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Abstract. For a connected graphi of order at least two, aonnected outer connected geodetic.$elf

G is an outer connected geodetic set such that the subgrapbeiddyS is connected. The minimum
cardinality of a connected outer connected geodetic sét isftheconnected outer connected geodetic
numberof G and is denoted byg..(G). We determine bounds for it and characterize graphs whadieee
these bounds. Some realization results on the connected aarinected geodetic number of a graph are
studied.
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1 Introduction

By a graphG = (V, E), we mean a finite simple undirected connected graph. The orde
and size ofG are denoted by andg, respectively. For basic graph theoretic terminology
we refer to Harary [1, 8]. For any two verticesandy in a connected grapf, the distance
d(x,y) is the length of a shortest— y path inG. A  — y path of lengthd(z, y) is called

x — y geodesic A vertexv of GG is said to lie on ar — y geodesicP if v is a vertex of

P including the vertices: andy. For any vertex: of G, the eccentricity ot is defined as
e(u) = mazx{d(u,v) : v € V(G)}. The radiusrad(G) and diameterliam(G) of G are
defined asad(G) = min{e(v) : v € V(G)} anddiam(G) = maz{e(v) : v € V(G)},
respectively. Theweighborhood of a vertexv is the setN (v) consisting of all vertices
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which are adjacent with. A vertexv of G is called arextreme vertexf G if the subgraph
induced by its neighbors is complete.

The closed interval I[x,y] consists of all vertices lying on some— y geodesic of
G, while for S C V, I[S] = |J I[z,y]. A setS of vertices ofG is ageodetic set if

T,yeS

I[S] = V, and the minimum cardinality of a geodetic set®@fis the geodetic number
g(@) of G. The geodetic number of a graph and its variants have bedredtby several
authors in [2—6,9,10]. A sef of vertices in a grapl® is said to be arouter connected
geodetic seif S is a geodetic set aff and eithetS = V' or the subgraph induced By — S
is connected. The minimum cardinality of an outer connegtsatietic set of~ is theouter
connected geodetic numbef G and is denoted by,.(G). The outer connected geodetic
number of a graph was introduced and studied in [7]. This gphcan be mainly used in
fault-tolerant in communication network design [7].

The following theorems will be used in the sequel.

Theorem 1.1 [7] Each extreme vertex of a connected grd@pbelongs to every outer con-
nected geodetic set 6.

Theorem 1.2 [7] For the complete grapK,(p > 2), goc(K,) = p.
Theorem 1.3 [7] If T is a tree withk endvertices, then,.(T') = k.

Throughout this papefr denotes a connected graph with at least two vertices.

2 Main Results

Definition 2.1 A connected outer connected geodetic Sedvf G is an outer connected
geodetic set such that the subgraph induced liy connected. The minimum cardinality
of a connected outer connected geodetic sét if theconnected outer connected geodetic
numberof G and is denoted byg.,(G).

Example 1For the graphGG given in Figure2.1, it is clear that no 2-element subset of
V(QG) is an outer connected geodetic set(aflt is easily verified thatS = {ve,v4,v6}

is the unigue minimum outer connected geodetic se¥ @nd sog,.(G) = 3. Since the
subgraph induced by is not connected$ is not a connected outer connected geodetic set
of G. Clearly,S; = S U {vs} is a minimum connected outer connected geodetic sét of
so thatcg.,(G) = 4. Thus the outer connected geodetic number and the connected
connected geodetic number of a graph are different.

~1

Figure 2.1:.G

Theorem 2.1 Each extreme vertex of a connected grapltbelongs to every connected
outer connected geodetic set®f

U1

Proof. Since every connected outer connected geodetic sgti®hlso an outer connected
geodetic set of7, the result follows from Theorem 1.1.

Corollary 2.1 For the complete grapR,(p > 2), cgeo(Kp) = .
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Theorem 2.2 Let G be any connected graph with cut-vertices andSdte a connected
outer connected geodetic set@fIf v is a cut-vertex of7, then every component ¢f — v
contains an element of.

