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Abstract. An inverse boundary value problem for the Boussinesq-Love equation with periodic and inte-
gral condition is investigated. The goal of the paper consists of the determination of the unknown coeffi-
cient together with the solution. The problem is considered in a rectangular domain. The definition of the
classical solution of the problem is given. First, the given problem is reduced to an equivalent problem in
a certain sense. Then, using the Fourier method the equivalent problem is reduced to solving the system
of integral equations. Thus, the solution of an auxiliary inverse boundary value problem reduces to a
system of three nonlinear integro-differential equations for unknown functions. Concrete Banach space
is constructed. Further, in the ball from the constructed Banach space by the contraction mapping prin-
ciple, the solvability of the system of nonlinear integro-differential equations is proved. This solution is
also a unique solution to the equivalent problem. Finally, by equivalence, the theorem of existence and
uniqueness of a classical solution to the given problem is proved.
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1 Introduction

There are many cases where the needs of the practice bring about the problems of deter-
mining coefficients or the right hand side of differential equations from some knowledge of
its solutions. Such problems are called inverse boundary value problems of mathematical
physics. Inverse boundary value problems arise in various areas of human activity such as
seismology, mineral exploration, biology, medicine, quality control in industry etc., which
makes them an active field of contemporary mathematics. Inverse problems for various
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types of PDEs have been studied in many papers. Among them we should mention the pa-
pers of A.N. Tikhonov [1], M.M. Lavrentyev [2, 3], V.K. Ivanov [4] and their followers. For
a comprehensive overview, the reader should see the monograph by A.M. Denisov [5].

In this paper we prove existence and uniqueness of the solution to an inverse boundary
value problem for the Boussinesq-Love equation modeling the longitudinal waves in an
elastic bar with the transverse inertia.

2 Problem statement and its reduction to an equivalent problem

Let T > 0 be some fixed number and denote by Dy := {(z,t) : 0 <z <1, 0<¢<
T'}. Consider a one-dimensional inverse problem of identification of an unknown triple of
functions {u(x,t), a(t), b(t)} for the following Boussinesq-Love equation [6]

utt(-x; t) - uttmm(xa t) - auth(xa t) - Buzx(xv t)

= a(t)u(z,t) +b(t)g(z,t) + f(z, 1) (2.1)
with the nonlocal initial conditions
T
u(z,0) = p(x) +/ pt)u(z, t)dt, u(z,0) =v(x), z€[0,1], (22
0
periodic boundary condition
u(0,t) =u(l,t), te€][0,T], (2.3)
nonlocal integral condition
1
/ u(z,t)de =0, t€[0,T], (2.4)
0

and over determination conditions

u(:vi,t) = hz(t) (Z =1,2; z1 75 xg) , t € [O,T], (2.5)
where z; € (0,1) (¢ = 1,2), « > 0, 8 > 0 the given numbers, f(z,t), g(z,t), p(z),
P(x), p(t), and h;(t) (i = 1,2) are given sufficiently smooth functions of z € [0, 1] and
te[0,T].
We introduce the following set of functions

C%2 (D) = {u(z,t): ue C%(Dr), Upe, Utz Uttze € C(Dr)}.

Definition 2.1 The triple {u(z,t), a(t), b(t)} is said to be a classical solution to the prob-
lem (2.1)-(2.5), if the functions w € C*?)(Dr), a € C[0,T] and b € C|0,T) satisfies an
equation (2.1) in the region D, the condition (2.2) on [0, 1], and the statements (2.3)-(2.5)
on the interval [0, T).

In order to investigate the problem (2.1) - (2.5), first we consider the following auxiliary
problem

y//(t) - a(t)y(t)7 le [O,T], (2.6)

T
y(0) = /0 p(yy(t)dt, o(0) =0, @.7)

where p, a € C[0,T] are given functions, and y = y(t) is desired function. Moreover, by
the solution of the problem (2.6), (2.7), we mean a function y(¢) belonging to C2[0, T'] and
satisfying the conditions (2.6), (2.7) in the usual sense.



