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1 Introduction

The theory of boundedness of classical operators of the real analysis, such as the maximal
operator, fractional maximal operator, Riesz potential and the singular integral operators etc,
from one Lebesgue space to another one is well studied by now. These results have good
applications in the theory of partial differential equations. However, in the theory of partial
differential equations, along with Lebesgue spaces, Orlicz spaces also play an important
role

The Orlicz space were first introduced by Orlicz in [13, 14] as generalizations of Lebesgue
spaces LP(R"™). Since then, the theory of Orlicz spaces themselves has been well developed
and the spaces have been widely used in probability, statistics, potential theory, partial dif-
ferential equations, as well as harmonic analysis and some other fields of analysis.

Consider the half-space R? = R""! x (0,00). For z = (2/,z,) € R, let & =
(«', —xy) be the “reflected point”. Let € R’}. The nonsingular integral operator 7" is
defined by

/()]

Tf(x) :/R ——=dy, &= (2',—zp). (1.1)

n T -y

The operator T" and its commutator appear in [1-7] in connection with boundary esti-
mates for solutions to elliptic equations.

In [9,10] we have studied the boundedness of the parabolic non-singular integral oper-
ator on Orlicz and generalized Orlicz-Morrey spaces, respectively. Quite recently, we have
also studied in [11] the boundedness of the commutator of parabolic non-singular integral

* Corresponding author

M.N. Omarova

Baku State University, Baku, Azerbaijan

Institute of Applied Mathematics of Baku State University, AZ 1148, Baku, Azerbaijan
E-mail: mehriban_omarova@yahoo.com



M.N. Omarova 139

operator on parabolic generalized Orlicz-Morrey spaces of the third kind M ¥ (Rfﬁ'l) with
BM O functions (see also [12]).
The main purpose of this paper is mainly to study the boundedness of the nonsingular

integral operator T on weighted Orlicz spaces LE (R'7) .

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A ~ B and say that A and B are
equivalent.

2 Definitions and Preliminary Results

Even though the A,, class is well known, for completeness, we offer the definition of A,
weight functions. Here and everywhere in the sequel B(z,r) is the ball in R™ of radius r
centered at z and |B(x, r)| = v,r™ is its Lebesgue measure, where v,, is the volume of the
unit ball in R”. Let B = {B(z,r) : x € R", r > 0}.

Definition 2.1 For, 1 < p < oo, a locally integrable function w : R™ — [0, 00) is said to
be an A, weight if

aup (15 [ werae) (i [ wtorFar) <o

A locally integrable function w : R™ — [0, 00) is said to be an A; weight if

’;/Bw(y)dy < Cw(z), a.e. r € B

for some constant C > 0. We define A = U1 Ap-

For any w € A and any Lebesgue measurable set F, we write w(E) = [, w(x)dz.
We recall the definition of Young functions.

Definition 2.2 A function @ : [0,00) — [0, 0] is called a Young function, if ¢ is convex,
left-continuous, lim+ &(r) =¢(0) =0and lim &(r) = oo.
r—0 T—00

The convexity and the condition ¢(0) = 0 force any Young function to be increasing. In
particular, if there exists s € (0, 00) such that @(s) = oo, then it follows that @(r) = oo for
r>s.

Let Y be the set of all Young functions @ such that

0<P(r) <o for 0<r<oo.

If € Y, then P is absolutely continuous on every closed interval in [0, c0) and bijective
from [0, co) to itself.
For a Young function @ and 0 < s < o0, let

& Hs)=inf{r>0:d(r) >s}  (infl = o).
A Young function @ is said to satisfy the As-condition, denoted by @ € As, if
&(2r) < kP(r), r>0

for some k > 1. If ® € Ay, then @ € ). A Young function @ is said to satisfy the V-
condition, denoted also by @ € Vg, if

1
< — >
&(r) < 2k@(kr), r>0
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for some k£ > 1. The function @(r) = r satisfies the Ay-condition and it fails the V-
condition. If 1 < p < oo, then &(r) = rP satisfies both the conditions. The function
&(r) = e" — r — 1 satisfies the Va-condition but it fails the Ag-condition.

