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Abstract. In this paper, we give some new characterizations of the Lipschitz spaces via the Spanne-
Guliyev and Adams-Guliyev type boundedness of the commutators associated with the parametric Marcinkiewicz
integral on generalized Orlicz-Morrey spaces.
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1 Introduction

As a generalization of LP(R™), the Orlicz spaces were introduced by Birnbaum-Orlicz in
[2] and Orlicz in [40], since then, the theory of the Orlicz spaces themselves has been well
developed and the spaces have been widely used in probability, statistics, potential theory,
partial differential equations, as well as harmonic analysis and some other fields of analysis.

The classical Morrey spaces were introduced by Morrey [35] to study the local behavior
of solutions to second-order elliptic partial differential equations. Moreover, various Mor-
rey spaces are defined in the process of study. Guliyev, Mizuhara and Nakai [21,34,36]
introduced generalized Morrey spaces M, ,(R") (see, also [22,23,43]).

It is well-known that the commutator is an important integral operator and it plays a key
role in harmonic analysis. In 1965, Calderon [3,4] studied a kind of commutators, appearing
in Cauchy integral problems of Lip-line. Let T be a Calderén-Zygmund singular integral
operator and b € BMO(R™). A well known result of Coifman, Rochberg and Weiss [8]
states that the commutator operator [b,T|f = T(bf) — bT'f is bounded on LP(R") for
1 < p < oo. The commutator of Calderén-Zygmund operators plays an important role in
studying the regularity of solutions of elliptic partial differential equations of second order
(see, for example, [5-7,10,12,28,29]).
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Suppose that S™~! be the unit sphere in R™ (n > 2) equipped with the normalized
Lebesgue measure do = do(z'). Let £2 is a homogeneous function of degree zero on R"
satisfying £2 € L'(S™~!) and the following property

/S Q(a)do(a) =0,

where ' = x/|z| for any x # 0.
The parametric Marcinkiewicz integral is defined by Hormander [32] as follows.

3 2@=Y) by

tP lz—y|<t |‘T - y|nfp

9 1/2
dt
t )

Wy () () = /0

where 0 < p < n. When p = 1, we simply denote it by o (f). It is well-known that the
operator 0 (f) is defined by Stein in [45].

Let b be a locally integrable function on R"; the commutator generated by the parametric
Marcinkiewicz integral pf, and b is defined by

9 1/2
dt

Sl ) - o) )

P |lz—y|<t |£L’ - y‘n—p

W) (@) = /O

In [13], Deringoz et al. introduced generalized Orlicz-Morrey spaces as an extension of
generalized Morrey spaces. Other definitions of generalized Orlicz-Morrey spaces can be
found in [37] and [42]. In words of [27], our generalized Orlicz-Morrey space is the third
kind and the ones in [37] and [42] are the first kind and second kind, respectively. According
to the examples in [20], one can say that the generalized Orlicz-Morrey space of first kind
and second kind are different and that second kind and third kind are different. However, it
is not known that relation between first and second kind.

Boundedness of commutators of classical operators of harmonic analysis on general-
ized Orlicz-Morrey spaces were recently studied in various papers, see for example [14,
24,25]. In [15,17], the authors consider the boundedness of the parametric Marcinkiewicz
integral operator and its commutator on generalized Orlicz-Morrey space of the third kind,
see also [1,9,31,38,39,44]. In this paper, we give some new characterizations of the Lips-
chitz spaces via the Spanne-Guliyev and Adams-Guliyev type boundedness of the commu-
tators associated with the parametric Marcinkiewicz integral on generalized Orlicz-Morrey
spaces.

Everywhere in the sequel B(z, r) is the ball in R™ of radius r centered at z and | B(z, )| =
vp ™ is its Lebesgue measure, where v, is the volume of the unit ball in R”. By A < B we
mean that A < C'B with some positive constant C' independent of appropriate quantities. If
A < Band B < A, we write A ~ B and say that A and B are equivalent.