120 On solvability of an inverse boundary value problem for the ...

Lemma 2.1 [7] Assume that p € C[0,T], a € C[0,T], |lall¢cpor) < R = const, and the
condition

T
(”pHC’[QT] + 2R> <1
hold. Then the problem (2.6), (2.7) has a unique trivial solution.

Now along with the inverse boundary-value problem (2.1) - (2.5), we consider the
following auxiliary inverse boundary-value problem: It is required to determine a triple
{u(z,t),a(t),b(t)} of functions u € CZ?(Dr), a € C[0,T], and b € C[0,T], from
relations (2.1)-(2.3), and

ug(0,1) = ug(1,t), t€0,7T). (2.8)

B (t) — pten (75, 1) — QUtze (i t) — Bugy (T4, 1)
= a(t)hi(t) + a(t)g(zi, t) + f(zs,t) (i =1,2), t€[0,T]. (2.9)

The following lemma is valid

Theorem 2.1 Suppose that p(z), ¥(z) € C0,1], ¢'(1) = ¢'(0), ¢( ) = ¢'(0),
p € C[0,T] , p(t) <0, t €0, T] h; € C?|0, T](z_l 2), f € C(Dr), [ f(a,t)dz =
0, t € [0,T], g € C(Dr), fo (x,t)de = 0, t € [0,T), h(t) = hi(t)g(z2,t) —
ha(t)g(x1,t) #0, t € [0,T], % — B > 0 and the compatibility conditions

1 1
/ o(z)dr =0, / Y(x)dr =0, (2.10)
0 0

T
WO = [ OO+ o). Wi0) = v (=12 @D
0
holds. Then the following assertions are valid:

1 each classical solution {u(zx,t),a(t),b(t)} of the problem (2.1)-(2.5) is a solution of
problem (2.1)-(2.3), (2.8), (2.9), as well;
2 each solution {u(x,t),a(t),b(t)} of the problem (2.1)-(2.3), (2.8), (2.9), if

T
(1Olltor + 3 la®llog ) T < 1, 1)

is a classical solution of problem (2.1)-(2.5).

Proof. Let {u(x,t),a(t),b(t)} be any classical solution to problem (2.1)-(2.5). By integrat-
ing both sides of equation (2.1) with respect to x from 0 to 1, we find

2 1
% / (@, )dz — (e (1,8) — w0(0,£)) — (g (1, £) — a(0,8)) — Blun(1, ) — (0, 1))
0
1 1 1
:a/ u(:c,t)dx—i—b/ g(w,t)da:—i—/ f(z,t)dz, te0,T]. (2.13)
0 0
Using the fact that fo z,t)dx =0, fo t)dx =0, t € [0,T], and the conditions

(2.3),(2.4) we find that:

Utz (1,6) — U (0, 1) + @ (wge (1, 1) — uie(0,8)) 4+ B (ug(1,¢) — ug(0,¢)) = 0,¢ € [0,T7.
(2.14)
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It’s obvious that the general solution of equation (2.14) has the form:
ugp(1,t) — ug(0,t) = cre!? 4 cpet2?, (2.15)

where c¢1, ¢o are the unknown number and

oﬂ a2
=3\ 71~ , M2 = —*‘1' —_ =

By (2.2) and ¢/(2.1) = ¢/(0), ¢’(2 1) = 4’(0) we obtain:
T
2(1,0) = 1, (0,0) — / P(t) (e (1,1) — (0, 1))
0

g (1,0) — /OTp(t)um(l,t)dt __ <uw(0,0) _ /OTp(t)ux(O,t)dt>

=¢'(1) = ¢'(0) = 0, ugz(1,0) — u(0,0) = (1) —4'(0) = 0. (2.16)
Using (2.15) and (2.16) we obtain

T
c1+ e — / p(t) (cre"t + co et dt = 0, cypun + copo = 0.
0

Hence we find:

T
c2 = —%01, 1 (,Uz — - / p(t) (2 — p)et™t — (2t — e'?)) dt) =0.
0

Byp(t) <0,u1 <0, e —p1 = 2\/— — B > 0, from the latter relations we have
Cl = Cy = 0.