Proof. Letv be a cut-vertex ofy andS be a connected outer connected geodetic sét of
Suppose that there exists a component,Gayf G — v such thatz; contains no vertex

of S. Letu be a vertex of7;. Since by Theorem 2.15 contains all the extreme vertices of
G, u is not an extreme vertex @f. SinceS is a connected outer connected geodetic set of
G, there exists a pair of verticasy € S such that is an internal vertex of some — y
geodesicP : x = ug, u1, ..., u, ...ty =y iN G. Sincev is a cut-vertex of7, thex — v subpath

of P andu — y subpath ofP both contairw, and it follows thatP is not a path, which is a
contradiction.

Theorem 2.3 Every cut-vertex of a connected graphbelongs to every connected outer
connected geodetic set 6t

Proof. Let S be a connected outer connected geodetic sét afd letv be a cut-vertex of
G. LetGy,Ga,...,G.(r > 2) be the component aff — v. By Theorem 2.25 contains at
least one vertex from eacH;(1 < ¢ < r). Since the subgraph induced Byis connected
andw is a cut-vertex of7, it follows thatv € S.

The next corollaries follows from Theorems 2.1 and 2.3

Corollary 2.2 For the statiy ,—1(p > 1), ¢geo(Ki1p—1) = p.

Corollary 2.3 For a connected grapghi with k& extreme vertices anidcut-verticesynaz{2,
k+1} < cgeo(G) < p.

Corollary 2.4 For any non-trivial tred” of orderp, cg.,(G) = p.
For any real, | X | denotes the largest integer less than or equal.to

B+ 1if piseven

— )2

Theorem 2.4 For any cycleC,(p > 3), cgco(Cp) = { 2| +2if pis odd.

Proof. We prove this theorem by considering two cases.

Case 1.Suppose thap is even. Letp = 2n. Let Cs, : v1,v2, 03, ..., U2y, v1 be a cycle of
order2n. LetS = {vy,va,vs,...,v,41}. Itis clear thatS is an outer connected geodetic set
of C}, and the subgraph induced I5yis connected. ThuS is a connected outer connected
geodetic set of7, cg.,(G) < n + 1. It is easily verified thatz has no connected outer
connected geodetic set 6fwith cardinality at most.. Hencecg.,(C),) = n + 1.

Case 2.Suppose thap is odd. Letp = 2n + 1. Let Copqq : v1,v2,03,. .., V241,01 DE

a cycle of orde2n + 1. Let S = {v1, va, V3, ..., Up+1, Unt2}. Then, similar to Case 1, it
is easily verified thatS' is a minimum connected outer connected geodetic sét,adind
cGco(Cp) =n + 2.

Theorem 2.5 For a connected graph of orderp > 2,2 < ¢,.(G) < ¢geo(G) < p.

Proof. Any outer connected geodetic set@heeds at least two vertices andgo(G) > 2.
Since every connected outer connected geodetic ggéti®an outer connected geodetic set
of G, it follows thatg,.(G) < cge(G). Also,V(G) is a connected outer connected geodetic
set of G, itis clear thateg.,(G) < p. Hence2 < ¢o.(G) < cgeo(G) < p.

Corollary 2.5 Let G be a connected grapfi of orderp(p > 2). If cg.o(G) = 2 then
9oc(G) = 2.
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For any non-trivial pathP,(n > 3), the outer connected geodetic numbee iand the
connected outer connected geodetic number Bhis shows that the converse of Corollary
2.5 need not be true.

Remark 2.1 The bounds in Theorem 2.5 are sharp. For any non-trivial plath > 3),
Joc(Pn) = 2 andegeo(P,) = n. Also, all the inequalities in Theorem 2.5 can be strict.
For the graplG given in Figure2.1, g,.(G) = 3, cgco(G) = 4 andp = 6. Thus, we have

2 < goc(G) < €geo(G) < p.

