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On regular solvability of a boundary value problem for a fourth order
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Abstract. The paper is devoted to the study a regular solvability of some boundary value problems for a
fourth order operator-differential equations on a finite segment. Using the theorem on the estimations of
inter mediate derivatives, sufficient conditions for regular solvability of the given problem are obtained.
Sufficient conditions for regular solvability of a boundary value problem are expressed by means of the
norms of the operators of intermediate derivatives.
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1 Introduction. Problem statement

Let H be a separable Hilbert space with a scalar product, (z,y) g, where x,y € H.

Denote by H = L, ([0, 1]; H) a Hilbert space of all vector-functions f determined on
the segment [0, 1] with the values in H, that have the norm

1 1/2
o = ( [ s, dt) |

Let A be a self-adjoint positive-definite operator in space H with the domain of defini-
tion D(A). We define the operator A (p > 0) with domain of definition H,, = D (AP) that
are Hilbert spaces with regard to the scalar product

(x7y)Hp - (AvaApy)H7 z,y € D(Ap)

For p = 0 we assume Ho = H, (2,y)y, = (z,y),2,y € H.
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We define the Hilbert space
Wi ([0,1); H) = {u(t);u® € Ly (0,1} H), A'w e Ly (0,1]; H)}

with the scalar product

1
1
(1, V) o)1 / t))Hdt+/0 (Atu(t), A*o(t)),, dt
0

and with the norm

2
(s )i o) = H v HL ) HA4UHL2([0,1];H)'

From the theorem on traces it follows that [10] if u(-) € Wy ([0, 1]; H), then u*)(0) €

H, , 1,k = 1,2,3. The derivatives uf)(t) = di;:,gt) ,k = 1,2, 3 are understood in the
2

sense of distributions theory.
In separable Hilbert space H we consider the boundary value problem

d4
Lu = dti + Au( +ZA4 () = f(b), te0,1], (1.1)

w(0) = /(0) =0, u(l)=1u/(1)=0. (1.2)

Here f(¢) and u(t) are the vector-functions determined almost everywhere in [0, 1] with
the values in H. We will assume that the coefficients of the equation (1.1) satisfy the fol-
lowing conditions:

1) A is a self-adjoint, positive-definite operator in the space H.

2) Let A; be the linear operators such that B; = A; A7, j=0,4andlet Bj are bounded
operators in H.

Definition 1.1 If the vector-function u(t) € W4 ([0,1]; H) satisfies equation (1.1) almost
everywhere in [0, 1], then we call it a regular solution of equation (1.1)

Definition 1.2 If for any f(t) € L2 ([0,1]; H) there exists a regular solution of equation
(1.1) for which boundary conditions (1.2) are fulfilled in the sense

lim || (¢ )||H7/2 =0, lim |[|/(t

t—+0 t—+0 HH5/2 = O’tlgrio ||u(t)HH7/2 =0, lim Hu

t51—0 )HH5/2 =0,

then the vector-function u(t) is said to be a regular solution of the boundary value problem

(1.1), (1.2)

Definition 1.3 Iffor all f € Lo ([0, 1]; H) boundary value problem (1.1), (1.2) has a regu-
lar solution and the estimation

lullwaqo,m)y < €Il Ly,

is fulfilled, then boundary value problem (1.1), (1.2) is called uniquely solvable or regularly
solvable.



26 On regular solvability of a boundary value problem for a fourth order operator . ..

In the space W4 ([0, 1]; H) we define the following operators

d*u(t)
dt

Lou(t) = + Atu(t), ue Vf;; ([0, 1]; H)

4 o
Lyu(t) =Y Ay u(t), ue Wy ([0,1]; H).
j=0

In [15] it is shown that the operator Ly realizes an isomorphism of the space W3 ([0, 1]; H)
onto the space Ly ([0,1]; H) and Ly : Lo ([0, 1]; H) — W4 ([0, 1]; H) is a bounded oper-
ator.

Note that solvability of various problems for higher order differential equations was
studied in [1,2,4,7,8,11,13,14,15] and others.

In [12], a new approach to the solvability of boundary value problems for operator-
differential equations was developed. This approach consists of finding exact values or up-
per bounds of the norms of intermediate derivatives operators participating on the perturbed
part of operators participating on the perturbed part of operator-differential equations.These
estimations allow to establish exact conditions of solvability boundary value problems for
these equations in the terms of operator coefficients.

There estimations are of independent mathematical interest as well. Such estimations,
for example, are closely connected with the problems of the best approximation of differ-
entiation operator by bounded operators. In this direction we can note the papers [3,6,9,10]
etc.

To complete the statement of the proof of the basic theorem of the present work we give
formulation of the theorem on intermediate derivatives.

Theorem on intermediate derivatives [5]. Let condition 1) be fulfilled, and A > 0.