Putting the value of ¢c; = co = 0 in (2.15), we get that the problem (2.14), (2.16) has
only the trivial solution, i.e. we conclude that the statement (2.8) is true.

Substituting z = z; in equation (2.1) we find:

st (T4, 1) — Uptga (T4, 1) — QUze (T4, t) — PUga (24, 1)

= a(t)u(x;,t) + b(t)g(xs, t) + f(zit) (i =1,2), t€]0,T). (2.17)
Assume now that h; € C2[0,T) (i = 1,2). Differentiating (2.5) twice, we get
uge(wi,t) = b (t) (i=1,2), t€]0,T], (2.18)

From (2.17), taking into account (2.5) and (2.18), we conclude that the relation (2.9) is
fulfilled.
Now, assume that {u(z,t), a(t), b(t)} is the solution to problem (2.1)-(2. 3) (2 ), (2.9).

Then from (2.13), taking into account the condition fol f(z,t)dx = 0, fo x, t)dr =
0, t € [0, T] and relations (2.3), (2.8) we have

2 pl 1
d— u(x,t)dr =a u(x,t)dz, tel[0,T)]. (2.19)
dt?
0 0

Furthermore, from (2.2) and (2.10) it is easy to see that

/01 u(,0)dz — /OTp(t) </01 u(z, t)dx> "
B /01 (“(”“"’0) ) /oTp(t)“(”f’”dt) ao= [ pla)dz =0,
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1 1
/ u(x,0)dr = / Y(z)dzr = 0. (2.20)
0 0

Since, by Lemma 1, problem (2.19), (2.20) has only a trivial solution. It means that
fol u(z,t)de =0, t € [0,T],i.e.the condition (2.4) is satisfied.
Next, from (2.9) and (2.17), we obtain
d2
dr?
By virtue of (2.2) and the compatibility conditions (2.11), we have

(u(zi t) — hi(t)) = a(t)(u(z, t) — hi(t)) (1=1,2), 0<t<T. (2.21)

T
w(zi, 0) — ha(0) — / (0 (u(zi, £) — ha())dt
0
T T
— u(zi,0) - /O (B, )t — <hi(0)— /O p(t)hi(t)dt>

T
—w(x»—(m(m— / p(t)hmdt)—o,ut<xi,o>—hz<o>—o<i—1,2>. (2.22)

Using Lemma 1, and relations (2.21), (2.22), we conclude that condition (2.5) is satis-
fied. The theorem is proved.

3 Existence and uniqueness of the classical solution to the inverse boundary value
problem

It is known [8] that the system
1, cos A1z, sin A\jx, ..., cos \px, sin iz, ... 3.1)

is a basis in Ly(0, 1), where A\, = 2knm (k=1,2,...).
Then the first component of classical solution {u(x, t) , a(t), b(t)} of the problem (2.1)-
(2.3), (2.8), (2.9) has the form:

u(z,t) = Z u1(t) cos A\gz + Z ug(t) sin \gx, Ap = 2wk, 3.2)
k=0 k=1

where

1
ulo(t):/ u(z, t)dz,
0
1
uik(t) = 2/ u(zx,t) cos \pxdr, k=1,2,..,
0

1
ug(t) = 2/ u(x,t)sin \gxdr, k=1,2,.....
0
Then, applying the formal scheme of the Fourier method, from (2.1) - (2.2) we have
ufo(t) = Fio(t; u, a, b), 0<t<T, 3.3)

(1HX2) ull () +aX2uly (1) +BAjuir(t) = Fyp(t; u, a, b), i =1,2; k=0,1,2...; 0<t<T,
(3.4)
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T
u10(0) = ¢10 +/0 p(t)uro(t)dt , wie(0) = 4o , (3.5)

T
ik (0) = @ik + / p(t)uik(t)dt, u;k(()) =Y, 1=1,2; k=1,2.... 3.6)
0

where
Fig(t;u,a,b) = a(t)uip(t) + b(t)g1x(t) + fie(t), k=0,1,...,

1
J1o(t) / flx, t)dz, fix(t) = 2/ f(x,t)cos \pxdr, k=1,2,..,
0

1
grot) = / oo 00z, gu®)=2 [ glo.t)coshads, k=12....
0 0

1 1
010 :/0 o(z)dz, ¢10:2/0 Y(x)dzx

1 1
Y1E = 2/ o(z) cos \pzdr, Py = 2/ Y(x)cos \pxdr, k=0,1,..,
0 0
For(t;u,a,b) = a(t)uak(t) + b(t)gar(t) + for(t),

