).
Let p = 1. It is obvious that for any interval (0, arcsht)
||Ig¥fHWL1,)\(O,arcsht) < ngleWLL)\(O,arcsht) + ngfQHWLl’A(O,arcsht) (413)

By boundedness of the operator I8 from L\ (R4 ) to WL, (R,) (see [12]) we have

HIg'leWLL)\(O,arcsht) rg HfHLq,A(O,arcsht) : (4.14)

Note that inequality (4.12) also true in the case p = 1. Then by (4.12), we get inequality
(4.2).

The following Spanne-Guliyev type theorem for the G—Riesz potential in generalalzied
G—Morrey spaces (see [11]) is valid.

Theorem 4.2 Let1 < p < 00,0 < a < 2)‘%1,% — % = gxy7 and the function wi(x,r)
and wo(x, r) fulfill the condition
o dt
/ twi(x,t)— S walz,r). (4.15)
arcshr t

Then for p > 1 the operators M¢ and I¢: are bounded from M, ,,, x(Ry) to M, o, x\(Ry)
and for p = 1 M& and I¢ are bounded from M, x(Ry) to My, x(Ry).

Proof. Since (see [19] proof of Theorem 4.4) Mg f(chx) S I&(|f|(chx)), it suffices to
tread only the case of the operator I&. Let 1 < p < oo and f € M, (R4 ). By Theorem
4.1 we have

N 1 o0 _22+1 g
||IGfHMp7w1,,\ S sup WQ(xvt) ro1 ||f”Lp’,\(O,arcshr) dr
zeR arcsht
0<arcsht<2
—1 o —4
+ Sup w2 (ZL‘, t) ro1 ||f||Lp 2 (0,arcshr) dr
zeRy arcsht ’
2<arcsht<oo
o© dr
<|If sup wol(x,t 1/ rwy(x,r)—
~ H HMP’WI’A zeR L ( , ) arcsht ’ ) r
arcsht>0
SE VA VRN (4.16)

by (5.13).
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Letp = 1and f € M, A(Ry). By Theorem 4.1 we obtain

t_M
q
e a
H-[Gf||WquJ2,)\ - wselllRIi m ||IGfHWLq’>\(O,arcsht)
0<arcsht<?2
_ 4
|11
su _
* IER% 2 (-:U, t) G WLq’)\(O,arcshﬂ
2<arcsht<oo
S e I 1 d
~ sup — roq r
z€ER L wz(.%',t) arcshi L1, x(0,arcshr)
0<arcsht<2
[ R ,
+ sup — r o« r
z€Ry w2 (2, 1) Jaresht L1,2(0,arcshr)
2<arcsht<oo
1 > dr
<l s [° an
‘ Mi,wq,2 z€R, CUQ(xyt) arcsht ’ r
arcsht>0
<Ml
by (4.15).

From this and (4.16) we obtain the assertion of the Theorem 4.2.
4.2 Adams-Guliyev type result

The following pointwise Guliyev type estimate (see [11]) plays a key role where we

prove our main results.

Theorem 4.3 Let1 < p < 00,0 < a < % and f € L;Of\(RJF). Then

|I¢:f (chx)| S t*Me f(chz)

0o o 2A+1 g p . )

+ faTCSht r P ”fHLp’)\(O@rcshr) T, 0 < arcsht < s
4

faOTOCSht Ta P HfHprA(O,aT‘CSh’F) dr? 2 S arcsht < Q0.

Proof. As in the proof of Theorem 3.1, we represent f in form (3.3) and have
I8 f(chz) = I fi(chx) + I8 fa(chz).
For I¢ f1(chx) we have (see proof of the Corollary 3.1 in [18])

aresht A |f(cha) sh?y
18 fi(cha)| < hy
ikl s [ =R

4.17)

(4.18)

(4.19)
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Let 0 < arcsht < 2. Then from (4.19) we obtain
2~ Yarcsht |f(ChZL‘)|Sh2)‘

chy
G fr(cha)l S Z/ (shy)P 1o

(41 aresht

arcsht arcsht\ ~2A"1 2 Varesht
< Z( STl > (Sh2”+1> /0 Ai‘hy|f(chx)|sh2)‘ydy

arcsht —2A=1 (2 %arcsht
< (sharcsht)® Z 9~ (o (sh > / Ai‘hy|f(chx)|sh2>‘ydy
v=0 0

21/—}-1

< t*Meg f(cha) <Z2 (vt >5taMGf(chx). (4.20)

Let 2 < arcsht < oo and 0 < o < 4\. Then
arcsht A>\

chy‘f(Chx)‘Sh2>\y

T icha)| 5 [ Cgyr=a

_ arcsht AA \f(chx)\shQ’\ - arcsht A>\ ’f(Ch.T)’Sh2)‘
N/o (chy)4A o N/o (Shy)4A o
2~ Varcsht ’f(ChLL‘)’ShQ)\