Then for all u € W3 ([0, 1]; H) we have the following inequalities

4
1A% 15y < €0 100l o,y (1.3)
3
1A% 1y 0,115y < €1 10wl g0,11500) (1.4)
2
HA UHHLQ([O,I];H) < HLO“”LQ([O,H;H) ’ (1.5)
HAU,//HLQ([O,”;H) S Cc3 ||LOUHL2([O,1];H) R (16)
d*u
du < ea |l Loull 1ot (1.7)
‘ dt4 LQ([(]’]_]’H) LZ([OvlLH)

where

1 1 1
60264:1) 02257 6125563:\/34»14»5 10(2+\/§) (18)
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2 Main results

One of the main results of the present paper is the following theorem.

Theorem 2.1 Let A be a self-adjoint, positive-definite operator, the operators Bj = A; A~
j = 0,4 be bounded operators in the space H. Assume that in addition to these conditions,
the following algebraic condition is also fulfilled:

4
h=7 cilBijll <1,

j=0
where the coefficients cj,j = 0,4 are determined by equality (1.8). Then problem (1.1),
(1.2) is regularly solvable.
Proof. As noted above, the operator Loy : Wi ([0,1]; H) — Lo ([0, 1]; H) is an isomor-
phism, i.e. it maps the space W3 ([0, 1]; H) into Lo ([0, 1]; H) and there exists a bounded
inverse operator Ly ' : Lo ([0,1]; H) — Wa ([0,1]; H)..

Show that the operator L1 boundedly acts from the space Wi ([0, 1]; H) to the space
Lo ([0,1]; H).

Indeed, for all u € Wi ([0, 1]; H) we have:

I L1ull ., 0,1); ZA4 jut?
La([0,1];H)
_ i Agj A~ 0D) A1=5y )
J=0 La([0,1];H)
4
A=6=)| || 433
S I ]
4
_ . =iy ()
_]Z;HB4—J” HA4 Tu ‘LQ([o,l];H)‘

By the theorem on intermediate derivatives, we have the inequality

HAHU(J')‘ ractoayn < & el oy 3 = 0.4 2.1)
Then we get
4
HLlU”LQ( 0,1]; Z% [ Ba—jll - ¢ ”uHW24([0,1];H) < const - HUHWg([O,l];H) :

Thus, we get the boundedness of the operator

Ly - WE (0,1 H) — L ([0, 1]; H) .
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We represent problem (1.1), (1.2) in the form of the operator equation
Lou+ Liu = f.

Here u € W ([0,1]); H), f € Ly ([0,1]; H).

Since Lo : Wi ([0,1]; H) — L ([0, 1]; H) is an isomorphism, we have

zo (W4 (0.15)) = Lo (0, 150,
Denote u = Ly 'v. Thus, in the space Ly ([0, 1]; H) we get the operator equation
v+ LiLgtv = f, where v, f € Ly ([0,1]; H). (2.2)
For any v(t) € Lo ([0, 1]; H) we have

12250l o gy = 1200l g o, ZA4 jut
L2([0,1];H)

<3 |- s

La([0,1];H)

< Z 1Bis - |4t~ 23)
j=1

If we use inequality (2.1) for the operators of intermediate derivarives, where the condi-
tions ¢;, j = 0,4 are determined by equalities (1.8), we obtain:

Lo((0,1;H)

[ L1Lg 1HL2(01 <ZCJ [ Ba— ]”) Mol om0y = 0l Ly o,1358) -

Since 0 < h < 1, we get that the operator £+ L1 L, ! has a bounded inverse determined
everywhere in the space Lo ([0,1];H). Then from equation (2.2) we get

v=(E+LiLy") fiu=Ly'w=L5" (E+ LlL_l)_l f. Then we have:

HUHW4 [0,1]; HL E"‘LIL f‘

Lo([0,1];H)

1 —1
< | Ly H (O} H) s WA (0,1 H H E+ILiLy")" ‘

Lo([0,1];H)—L1([0,1];H) HfHLQ([oyl];H)
1
1
< | Ly HL2 (0,1 H) = Wi ([0,1]:H) meHLﬂ[O,l];H) = const || f|| Ly(o.11:1)-

Hence it follows regular solvability of boundary value problem (1.1), (1.2).
Theorem 2.1 is proved.
Now let us consider the following boundary value problem

atu(t)

dt

+A4 +ZA4 u () =0, telo,1], (2.4)

u(0) = o, u'(0) =1 u(l) =1, v'(1) = ¢r. (2.5)
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Definition 2.1 If for o € Hy/o, 01 € Hy/o, Y0 € Hyjz,91 € Hs)o, equation (2.4) has a
regular solution u(t) and this solution satisfies boundary condition (2.5) in the sense

Jim, llu(?) = ol , =0, lim Jlo'(5) = e, , =0,

. _ 3 ! — g
t—lgrio () — %HHW =0 tlgri() ') leHw 0

then the function u(t) is called a regular solution of problem (2.4)-(2.5).