1 1
far(t) = 2/ f(z,t) sin \pxdx, gop(t) = 2/ g(x,t)sin \pzdz, k=1,2,...,
0 0

1 1
Dok = 2/ o(z)sin \gyzde, k=1,2 ..., o = 2/ Y(x)sin A\gzdx, k=1,2,....
0 0
It is obvious that A7 < 1+ A2 < 22 (k = 1,2, ...). Therefore

a? a2)\% a2
— <l — 5 < — — k=12 ..).

Now suppose that %2 — [ > 0. Solving the problem (3.3)—(3.6), we fin

T t
ulo(t) = ©10 + / p(t)ulg(t)dt + twlo + / (t — T)Flo(T; u, a, b)dT, (3.7)
0 0

1 T
uik(t) = % {(M%e’“kt — paxetrt) (%k +/0 p(t)uir(t )dt> (et2rl — ety .

1 /t t— t—
+ g | Fulriu,a,b) (et —emlt=m)) g7 (3.8)
1+ X2 Jo ( )
0<t<T;i=1,2k=1,2,..),

where

2(1+ X2) 41+X2)2 1422 7

ar; a2?X? B
Mok = — 5oy T Mk - ;
) \/4(

2(1+ A} 1+A2)2 1+ A
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a?)\? B
Tk = H2k T ik '“\/4(1 FA22 142

Differentiating (3.1) twice, we get:

1 T
ujy(t) = . [Mlkﬂzk (er1nt — ehant) (%‘k +/ P2(t)uik(t)dt> + (poret?t — pypet k) gy,
0

1 t
‘|‘1+)\2/ Fig(T;u,a,b) (M2k€u2k(t77—)_ Mlkeulk(tﬂ-)> dT} 0<t<T;i=12k=12
% Jo
3.9)
1
ujp(t) = - [takpior (pare™ — poret+") («p K+ / Py (t)uig(t )dt>
1 t
+ (#%keﬂzkt _ M%kelﬁlk ) Vi + = )\2 / Fik(T; u,a, b) (Mgkeuzk(t—ﬂ
1
- ufkeﬂlk@*ﬂ) dT} Frpfatuab) (k=12 (3.10)

To determine the first component of the classical solution to the problem (2.1)-(2.3),
(2.8), (2.9) we substitute the expressions uy,(t) (k =0, 1,...),us(t) (k =1, 2,...) into
(3.2) and obtain

T t
u(z,t) = p10 + 1 (1/)10 + / p(t)ulo(t)dt> +/ (t = 7)F1o(T;u,a,b)dr
0 0
+ Z {% [(Mzke’”kt — paget?h) <901k + / Pg(t)ulk(t)dt> + (eF2rt — elrt) gy,
k=1 0
1 t
+ 1+)\2/ Fip(7;u,a,b) (e“z’“(t*ﬂ — e’“’“(t”)> dT:| }cos ALT
kJ0
+> {% |:(/l2k€'u1kt — papet’) (mk + / Pg(t)u%(t)dt> + (eF2rt — ekt ghoy
0

k=1

1 t
+ 1+)\2/ For(T;u,a,b) (e“Qk(t_T) — e“l’“(t_T)) dT:| }sin AL 3.11)
k J0

It follows from (2.9) and (3.2) that
a(t) = [h()] ! {g<z2, 0 (W) — F(en ) — glan,0) (RY() — Flan )

+ Z (N2ul (8) + a X2ul, (1) + BA2uik(t)) (g2, t) cos Mgz — g1, t) cos Aps)
k=1

o
) (Apuby(t) + o Ay (t) + B Aua(t) (g(x2, t) sin Mgy — g(x1, ) sin Aeaa) o
k=1

(3.12)
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b(t) = [A(t)] {hl(t) (h3(t) = flw2,)) — ha(t) (R1(t) — f(21,1))