N Z/ Chy(shy)4)\ o

v+ aresht

arcsht\ arcsht ~* (2 Varesht
v=0

< t*Mc f(cha). 4.21)

Now let 4\ < o < 2A + 1. From (4.19) we have

arcsht
[1G f(chz)| < /0 ARy, | f (cha)|sh*ydy

(Sh arc;ht ) 4

/arcsht o
TN chylf (chx)|sh™ ydy
(Sh arczsht ) 4x 0 Y

< sh(aresht) Ma f(chz) <t Mg f(chz) <t“Maf(chz).  (4.22)
Taking into account (4.20)-(4.22) in (4.19) we get
|G fi(chz)| St*Maf(chx), t>0, 0 <a<2XA+1. (4.23)

For I f2(chx) we have

(k) £ [ Al f(eho) ( / s“”ds) sh?ydy
t shy

oo
: / (/ A?hy!f(chx)]shz/\ydy> S22
arcsht {x€R:arcsht<y<arcshs}

9]
—2X-2
S/ / Ch ||f||Lp,A(0,a'rcshs) ’ Hl”Lp,)\(O,arcshs) ds.
arcsht
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Using (3.11) we obtain

_2a1 g
faOT'OCShtsa P ||f||Lp’)\(0,a7‘CShS) ds’ 0 < Q/T‘CSht < 2’

_4x_q
[ s HfHLpJ(O,arcshs) ds, 2 <arcsht < oo.

[1G fa(chx)| S (4.24)

arcsht

Finally from (4.23), (4.24) and (4.18) we obtain (4.17).

The following Adams-Guliyev type theorem for the G—Riesz potential in generalalzied
G—Morrey spaces (see [11]) is valid.

Theorem 4.4 Let1 < p < 00,0 < a < 2/\%1 and let w(x,t) satisfy condition (5.13) and
the condition
o dr 3
t“w(z, t) + rw(z,r)— Swx,t)q. (4.25)
arcsht r

where p < q. Suppose also that for almost every x € R, the function w(x, ) fulfills the
condition

there exist a = a(x) > 0 such that w(zx, ) : [0, 00] — [, 00) is surjective. (4.26)

Then for p > 1 the operators M and 18 are bounded from M, , \(R1) to Mg, \(R4)
and for p = 1 the operators M¢ and I¢; are bounded from M , (R to M 1 )\(R+).
q?w

)

Proof. Since (see [17] proof of Theorem 4.4) Mg f(chx) < I8 (| f|(chx)) , it suffices to
tread only the case of the operator I¢.

Letl <p < ooand f € M, r(Ry). By Theorem 4.3 we have

o0

dt
185(che)| S 1°Maf(cho) +flu,.,, [ w@F. @2

rcshit

QI3

From (4.25) we get r®w(z,r) S w(z,r)9.
Making also use of condition (4.25), we obtain

18 f(cha)| S w(a,r)i " Maf(chz) + w(z,r)e || £y, (4.28)

pw A
Since w(z, r) is surjective, we can choose r > 0 so that w(z,r) = Mg f(chz) Hij\jp s

assuming that f is not identical 0.
Hence, for every z € R, we have

18 (cha)| < (Me f(cha)) [1f] " - (4.29)
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Hence the statement of the theorem follows in wive of the boundedness of the maximal
operator M¢ in My, , (R, ) provided by Theorem 3.2 in virtue of condition (3.12)

2241

t q
||Igf||M p Sup [ ||IngLp,q(0,arcsht)
q,w 9 X ZER+ w z,t q
0<arcsht<2
_4x
t « a
+ sSup N HIGfHLp,q(O,arcsht)
zeRy  w(z,t)a
2<arcsht<oco
_ 2241
< =3 LI M, .
Sl | 30 o VG, garea +
0<arcsht<2
4N
+ L o
sup — ||Mg
reR, w(x,t)g Ly, »(0,arcsht)
2<arcsht<oo
1. (4.30)

of 1 <p < q<ooand

2241 o
¢ HIGfHWLq,A(o,arcsht)

sup  w(x,t) 9t
£€R+
0<arcsht<2

& lwa

q,w,A

_1 4
+ sup w(m,t) it ng’fHWLq 2(0,arcsht)
zeER L ’
2<arcsht<oo

1-2 1 2241 é
5 ||f”M1,w,)\ xseuRp w(m,t) it ? ||MGfHWL1,>\(0,a7‘csht)
0<arcsﬁt<2

_1 _a 1
+  osup w(at) 9t @ [[Maflly,,
rzeR ’
2<arcsht<oo

<l

ifp=1<q< .

(0,arcsht)
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