2 Preliminaries
We recall the definition of Young functions.

Definition 2.1 A function ¢ : [0,00) — [0,00] is called a Young function if ¢ is convex,
left-continuous, lin+1O &(r) =&(0) =0and lim &(r) = co.
r—r r—00
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From the convexity and ¢(0) = 0 it follows that any Young function is increasing. If
there exists s € (0, 00) such that &(s) = oo, then &(r) = oo for r > s. The set of Young
functions such that

0<P(r) <o for 0<r<oo

will be denoted by V. If @ € Y, then @ is absolutely continuous on every closed interval in
[0, 00) and bijective from [0, c0) to itself.
For a Young function @ and 0 < s < o0, let

&7 1(s) =inf{r >0:®(r) > s}.
If & € Y, then &~ ! is the usual inverse function of . We note that
O (r)) <r <& HD(r)) for0 <r < oo.
It is well known that

r <@ @ T r) <2r  forr >0, .1
where ®(r) is defined by
B(r) = {sup{rs —&(s):s€[0,00)},7r €[0,00)

o0 , T = 00.
A Young function @ is said to satisfy the A,-condition, denoted also as @ € Ao, if
&(2r) < kP(r) forr >0

for some k > 1. If & € Ay, then @ € Y. A Young function @ is said to satisfy the Va-
condition, denoted also by @ € Vg, if

1
&(r) < ﬁgﬁ(k‘r), r >0,
for some k > 1.
We will also use the numerical characteristics
tP'(t)

ag := inf , bg := sup .
te(00) P(t) te(0,) P(t)

of Young functions.
Remark 2.1 Tt is known that ® € Ay N Vs if and only if 1 < ag < bg < 1, see [30].

Definition 2.2 (Orlicz Space). For a Young function ®, the set
L?(R") = {f € L (R"): / O(k|f(x)|)dz < oo for some k > 0 }
is called Orlicz space. If (r) = 1P, 1 < p < oo, then L?(R") = LP(R™). If &(r) =

0, (0 <r <1)and ®(r) = oo, (r > 1), then L*(R"™) = L>®(R"). The space LY (R") is
defined as the set of all functions f such that fx, € L®(R") for all balls B C R".

L?(R™) is a Banach space with respect to the norm

1fll o = inf{)\ 50 /n§15<f()\x)’>dx < 1}.

By elementary calculations we have the following.
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Lemma 2.1 Let ¢ be a Young function and B a set in R™ with finite Lebesgue measure.

Then
1

o1 (|BI7)

In the next sections where we prove our main estimates, we use the following lemma.

IxsllLe =

Lemma 2.2 [13] For a Young function ®, the following inequality is valid
[ @ity < 218G e (1B oy

where || fl| Lo (B@ry) = IF X5l Lo-

Various versions of generalized Orlicz-Morrey spaces were introduced in [37], [42] and
[13]. We used the definition of [13] which runs as follows.

Definition 2.3 Let p(x,r) be a positive measurable function on R™ x (0,00) and & any
Young function. We denote by ./\/l@"p(]R") the generalized Orlicz-Morrey space, the space
of all functions f € LY (R™) for which

loc

I fllpmee = sup oz, r) 'S (B2, )" fll Lo B < oo
z€R™,r>0

3 Auxiliary Results

A function ¢ : (0,00) — (0, 00) is said to be almost increasing (resp. almost decreasing) if
there exists a constant C' > 0 such that

o(r) < Cy(s) (resp. p(r) > Cp(s)) forr <s.
For a Young function @, we denote by G4 the set of all almost decreasing functions

¢ : (0,00) — (0,00) such that ¢ € (0,00) W(p(t) is almost increasing.

Lemma 3.1 [16] Let B be a ball in R™. If p € Gg, then there exist C > 0 such that

C

< |IXBllmewr < —F—
HX HM 14 SO(TB)

Y

¢(rp)

where r g denotes the radius of the ball.
In the next sections where we prove our main estimates, we use the following results.