+ Z Mol (1) + a M2l (1) 4+ B Auig (1)) (hi(t) cos \gxg — ha(t) cos A1)
k=1

+ D (AR () + o Afuby (£) + B Mfuok(t)) (h () sin Mgz — ha(t) sin A1)
k=1

(.13)
By (3.4) and (3.10) we have:
Ap uiy, (1) + adjuf (t) + BARui(t) = Fi(tu, a,b) — uj(t)
1 T
. [akpor (pare ™" — popet2k") (%k +/0 p(t)u(t )dt> +(pdpet >t — et mt)
L[ 2 on(t-r)_ 2 (t—T)
+ / Fix(T;u,a,b) (,u etk g et kT ) dT}
2
+3 )\2 Fultiu,ab) (0<t<T;i=1,2k=12..). (3.14)

We substitute expression (3.14) into (3.12), (3.13) and have

a(t) = [h()] ™" {g(ﬂca,t) (1(t) = f(21,1) — g(@1,t) (R5(t) — f(=2,1))

e T
Z [ [uakpizr (paret™s* — poret") (o1 +/ p(t)uik(t)dt)
0
—1

2 t 2 t
+ (M%emk _ /’leeulk )wlk

1 ¢ —T —T
—1-71 ‘1‘)\%/0 Fix(1;u,a,b) (N%ke“mc(t ) 3 ettt )) dT} - )\2 Fii(t;u,a, b)]
X (g(z2,t) cos A\gz1 — g(x1,t) cos A\gwa)
> T
Z [ [akpor (pipe s — pogpet>st) <8021<; +/ p(t)uzk(t)dt>
=1 0
+ (u3pelr! — pie ) oy,
1 ' 2 pon(t=m) 2 et
—|—1 ‘|‘>\i/0 For(T;u,a,b) (/‘LleHQk T3 et —T)) dq-} — )\2 For(t;u,a b)]

X (g(x2,t)sin A\gz1 — g(z1, t) sin )\kxg)} , (3.15)
b(t) = [h(t)]"" {hms) (R4(8) — Flaa, ) — hat) (RY(E) — F(a1, 1))

o T
-> [ [wakpor (pire™ — pope+") (SOM +/ p(t)um(t)dt)-F(M%k@“%t — uige ) ag
k=1 0
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_|_

1 t
/ Fiy(r3u,a,0) (M%kemk(t_T)— M%keulk(t_7)> dT} -

Fii(t;u,a b)]
1+ A2 Jo

)\2
X (h1(t) cos Agxa — ha(t) cos Agz1)

p(t>u2k(t)dt) +(udpetant — 2 ety gy

St —

o
Z [ [akpian (ke — popel>t) (@2k+
-1

2

1 t
/ For(T5u,a,b) (Mgkem’“(t_ﬂ— H%keulk(t_T)) dT} -

S —— ng(tuab)]
14+ X2 Jo

X(hl(t) sin )\kxg — hg(t) sin )\k;l‘l)} . (3.16)

Thus, the solution of problem (2.1) - (2.3), (2.7), (2.9) was reduced to the solution of
system (3.11), (3.15), (38) with respect to unknown functions u(z, t), a(t) and b(t).

Lemma 3.1 [f {u(x,t),a(t),b(t)} is any solution to problem (2.1) - (2.3), (2.8), (2.9), then
the functions

1
umwzluuwm,

1
uig(t) = 2/ u(z,t) cos \gxdr, k=1,2,..,
0

1
ugk(t) = 2/ u(z, t)sin \gzdz, k=1,2,..
0
satisfies the system (3.7), in C[0,T].
It follows from Lemma 3.1 that

Corollary 3.1 Let system (3.11), (3.15), (3.16) have a unique solution. Then problem (2.1)
-(2.3), (2.8), (2.9) cannot have more than one solution, i.e. if the problem (2.1) - (2.3), (2.8),
(2.9) has a solution, then it is unique.