Now we proceed to characterize gragh$or which the bounds in Theorem 2.5 are attained.

Theorem 2.6 Let G be a connected graph of ordefp > 2). Then every vertex of7 is
either an extreme vertex or a cut-vertex if and onlygif,(G) = p.

Proof. Let G be a connected graph with every vertexGoéither an extreme vertex or a cut-
vertex. Then the result follows from Theorems 2.1 and 2.3Wv€csely, letcg.,(G) = p.
Suppose that there is a vertexn G which is neither a cut-vertex nor an extreme vertex.
Sincex is not an extreme vertex, the subgraph inducedigy) is not complete. Then there
exists two vertices, andv in N (z) such thatd(u,v) > 2. Itis clear thatz lies on au — v
geodesic inG. Sincex is not a cut-vertex ofs, G — z is connected. Clearlyy — {z} is a
connected outer connected geodetic sef @nd socg.,(G) < |V — {z}| = p — 1, which

is a contradiction.

Theorem 2.7 For any connected graph of orderp > 2, cg.,(G) =2 if and only if G =
Kos.

Proof. If G = K, thencg.,(G) = 2. Conversely, letg.,(G) = 2. LetS = {u,v} be a
minimum connected outer connected geodetic sét.oFhenuw is an edge. It is clear that
a vertex different from: andv cannot lie on a; — v geodesic and s@ = K.

3 Some realization results

In view of Theorem 2.5, we have the following realizationules

Theorem 3.11f p, a andb are integers such that < a < b < p, then there exists a
connected graphty of orderp with g,.(G) = a andcg.,(G) = b.

Proof. We prove this theorem by considering two cases.
Case 13 < a < b=p.LetG be any tree of ordey with a end-vertices. Then by Theorem
1.3 and Corollary 2.49,.(G) = a andcg.,(G) = p.

. 2 . ] . . . .—.
U4 us Up—q+1  Ub—a+2

Figure 3.1:G
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Case23 <a<b<p. LetP,_, 9 uy,ug,...,up_qro be a path of ordeb — a + 2. Add
p—b+a—2new vertices, vy, ..., Vg—2, Wi, Wa, ..., wp—p t0 P41 2 and join eachy; (1 <

1 < a — 2) with the vertexus; and join eachu; (1 < i < p — b) with the verticesuy, us, us;
and also join each;(1 <7 < p—b—1)toeachw;(i +1 < j < p—b), thereby producing
the graphG of orderp, shown in Figure3.1. Let S = {vy, va, ..., Uq—2, u1, up—_q+2} be the
set of all extreme vertices @f. By Theorems 1.1 and 2.1, every outer connected geodetic
set and every connected outer connected geodetic éetontainsS. It is clear thatS is the
unique minimum outer connected geodetic sefrand sog,.(G) = a. Since the subgraph
induced bysS is not connected$ is not a connected outer connected geodetic sét dfet
S1 = S U {ug,us,uyg, ...,up_qy1} be the set of all extreme vertices and cut-vertice& of
By Theorems 2.1 and 2.3, every connected outer connectetktieset ofG containSy,
and the subgraph induced I8 is connected. It is clear that; is the uniqgue minimum
connected outer connected geodetic s&¥ @ind socg.,(G) = b.

For any connected gragh, rad(G) < diam(G) < 2rad(G). Ostrand[11] showed that
every two positive integersandb with a < b < 2q are realizable as the radius and diameter
respectively, of some connected graph. Now, Ostrandseheoan be extended so that the
connected outer connected geodetic number can also beipegsc

Theorem 3.2 For any three integers, d andk > d 4+ 1 with » < d < 2r there exists a
connected grapty with rad(G) = r, diam(G) = d andcg.,(G) = k.