Definition 2.2 [f for all, o € H7/9,¢1 € Hyjo, Yo € Hyjo,11 € Hy)o, problem (2.4)-
(2.5) has a regular solution u(t) and for this solution the inequality

lellwqoupn < ¢ (190l , + Itllsss + Wolluzya + 111, ,)
holds the problem (2.4)-(2.5) is said to be regularly solvable.

Theorem 2.2 Let the coefficients of equation (2.4) satisfy all conditions of theorem 2.1, i.e.
A be a self-adjoint, positive-definite operator, the operators B; = A;A~ j (] =0 4) be

4
bounded in the space H and the algebraic condition h = ) ¢; ||Ba—;| < 1 be fulfilled.
j=0
Then problem (2.4)-(2.5) is regularly solvable.

Proof. For A; = 0 (j = 0,4) the theorem was proved in [15]. Now we prove the theorem
for A; # 0.

We look for the regular solution of problem (2.4)-(2.5) in the form u(t) = v(t) + uo(t).
4

0
Here u € W, ([0,1]; H) , v(0) = '(0) =0, v(1) =v/(1) = 0 and
Uo(t) — €w1tA331 + ertA$2 + €w3(t_1)AZL‘3 + ew4(t—1)Ax4

Unknown vectors 1, 22, 23, 24 € Hy /4 are determined from the boundary conditions

uo(0) = o, un(0) = p1, uo(1) = tho, up(1l) = y. (2.6)

Here wy, wa, w3, wy are the roots of the equation w4+ 1=0.Ttis easy to see that w; =
LA +i)we =L (1 —d), w3 = (1 +i)ws = (1 —4)

NG s W2 V2 s W3 NG s W3 V2 .

As can be seen Rew; < 0, Rews < 0, Rews > 0, Rewy > 0. Then the function

ug(t) € Wi ([0, 1]; H) is a regular solution of the problem

duo(t
U L sug(t) =0, ¢ € [0,1], .7)
dtt
uO(O) = $0, U6(0) = ¥1, uO(l) = ¢0> u,0(1> = wl (28)
and satisfies the estimation
ol o,y < const (6ol , + o1l , + 6ol , + 61l ,) - 29

Since v(t) = u(t) — up(t), we get
v(0)
o(1) = (1) — up(1) = 0, v'(1) = /(1) — wh(1) = 0.

w(0) = up(0) = 0, v/(0) = u/(0) — w(0) = 0,
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If we take into account these conditions, then for v(¢) we get the following problem

4

v(0) =0, 2(0)=0, v(1)=2'(1)=0. 2.11)

Hence we get

4, 4y 4 ,
<d df4(t) +A4uo(t)> - <ddt(t) + Ato(t > +ZA4 A0 = =3 A (),
=0

Since . ( )
o + A%ug(t) =0, tel0,1]

we finally get the following boundary value problem with respect to the function v(t)

d*v(t)
dt*

+ Aot +ZA4 W9 (t) = g(t), telo,1], (2.12)

v(0) = v'(0) =0, wv(1)=1'(1) =0, (2.13)

4 .
where g(t) = — > A4_ju(()])(t).
5=0
Show that g € L ([0, 1]; H). Indeed,

19l 01310 = ZA4 jus)
La([0,1);H)
4
Z( (4= n) <A7<4fj>ugj>>
j=0 La([0,1];H)
4
)
< st
- ()
I ad—g,, 3
S;“B4_]” HA g ’LQ([OJ];H)'

On the other hand, since ug(t) is a regular solution of problem (2.6)-(2.7) we have
inequality (2.8). Then for the function g(t) we get

4
190 2agio.ary < D I1Basll - [0
7=0

4
pactoayan < 2 1Ba=ill oy oy
=0

< const (Ilgollm, + 1l , + ol + 11, ,) - @14)
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Since o, Yo € Hzj2, 1,91 € Hs/9, we have g € Lo ([0, 1]; H). Then by Theorem
2.1, problem (2.14)-(2.12) is regularly solvable, the function vo(t) is a regular solution of
problem (2.14)-(2.12) and we have the following inequality

HU|’W24([0,1];H) < const |9l 0,1, -
By inequality (2.8) we get
ol oy < const (lgoll, , + il , + Ioll, , + il , )
We finally have

HUHW,j([o,l];H) < Hv”wg([o,u;]{) + HUOHWSI([OJ];H)

< const (1ol , + 9111, , + ol , + 1l ) -

Thus, we get that problem (2.4)-(2.5) is regularly solvable and the function u(t) = v(t) +
uo(t) is a regular solution of this problem. Theorem 2.2 is proved.