With the purpose to study the problem (2.1) - (2.3), (2.8), (2.9), we consider the follow-
ing functional spaces.
Denote by BS,T [8] a set of all functions of the form

Z uy(t) cos Apx + Z ugk(t) sin \gx, A\ = 2wk

considered in the region Dy, where each of the function u1x(t) (k =0, 1, 2,...), ugx(t) (k=
1, 2, ...) is continuous over an interval [0, 7] and satisfies the following condition:

70 = sl + {30 (b lnellgo) F + {3 (O huselego) ) < o

The norm in this set is defined by

lull gz, = (o).

It is known that Bj . is Banach .
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Obviously, B3 = B%T x C[0,T] x C[0,T] with the norm HzHE% = HUHBS’T +

lallco,r + [1bllcgo,r) is also Banach space.
Now consider the operator

&(u,a,b) ={P1(u,a,b), P2(u,a,b), P3(u,a,b)},

in the space E3., where

o0 o0
by (u,a,b) = u(x,t) = Z ) cos A\gx + Z&gk(t) sin A\, T,
k=0 k=1

By(u,a,b) = a(t), P3(u,a,b) = b(t)

and the functions @1o(t), @k(t), i = 1,2; k = 1,2, ..., a(t)and b(t) are equal to the
right-hand sides of (3.7), (3.8) ,(3.15), and (3.16), respectively.
It is easy to see that

ik < 0, etk <1 ettt o1 (1=1,2, 0<t<T; 0<7<t)

Oz>\k OéQ)\i ﬂ Oé)\k .
ikl <M | s + — < <a (i =1,2),
] ’“(2(1+Ag) \/4(1+Ag)2 1+2) ~ 1422 ( )
BAk 1 1
—1+)\2—6’

Y o [ a2 [ a2 : L (o2 -
2/ (i —8) 23 (¥ %)

Taking into account these relations, by means of simple transformations we find:

|M1ku2k;’

1
T 2
lisolloor < 10l + T lpllopo llusollogom + T 110l + TVE ( /0 \f1o(T)|2dT>

1
T 2
STV bl (/0 \910(7)\2617) 17 ol oz ol G

D=

<Z(A2 ”ﬂikHC[O,T])2> < \/60470 (Z(Ai ’%’k\)2> + \@’YO (Z(Ai Wz‘k|)2>
k=1 k=1 k=1

N

T % 2 T %
+70 V6T (/0 > \fik(T)DQdT) + V6T [[b]| oo, (/o > ’9¢k(7)1)2d7>
k=1 k=1

1
o] 2
+V6T (HpHC[O,T] + HaHC[O,T}) <Z(>\% ||uik||C[O,T])2> : (3.18)
=1

lallogory < 10 oo { ot ) (B0 = F(a1,)) = g, ) (B5C) = F@2,) ey

1

00 2 2 00
+ ( )‘1;2> [ g(@1, )| + lg(x2, ')’”c[o,T] Z 2af7v0 (Z (A2 leirl) )
k=1

k=1 i=1

1
2
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2

k=1

1
0o o] 2
+2a”7 (Z )‘k; |%ikl) ) +20%yT ||p”c[o,T] <Z()‘2 ”uikHC[O,T])2>
k=1

SIS

T o
+20% VT </ LY |fik(T)D2dT>
0 k=1

(NI

T 0
v2ot Tl [ S0kt
k=1

1 1
o] 2 o] 2
+2a%yT ||aHC[o,T} (Z(A% |uikHC’[0,T])2> + (Z()\k ||fik:|C[0,T})2>

S R |

(3.19)
< Hh&HC[O,T} {H hl(‘) (hlzl(') - f($2v )) - h2<') (hll’() - f(xl, ‘))H(J[O,T]