Proof. We prove this theorem by considering three cases.
Case lifr=1,thend=1or2.If d=1,letG = K. Then by Corollary 2.15g.,(G) =

k.If d=2,letG = Ky _1. Then by Corollary 2.2¢9.,(G) = k.
ur+2 U2y
Flgure 3.2G

Case 2.r > 2 andr = d. First, letk > r + 1. Let Cy, : uq,us,...,us., u; be a cycle

of order2r. Let G be the graph obtained froifiy, by adding & — » + 1° new vertices

v1, V2, ..., V_r—1 and joining eachy;(1 < i < k —r — 1) with the verticesu; andusy of

Cs,.. The graphG is shown in Figure 3.2. It is easily verified that the ecceitiriof each
vertex of G is r so thatrad(G) = diam(G) =r. Let S = {v1,va,...,vx—,—1} be the set

of all extreme vertices ofr. By Theorem 2.1, every connected outer connected geodetic
set of G containsS. It is clear thatS is not a connected outer connected geodetic sét. of

It follows from Theorems 2.1 and 2.4 th&tU {u, ua, ..., ur4+1} iS @ minimum connected
outer connected geodetic set@fand socg.,(G) = k.

Ur+2 U2y wyp w2 Wg—d-1
U1 V2 U3 Vd—r— Vd—r
Up+- Uy= Vo Vd—r—1
Uy Uz
Figure 3.3:G

Case 37 > 2andr < d < 2r. LetCy, : uy,us, ..., us, u; be a cycle of orde2r and let
Py r11:v9,v1,...,vq4_, be a path of orded — » + 1. Let H be the graph obtained frofth,,
and P; . by identifying the vertexy, of P;_,.,1 and the vertexu; of Cs,. and joining
the vertexu, o to the vertex:,. Let G be the graph obtained froff by addingk — d — 1
new verticesws, wo, ..., wx_q—1 and joining each vertexy;(1 < i < k — d — 1) to the
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vertexv,_,_1. The graphG is shown in Figured.3. It is easy to verify that < e(x) < d

for any vertexz in G ande(u;) = r ande(vg—,) = d = e(ur4+1). Thenrad(G) = r and
diam(G) = d. LetS = {u1,v1,02, s Ug—p—1, Vg—rs Upt1, W1, W, ..., Wp_q—1 + DE the set
of all cut-vertices and extreme vertices Gf By Theorems 2.1 and 2.3, every connected
outer connected geodetic set@tontainsS. Itis clear thatS is an outer connected geodetic
set of G and the subgraph induced Byis not connecteds is not a connected outer con-
nected geodetic set 6f. Itis easily verify thatS U {us, us, ..., u, } iS @ minimum connected
outer connected geodetic set@fand socg.,(G) = k.

U U2 us U4 Uq—2 Ud—1 Uq

U1 : 2 \\
‘ wy W' T Wk—q

Figure 3.4:.G

Theorem 3.3 If p, d andk are integers such that< d < & — 1 andp > k + 1, then there
exists a connected grahof orderp, diameterd andcg.,(G) = k.

Proof. Let Py : uq,us,...,uq be apath of orded. Addp—d new vertices;, vo, . .., vp_p,
wi,Ws, . .., Wg_g 10 Py and join eachy;(1 < i < p — k) with the verticesu; andug; and

join eachw;(1 < j < k — d) with the vertexu; and also join each;(1 <i <p—k —1)

with v;(i + 1 < j < p — k), thereby producing the gragh of orderp with diameterd is
shown in Figure 3.4. Le$ = {wq,ws,...,wi_g,us,uq,...,uq} be the set of all extreme
vertices and cut-vertices @f. By Theorems 2.1 and 2.3 every connected outer connected
geodetic set off containsS. It is clear thatS is not a connected outer connected geodetic set
of G. Also, for any vertexe € V' — S, S U {z} is not a connected outer connected geodetic
set ofG. It is easily verified thab; = SU{u1,us} is a connected outer connected geodetic
set of G so thatcg.,(G) = k.
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