For a Young function @, the complementary function &(r) is defined by

5(7’) _ {sup{rs — @(i)oz s €[0,00)} g r ELO,OC;)O),

The complementary function @ is also a Young function and it satisfies @ = &. Note that

@ € Vs ifand only if @ € A,.
It is also known that

r<®Yr)d'(r)<2r, r>0. (2.1)

We recall an important pair of indices used for Young functions. For any Young function
@, write

b(st)
ha(t) = sup , t>0.
=350
The lower and upper dilation indices of @ are defined by
log he(t log he(t
ip = lim 2802®) g, = fi 08 0e(®)
t—0+ logt t—oo  logt

respectively.
A Young function @ is said to be of upper type p (resp. lower type p) for some p €
[0, 00), if there exists a positive constant C' such that, for all ¢ € [1, c0) (resp. ¢ € [0, 1]) and
s € [0, 00),
D(st) < CtPP(s). 2.2)

Remark 2.1 It is well known that if @ is of lower type pg and upper type p; with 1 < py <

p1 < o0, then @ is of lower type p) and upper type pj, and @ is lower type po and upper type
p1 with 1 < pg < p; < o ifandonlyif ® € Ay N V.

It is easy to see that @ is of lower type ¢¢ — €, and of upper type Ig + € for every € > 0,
where the constant appearing in (2.2) may depend on €. We also mention that i¢ and Ig
may be viewed as the supremum of the lower types of @ and the infimum of upper types,
respectively.

Lemma 2.1 /8, Lemma 1.3.2] Let ® € As. Then there exist p > 1 and b > 1 such that

D(t2) < bd(t1)
ty — ]

forO <t < to.

Lemma 2.2 [17, Proposition 62.20] Let ® be a Young function with canonical represen-
tation

@(t):/o o(s)ds, t>0.

(1) Assume that & € As. More precisely ®(2t) < AP(t) for some A > 2. If p >

1+ logy A, then
/ @ds<@ t>0.
t

sP ~ow
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(2) Assume that ® € Vo. Then

t
/('D(S)dssdj(t), t>0.
0 S t

Definition 2.3 For a Young function @ and w € A, the set

LR = {f — measurable : / O (k| f(z)|)w(z)dz < oo for some k > 0 }

is called the weighted Orlicz space. The local weighted Orlicz space Li’lOC(R”) is defined
as the set of all functions f such that fx, € LE(R™) for all balls B C R™.

Note that L (R™) is a Banach space with respect to the norm

£z = 11 =int {3 >0+ [ o(LYuioao <1}

and

/}Rn @( |‘|];(”$L)$ )w(x)d:c <1

The following analogue of the Holder inequality is known.

L f@e@w@)dz) < 20 fllg gl (2.3)

For the proof of (2.1) and (2.3), see, for example [16].
For a weight w, a measurable function f and ¢ > 0, let

m(w, f, t) =w({x e R": |f(x)| > t}).

Definition 2.4 The weak weighted Orlicz space
WLZ(R™) = {f — measurable : [ fllwre < oo}

is defined by the norm
| fllwre@ny = | fllwre = inf {)\ >0 : sup@(t)m(w, i, t) < 1}.
: : s X

We can prove the following by a direct calculation:

1

Ixsllee = Ixsllwre = 1 (w(B) 1)’ B e B, (2.4)

where  , denotes the characteristic function of the B.
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3 Nonsingular integral operators in the weighted Orlicz space L® (R )

The following theorem is valid (see, for example, [8, 15]).

Theorem 3.1 Let T be a nonsingular integral operator, defined by (1.1), f € L%, (R%),
1 <p < ooandw € A,. Then there exists a constant C,, independent of f, such that

[ ®) < Cpllfllzn ey, 1<p<o0

and _
ITfllwes,@ey < CullfllLy, e

Theorem 3.2 Let @ be a Young function, w € Aup and T be a nonsingular integral opera-
tor, defined by (1.1). If & € Ay, then the operator T is bounded from L? o) to wL? w(RD)
and if & € Ay N Vo, then the operator T is bounded on L?, (R%).