Now we consider a boundary value problem for a nonhomogeneous equation with non-
homogeneous boundary conditions and find solvability conditions of this problem.

We consider the following problem:

du(t) + Atu(t) + f:A w9 () = f(t), telo,1] (2.15)
dt4 par 4—j = ) L .
uw(0) = @o, u'(0) =1, u(l) =1, u'(1)=1. (2.16)

Definition 2.3 [f for any f € L2 ([0,1]; H) and for any ©o € Hyjo, 01 € Hsjp,%0 €

Hz7)9, ¥1 € Hs )y there exists a function u € Wi ([0,1]; H) that satisfies equation (2.15)
almost everywhere on the segment [0, 1] and satisfies boundary condition (2.16) in the sense
of convergence

. —_ 1 / - =
Jim Jla(t) = ol , = 0, lim [lu'(8) = o], =0,

til{rio |u(t) — ¢0||H7/2 - O’tiulqlo lu?) - leHW? =0,

and the inequality

[ullwao,1;m) < const (HfHLz([O,l];H) +llvolla, , + le1lle,,, + ol ,, + WlHHw)

is fulfilled, then boundary value problem (2.15), (2.16) is called a regularly solvable prob-
lem and u(t) is said to be a regular solution of boundary value problem (2.15)-(2.16).

We have the following theorem.

Theorem 2.3 Let the coefficients of equation (2.15) satisfy the conditions of Theorem 2.1.
Then boundary value problem (2.15)-(2.16) is a regularly solvable problem.



32 On regular solvability of a boundary value problem for a fourth order operator . ..

Proof. We look for the solution of problem (2.15)-(2.16) in the form u(t) = w(t) + uo(t).
Here w(t) is a regular solution of the problem

PO | ) 4> A0 = £(1), 1€ 0,1 2.17
g T AW ) A (0) = f(0), te (0.1, (2.17)
w(0) = w(1) =0, w'(1)=w'(1)=0, (2.18)
the function ug(t) is a regular solution of the problem
d*ug(t) 1
i Alug(t) = 0, (2.19)
UO(O) = ¥0, ’U,IO(O) = 1, UO(l) = w()a ué)(l) = ¢1- (220)

According to conditions 1), 2) of Theorem 2.1 indicated in the introduction boundary
value problems (2.17)-(2.18) and (2.19)-(2.20) are regularly solvable. Then we have the
inequalities

lwllwago,m) < const [ £l Ly 0,1 »

ooy < const (Igoll, , + 101l , + ol , + 611l ) -

Substituting u(t) = w(t) + uo(t) in equation (2.15), we obtain the following boundary
value problem with respect to the function w(t):

) +uot) | 41 ) 4o +ZA“ (1) +uo(t)?) = £(2),

dtt

w(0) = w'(0) =0, w(l)=w'(1)=0

or

d*w(t) d*ug(t)

] ZA4 Jul? ( i AN ) ZA4 ug (¢
w(0) = w'(0) =0, w(l)=w'(1)=0.
In view of & 524( ) 4 Atug(t) = 0, we get
d4 t 4 . .

;‘t’i ) 4 Att) + Z AID (1) = g(t), 2.21)
w(0) = w'(0) =0, w(l)=w(l)=0, (2.22)

4
where g(t) = f(t) — Z A TuU)(t). We show that g € Lo ([0, 1]; H). Indeed,

4
4—3, (3)
191 L, o,11:m0) < Wl porong;en) + jgo HA g ‘ Lo([0.1]: )

4
<Nl oo,y + D 1Bl - )‘A4_]u(()])“L2([O H)
=0 -



H.I. Aslanov, G.M. Eyvazly 33

Since wug(t) is a regular solution of a homogeneous equation under inhomogeneous
boundary conditions, (problem (2.19)-(2.20)) we have the following inequality:

o oy < const (Igoll, , + 101l , + ol , + 611l ) -

Then we get

190 oo,y < 1 zagio.pary +const (2ol , + el , + ol + 111, , )

ie.ge Ly([0,1]; H).
By the conditions of the theorem, problem (2.21)-(2.22) is regularly solvable and w(t) is a
regular solution of this problem. Therefore, we have an estimate:

Hw”wg([o,l];H) <c: HgHLQ([Ovth) :

As aresult, finally, for the solution u(t) of boundary value problem (2.15)-(2.16) we get
the estimation:

lullwaqomy < lwllwago;may + lwollwao,:m

< (Iflzagoyan + 1ol , + 11y, + ol , + [l , ) -
Theorem 2.3 is proved.

In conclusion, the all authors express their gratitude to professor Bayramoglu M. and pro-
fessor Mirzoyev S.S. for useful discussions of the obtained results.
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