Theorem 3.1 [16,23] (Adams-Guliyev type result)
LetO<a<n ®eY e (0,1)andn(t) = p(t) and ¥(t) = S(t1/7).
1. If ® € V4 and ¢(t) satisfies

—1(4—m : 90(5)
ST g ey < O G

then the condition

t%@+[mwwmscwm

r

forallt > 0, where C' > 0 does not depend on t, is sufficient for the boundedness of 1,
from MP#(R™) to M¥1(R™).
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2. If p € Gg, then the condition
t%p(t) < Co(t)” (3.2)
forallt > 0, where C' > 0 does not depend on t, is necessary for the boundedness of 1,

from M®#(R™) to M¥1(RM).
3. Let ® € V. If p € Gg satisfies the regularity condition

| e T < et
t

forall t > 0, where C' > 0 does not depend on t, then the condition (3.2) is necessary and
sufficient for the boundedness of I, from M®%(R™) to M¥1(R™).

Theorem 3.2 [16,23,24] (Spanne-Guliyev type result)
Letd, WV € Yand ) < a < n.
1. Let @ € V. If the functions (P, W) satisfy the condition

ro¢(rm") + / @*1(15*")75&% <cwl(r ), 3.3)
then the condition
/1 ess inf L(S)Wfl(rfn)ﬁ < Cpa(t) (3.4)
 r<s<a ¢—1 (3—71) r ’

forallt > 0, where C' > 0 does not depend on t, is sufficient for the boundedness of 1,
from MP%1(R™) to MP%2(R™).
2. If the function p1 € Gg, then the condition

ta(pl(t) S CgOg(t) (35)

forallt > 0, where C' > 0 does not depend on t, is necessary for the boundedness of 1,
from M®#1(R™) to MT%2(RM).

3. Let & € V. Let also the functions (O, W) satisfy the condition (3.3). If p1 € Gg
satisfies the regularity type condition

oowfl P dr N
/t €._5_1E7"_”;<’01(T)T < Ct%p(t)

forallt > 0, where C' > 0 does not depend on t, then the condition (3.5) is necessary and
sufficient for the boundedness of I, from MP®#1(R"™) to M¥>%2(R™).

4 Main Results

In this section, as an application of theorems of the previous section we consider the bound-
edness of ,u’;“) on generalized Orlicz-Morrey spaces when b belongs to the Lipschitz space,
by which some new characterizations of the Lipschitz spaces are given. Such a characteriza-
tion was given in [26] for the boundedness of [b, I,] and [b, T'] on generalized Orlicz-Morrey
spaces.

We recall the definition of Lipschitz space AB(R”).
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Definition 4.1 Let 0 < 5 < 1, we say a function b belongs to the Lipschitz space AB(R”)
if there exists a constant C such that for all ©,y € R",

[b(x) = b(y)| < Cla —y|°.
The smallest such constant C' is called the Ag(R™) norm of b and is denoted by ||b|| As @)

To prove the theorems, we need auxiliary results. The first one is the following charac-
terizations of Lipschitz space, which is due to DeVore and Sharply [18].

Lemma 4.1 Let 0 < 8 < 1, we have
1
HMMM~%mwwMLU@—hW-

Lemmad4.2 Let0 < B <1landb e /ig(R”), then the following pointwise estimate holds:

1)) 18135y T ().
Proof.
a0 < ([7(] s e -l )"
r—y|<t

Q((x — y))| T\
< [ v oo ([ o)

| F@I o= yl?
< Clilaoey J, 7oy Jo =y

< 10l oy 25D ().

The following result concerning the boundedness of commutator of parametric Marcinkiewicz
integral operator /i, , on L? spaces.

Theorem 4.1 Let (2 is a homogeneous function of degree zero on R" satisfying 2 €
LS H0<p<n0<B<LbeA3(R"), 1<p<g<ocandl/p—1/q=3/n.
Then, there is a constant C independent of f such that

10 ,4(Dllza@ny < ClIFllo@n)-
The following interpolation result is from [11, Theorem 2.2].