N

1
o0 2 o0
+ 116/l 0,79 <Z()\k ng‘kHc[o,T])2> + llalleom (Z(A‘Z ||Uilc||c[o,T])2)

k=1 k=1

o

3 2 ') %
(ZA ) [ 1A (-)| + |h2(')Wc[O,T} Z {204570 (Z Ak |pik) >
i=1

k=1

2

k=1

1
00 o] 2
+20%70 (Z AL i) > +20°70T 1Pl oo 1 <Z(>\% HuikHC’[O,T])2>
k=1

20%50VT ( [ >0 |fz~k<7>r>2dT> 2
0 k=1

=

T o0
+2050 VT [|b]l o101y </0 > !91k(7)1)2d7>
=1
1 1
[e.e] 2 o0 2
+2042’YOTHGHC[0,T] <Z(A2 Huik”C[O,T])2> + (Z(Ak Hfik”C[O,T})2>

k=1 k=1

1 1
[ee} 2 [e e} 2
+ 16ll o, <Z()\k HgikHC[O,T})2> + llallcpo,n (ZO\% ||uik||C[O,T])2) ] }7

k=1 k=1
(3.20)
Suppose that the data for problem (2.1)-(2.3), (2.8), (2.9) satisfy the assumptions:

1 e C?0,1], ¢ € Ly(0,1), o(0) = (1) ,¢'(0) = ¢'(1),¢"(0) = ¢"(1);
2 ¢ e C?0,1], " € La(0,1), 9(0) = (1) ,4'(0) =¢'(1),4"(0) = ¢"(1);
3 fafx»f:}c:v EC(DT)afmcz GLQ(DT)a ( ) f(l,t),

faz(oat):fx(17t)v f:r:a:( ) fxx(l t) 0<t<T,
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4 g(,t), 92(,t), gz € C(D1) , Goee € L2(Dr), 9(0,1) = g(1,1),
gx(oat) = g:c(17t) 7gxa:(07t) = gmm(Lt) ) 0<t< T;
5 pe Cl0,T],hi € C20,T)(i = 1,2), h(t) = h(D)g(za,t) — ha(t)g(zr,t) #

6a>0 >0 2 —3>0.
Then, from (3.17)—(3.20), we get
e, )l gy, < A(T) + Bu(T) lallcrozry s, (3.21)
+C1(T) llull g . + Di(T) Ibllopo,ry »

all oo, < A2(T) + B2(T) [lallcpo,m ||UHB;T (3.22)
+ Co(T) [lull g . + Da(T) [Ibll oo,y »

[, < 4 + B Nl g, 62
+Co(T) [l + Do) [Blegor

where
AL(T) = [lell y00) T Tl y0,0) + T\/THfHLQ(DT)

+2v/6a H‘PWHLQ(OJ) +2v67 Hq/’mHLz(O,l) + 29 V6T || fazall £, (Dpy »
Bi(T) = T? +4V6T, C\(T) = T(T + vV670) lIpllog0.17 »
Di(t) = TVT |9l gy + 200V6T |gsaall 1y

Ao(T) = [F | gpozy {91 ) (L) = F(@1,) = gl ) (B5C) = F@20) |l o
(Z)\ ) g (@1, ) + |g(@2, o, [404670 H‘P HL2(0,1)

+4a Y Hw///HL 0.1) + 4o 70\/7”fxxzv||L2 D7) + 2 HfoHCOT]H 01):|}
1
= [E" oy (ZA ) Hg(z1, )+ g2, e (204270T+1> ,

o L[ (ZA ) et )+ 92, Mo TT+V5%0) ol

1
T) =" epm (ZA ) lg(a1, ) + lg(@2, e

>< (4a2%ﬁugmuL2<DT> ] [
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A9(T) = [0l oy { I 11() (B5C) = F(2,) = ha () (L) = £ @1, ) oy
(ZA > g1, ) + lg(@2, o, [4045’70 ”30/,/||L2(0,1)

#4020 [0 + 4020V T W ane oy +2 el o |}
1
T) = 1" oo, (ZA ) A () + 1Bl oo (2a2%T+1>7

= 1" e (ZA ) a1 O+ 12O o,z T(T + V590) Ipllepo,ry -

1
= ||n~ 1HCOT] (Z)\ > [ TR ()] + [h2 ()l 0,1

Y <4a2w/f||gm||L2(DT) +2 lseleron ], o |) -
It follows from the inequalities (3.21)-(3.23) that.