Proof. At first proved that for @ € A, the nonsingular integral operator T is bounded from
LT(R7) to WLE(RY).

We take [ € Lﬁi(R’}r) satisfying Hf”Lg = 1. Fix A > 0 and define f1 = xqf>ay - f
and fo = xq|fj<ry - f- Then f = f1 + fo. We have

w(fe € RL: |Tf(z)] > A\}) <w({z e RL: [Tfi(2)] > %})
+w({z €RY : T fa(z)] > %})
and
D(Nw({z € R} : |Tf($)’ > A})
< oOw({z € BY: [TR@)] > 51 + 20w ({e e B : [Th()] > ).

We know that from the weighted weak (1,1) boundedness and weighted LP, p € (1, c0)
boundedness of 1’

w(fe € R [Tlxggon - N > 2 S 5 [ F @)l (e)d

{zeR:| f(x)| >N}

and

w({z € RY : [T(xgpeny - @) > A}) < |f(@)[Pw(z)de.

~ o /{$€Ri:|f(w)éx\}

Since f1 € WLL(R") and @ increasing we have

jw(fe e BY: [Th(@) > 5}) < /IR  V@ut)ds

/ (@) w(z)dz
{z€R%:| f(z)|>A}

2@,
S@I = @)

w(z)dx.

AN
— — ‘Q
£3 +3 >
/@\ _ SN—
g
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By Lemma 2.1 and fo € L}, (R".) we have

PN w({z € R : [T fo(x f})

_ 2

Thus we get

w(fe € R : [Tf()] > A}) < ;/ (1 (@) wz)da

? <0||ng>

Since || - || .2 norm is homogeneous this inequality is true for every f € LI(R2).

| /\

Now proved that for & € As (] Vo the nonsingular integral operator T is bounded in
Lo (R,
Using the distribution functions we have that

/1@<Tf/§x)> /1/ < > ({z € RY : |Tf(z)| > \})dX

A/ < > ({z € R < |Tf(2)] > 2A})dA

The following inequality is valid.
w({z e R} : |ff(a:)] >2A}) <w({z e RY : ‘f(X{|f|>)\} - H| > A})
+ w({x € RZ_ : ‘T(X{|f|§>\} . f)($)| > )\})

Let p > 1 be sufficiently large. By the weighted weak (1, 1) boundedness and weighted
LP-boundedness of T" (see Theorem 3.1) gives us

w(fe € B s [Tl - N > M) S5 [ F @)l (z)de

{zeRY:|f(z)|>A}

and

w({z € RY : |T(xqp<n - F)(@) > A} £ |f (@) [Pw(z)d.

N /{xem:mm)gx}

The same calculation as we used for the maximal operator works for the first term to obtain

A/ ( > ({2 € R« [T(xqpa1 - F)(@)] > A})dA

< /n @ (C‘f/(lx)‘) w(z)dz. 3.1)
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As for the second term a similar computation still works but we use the fact that & € As.

/1/ ( ) ({z € RL: [T(xqi<ny - (@) > A})dx

1 [ 2>\> / X
< = an p
N @ |f (@) [Pw(z)de

A Jo </1 ( {weRT:|f(x)| <N} N

1 72X dA
< — x)|P — | = | w(z)d=.
SYRLC (/lf(w”so(A)Ap) (@)

Using Lemma 2.2 (1), we have

/ < ) ({z € RY [T (xqs<ny - F)(@)] > A})dA

S /1 U <2|f:4($)|> w(z)dw < /1 @ (CVA@)') w(z)dz. (3.2)

Thus, putting together (3.1) and (3.2), we obtain

[ (Tt < [ o () oy

Again we shall label the constant we want to distinguish from other less important constants.
As before, if we set A = co| |12 (7 )» then we obtain

7))
/1@< 1 )w(x)daﬁgl.

Hence the operator norm of T is less than cy:

HTfHLP ®y) < A= collfllre@n)
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