Lemma 4.3 Let o € [0, 1), pi, q; € (0,00) satisfy 1/q; = 1/p; — acfori € {1,2}, p1 < po
and T be a sublinear operator of weak type (p;, q;) for i € {1,2}. Then T is bounded from
L®(R") to L¥ (R™), where ® and ¥ are Young function satisfying that 1 < p; < ag < bg <
p2 <00, 1< q <ag <by < q < ooand, forallt € (0,00), U~ 1(t) = P71 (t)t~

As a consequence of Lemma 4.3 and Theorem 4.1, we get the following result.

Corollary 4.1 Let (2 is a homogeneous function of degree zero on R™ satisfying {2 €
L®(S" 1,0 < B < 1, b € Ag(R™), &, ¥ be a Young function and 0 < p < n. If
DV € AyNVyand U Ht™") = &L (t) 1P, then M?),b is bounded from L®(R") to
LY (R™).

The following Adams-Guliyev type boundedness of the commutators associated with
the parametric Marcinkiewicz integral on generalized Orlicz-Morrey spaces is valid.
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Theorem 4.2 (Adams-Guliyev type result) Let §2 is a homogeneous function of degree zero
onR",0<B<L0<y<Lbe Ll (RY),®cY n(t)=pt) and ¥(t) = d(t1/7),
1. If 2 € L*®(S"Y), @ € Vy and ¢(t) satisfies (3.1) and

| e < o), @
Pelt) < Oyl

hold for all t > 0, where C' > 0 does not depend on t, then the condition b € /15 (R™) is
sufficient for the boundedness of ,u’}m from MP#(R™) to MP1(R™).
2. If o € Ga, (2 satisfy

12(2') = 20))] < (log(2/|2" —y'])) ", u> 1,2,y € S (4.2)
and the condition
o(t) < tPo(t)
holds for all t > 0, where C > 0 does not depend on t, then the condition b € AB(R") is
necessary for the boundedness of i, , from MEPP(R™) to MY (R™).
3. If §2 satisfy condition (4.2), ® € Vo, ¢ € Gg, condition (4.1) holds and p(t)7 =

tPp(t), then the condition b € Ag(R™) is necessary and sufficient for the boundedness of
B
15y from MP#(R™) to MY1(R™).

Proof. (1) The first statement of the theorem follows from Theorem 3.1 and Lemma 4.2.
(2) We shall now prove the second part. We use the idea given in [33] (see also [19,26,
41]). Choose zp € R™ and 6 > 0 such that in the neighborhood {z : |z — 29| < /nd},

function \z[”*B can be represented as a Fourier series which absolutely converges. That is

e .
\z|”_6 = Z ape .
k=0
Let z; = 2. For any ball B = B(x,7), let yo = xo — 2rz1 and B’ = B(yo, ). Then for
x € Bandy € B’, we have that

T — X0
2r

r—y
2r

Y—Y
2r

—z1| <

il

Since {2 is homogeneous function of degree zero, and satisfies (4.2), then there exists a
positive constant A with 0 < A < 1, for x,y € R", x # y,

Qz—y) = 2((x—vy)) > C(log(2/A)) " 4.3)
Now set s(z) = [sgn(b(z) — bp')]x (), then

/ |b(z) — bp/|dx = / (b(z) — bpr)s(z)dx = |B’| / // )s(z)dydx

=T BZ / / |$ — y|n 5 Wk.%(gt_y)s(x)XB(l')XB/(y)dydm.
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Taking
gr(y) = e O Yx g (y) and hy(x) = €O/ (@) y (),
applying the Minkowski inequality, Holder inequality and (4.3), we obtain

/|b )~ blde ~ v ﬁzak/n/n - |n B D) o () )y
<Or >l [ [ Blawto)| Il
k=0

:Cr_ﬁi|ak|/ ‘/nwgk(y)dy‘dﬂf

=cr 62“”“‘/ e I Wy‘

L Z' ATE yo\pﬂ)/n s ]