53, + ooy + [
< A(T) + B(T) lallog Il gy, + CT) lull gy + D) PBllogpry 3249
where
A(T) = Al(T) + Ao(T) + A3(T), B(T) = Bi(T) + Ba(T) + Bs(T),
C(T)=Ci(T)+ Co(T)+ C5(T), D(T)= Di(T)+ D2(T) + D3(T).
So, we can prove the following theorem.
Theorem 3.1 Assume that statements 1)-6) and the condition
(B(T)(A(T)+2)+C(T)+D(T))(A(T)+2) < 1 (3.25)
holds, then problem (2.1)-(2.3), (2.8), (2.9) has a unique solution in the ball K = Kg(||z|| ES <
R < A(T) + 2) of the space E3.
Proof. In the space E3.consider the equation
z =0z, (3.26)

where z = {u, a, b} ,, the components @;(u, a, b) (i = 1,2, 3) of the operator (u, a, b) are
determined by the right hand sides of equations (3.11), (3.15) and (3.16). Consider the op-
erator ¢(u, a, b) in the sphere K = Kpgfrom E% Similar to (3.24), we get that for any
21, 22, 23 € Kp the following estimations are valid:

2l < ACT) + BT lallogo.zy Il g, + CCT) lulgs . + D) Mo

< A(T) + B(T)(A(T) + 2)% + C(T)(A(T) + 2) + D(T)(A(T) + 2) , (3.27)
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1P21 = P2 gy < BT)R([lar = azlepor + lur = uallpg )
+C(T) llur = uzllpg  + D(T) [1br = ballcpo 17 » (3.28)

Then, it follows from (3.25) together with the estimates (3.27) and (3.28) that the operator
@ acts in the ball K = Kgrand is contractive. Therefore, in the ball K = K rthe operator ¢
has a unique

fixed point {z} = {u, a, b}, that is a unique solution to the equation (3.26), i.e. a unique
solution to the system (3.11),(3.15), (3.16).

Then the function u(x,t) as an element of space BS,T is continuous and has continuous
derivatives uy(z, t) and uy, (x,t) in Dp.

Now from (3.9) it is obvious that u},(¢) (i = 1,2; k = 1,2,...) is continuous in [0, T’]
and from the same relation we get:

(Z(Ai Hu,ikHC[O,T])2>

k=1
< 2587 HS"”/HM(OJ) +2v5a H¢/HHL2(O,1) + 2067 [ fawall oD

+20V6T [|bll o 0,71 19222l £y (D1

1
+20V/6T (HPHC[O,T] + llall o, ) (Z()‘z H“’CHC[QT])2> :

k=1

Hence, it follows that w(x, t), uiy (x,t), e (z, t) are continuous in Dy .
Next, from (3.4) it follows that u/, (¢) (¢ = 1,2; k = 1,2,...) is continuous in [0, T
and consequently we have:

(Z()‘k Hu;/kHC[O,T})2>

k=1

[SIE

< 20 (Z()\% Hu;kHC[O,T])2>

k=1

1
[e'e) 2
+28 (Z(Az ||uik||c[07T])2> + 2|1 + bga + awelogo |

L0,1)
p O,

From the last relation it is obvious that wy(x,t), sy (2, t), Uz (z,t) are continuous in
Dr.

It is easy to verify that equation (2.1) and conditions (2.2), (2.3), (2.8), (2.9) satisfy in
the usual sense. So, {u(z,t),a(t)} is a solution of (2.1)-(2.3), (2.8), (2.9), and by Lemma 2
it is unique in the ball KX = K. The proof is complete.

In summary, from Theorem 2.1 and Theorem 3.1, straightforward implies the unique
solvability of the original problem (2.1) - (2.5).

Theorem 3.2 Suppose that all assumptions of Theorem 3.1, and the conditions

/01 o(z)dz =0, /01 Y(x)dr =0, /01 f(x,t)dz =0,

1
| statide=0.t e 0.7.50) <0, t€ 0.7),
0
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T
hi(0) = /0 pORO)dL+ o), 1i(0) = () (i = 1,2),

1
(Il + A +2) <1,

holds. Then problem (2.1)-(2.5) has a unique classical solution in the ball K = Kg(|| ZHE% <
A(T) + 2) of the space E3.
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