A=l 2/A>> / e Sy o

<o ﬂz\ak\ [ o= [ o) - s

gcr—ﬁkzzow [t wlaa] [ ZEZD 000 - v )]
_1

. </z y0|<t le—y|<t 1t;’fil)(/las Yol <t |lz—y|<t t;'f%> 2

<o Sl [l [ ] [ R 06) b0 o) (010

|z—yol "’x_y’n P

" dt )(/ dt )%
2N jayol<t Ja—yi<t £20H
<Cr~ 6Z|Cbk|/ ]a:—y0|5dx /

2z —y) 2 dt N3
20l / t)w(b(m)—b(y))gk(y)dy‘ W)

<Y ) /B 12— g0l (g1) ()
k=0

If yo € B = B(xo,r), then |x — yo| < r and applying Lemma 2.2, we have

/B Ib(z) — byr|de < r° Z jax / 12— w0l (o1 (&)

[e e} oo
<3l / Wy @)z < 3 lagl B (1B17Y) [y 98]l 1o
k=0 k=0
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oo oo
S Z k| [BIn(r) 116 9k | vevin ey S D lawl [BI(r) gkl voo gny
k=0

o)

SZIakIIBW )~ 1<Zlak|r”+ﬂ

k=0

since || gk || p# .0 mn) < @(r)~! by Lemma 3.1.
Thus we have obtained

1 2 s
T ] 1) = cldo < e [ @) = bl 3"l $1.

k=0

If yo ¢ B = B(wo,r) and |xg — yo| < 2r, then with an argument that used in the case
yo € B = B(xg, ), it is not difficult to obtain that

1 / 2 >
b(x) — coldx < / |b(x) — bpr|dx < g lak| < 1.
|B|'*% /B |B|'*% /B k=0

If yo ¢ B = B(xo,r) and [x¢ — yo| > 2r. Since yo = 2o — 2r21 and z; = %, then
7|x°2_ry°| = |z| = @ < /n, thatis, |z¢ — yo| < 2/nr. Thus

/B b(z) — by|de < r° Z Jax /B 12— g0l y(o1) ()

<> lllzo — o / a5 S il 1B (BI7) Iiugnlor o
k=0 k=0
o

oo
< D lal1BIn(r) |6y 90l mevn ey < D lawl 1B0(r) llgellpo o ny
= k=0

o0

o0
S larl [Bleo(r) ™ <D lag| ™+
k=0 k=0

Thus, we get

1 9 oo
B2 /Blb(:c) — coldw < e /Blb(x) —bprldr <Y lar] S 1,

k=0

which completes the proof of second parts of the theorem.
(3) The third statement of the theorem follows from the first and second parts of the
theorem.

Similar to the reasoning used in the proof of Theorem 4.2, one can also obtain the follow-
ing Spanne-Guliyev type boundedness of the commutators associated with the parametric
Marcinkiewicz integral on generalized Orlicz-Morrey spaces.

Theorem 4.3 (Spanne- Gullyev type result) Let §2 is a homogeneous function of degree zero
onR",0<pB<1,be Ll (R"),dW¥e).
1. If Q2 € L*°(S" 1Y), @ € Vo, (P, V) satisfy the condition (3.4) and

PPt () + / RGO % <cwi(r), @4

r
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hold for all t > 0, where C > 0 does not depend on t, then the condition b € /15 (R™) is
sufficient for the boundedness of 11, , from M®#1(R™) to M¥#2(R™).
2. If p € G, (2 satisfy (4.2) and the condition

p2(t) < CtPopi(t)

holds for all t > 0, where C > 0 does not depend on t, then the condition b € AB(R”) is
necessary for the boundedness of N?),b from ME%1(R™) to MP%2(R™).

3. Let (2 satisfy condition (4.2), ® € Vo, (P, V) satisfy the condition (4.4) and ps(t) =
tPp1(t). If p1 € G satisfies the regularity type condition

oo w1 rn r
/t ;Z_lgr-n;@l(”i < Cthp(t)

for all t > 0, where C' > 0 does not depend on t, then the condition b € AB(R”) is
necessary and sufficient for the boundedness of 11, , from MPSL(R™) to MT%2(R).
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