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Abstract. We study the maximal commutators My,  and the commutators [b, Mr] of the maximal oper-
ator over the Orlicz spaces L¢(F) defined on Carleson curves I'. We give necessary and sufficient con-
ditions for the boundedness of the operators My r on Orlicz spaces L®(I") when b belongs to BMO(I")
spaces, by which some new characterizations for certain subclasses of BMO(I") spaces are obtained.
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1 Introduction

The theory of boundedness of classical operators of the real analysis, such as the maximal
operator, fractional maximal operator, Riesz potential and the singular integral operators etc,
from one Lebesgue space to another one is well studied by now. These results have good
applications in the theory of partial differential equations. However, in the theory of partial
differential equations, along with Lebesgue spaces, Orlicz spaces also play an important
role.

Let ' ={teC:t=1t(s), 0<s <[ < oo} be a rectifiable Jordan curve in the
complex plane with arc-length measure v(t) = s, here [ = vI" = lengths of I
We denote

I't,ry=I'NB(tr),tel,r>0,

where B(t,r) ={z € C: |z —t| <r}.
A rectifiable Jordan curve I is called a Carleson curve (regular curve) if the condition

vI(t,r) < cor

holds for all ¢ € I' and r > 0, where the constant ¢y > 0 does not depend on ¢ and 7.
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Let f € LI°°(I"). The maximal function M f is defined by

Mrf(t) = sup(v (1. 7)) /F o FOl), ter

The maximal commutator Mj, 1, generated by b € L{°(I"), is defined by

My, r(f)(t) = sup(vI'(t,r) ™" /F(t )Ib(t) = b(n)|[f(7)|dv(T), t € I

r>0

The commutator, generated by a function b and the operator M, is defined by
[b, Mr](f)(t) = b(t)Mp(f)(t) — Mp(bf)(t), t € I

Maximal operators play an important role in the differentiability properties of functions,
singular integrals and partial differential equations. They often provide a deeper and more
simplified approach to understanding problems in these areas than other methods.

Although the M, - and [b, M| operators are very similar, they are fundamentally differ-
ent. The maximal commutator M, i~ plays a significant role in the study of commutators of
singular integral operators with the symbol BM O, and this topic has attracted the attention
of many mathematicians (check it out, for exaample, [1-5,10-16,18,24]). The nonlinear
commutator [b, M| of maximal operator, can be used in studying the product of a func-
tion in H; and a function in BM O (see [6], for instance). In [5], Bastero et al. studied the
necessary and sufficient condition for the boundedness of [b, M] on L? spaces.

Our main aim is to characterize the commutator functions b, involved in the boundedness
on Orlicz spaces of the maximal commutator M,  (Theorems 4.1).

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A =~ B and say that A and B are
equivalent.

2 On Young Functions and Orlicz Spaces

Orlicz space was first introduced by Orlicz as a generalizations of Lebesgue spaces
LP. Since then this space has been one of important functional frames in the mathematical
analysis, and especially in real and harmonic analysis. Orlicz space is also an appropriate
substitute for L' space when L' space does not work.

First, we recall the definition of Young functions.

Definition 2.1 A function ¢ : [0,00) — [0,00] is called a Young function if ¢ is convex,
left-continuous, lin+1O &(r) =&(0) =0and lim &(r) = co.
r—r r—00

From the convexity and ¢(0) = 0 it follows that any Young function is increasing. If there
exists s € (0,00) such that &(s) = oo, then @(r) = oo for r > s. The set of Young
functions such that

0<P(r) < oo for 0<r<oo

will be denoted by V. If @ € ), then @ is absolutely continuous on every closed interval in
[0, 00) and bijective from [0, c0) to itself.
For a Young function @ and 0 < s < o0, let

&7 1(s) =inf{r >0:&(r) > s}.
If & € Y, then &~ ! is the usual inverse function of &. It is well known that

r< &Y r @t (r)<2r  forr >0, (2.1)
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where &(r) is defined by

B(r) = {sup{rs — (15((1)0: s €[0,00)} : rrez[Oéooo)

A Young function @ is said to satisfy the As-condition, denoted also as ® € Ao, if
&(2r) < CP(r), r>0

for some C' > 1. If & € Ay, then & € ). A Young function @ is said to satisfy the
Va-condition, denoted also by @ € Vg, if

1
< — >
o(r) < 2C¢(Cr), r>0

for some C' > 1.

Lemma 2.1 [20] Let @ be a Young function with canonical representation

&(r) = /07’ o(s)ds,r > 0.

(1) Assume that & € Ay. More precisely ©(2r) < AD(r) for some A > 2. Set f =
logy A. If p > [ + 1, then the following inequality is valid:

[0 20,

sP ~ rp

(2) Assume that ® € V. Then the following inequality is valid:
T
P
/ L(S)ds < (T), r > 0.
0 T

S

Definition 2.2 (Orlicz Space). For a Young function ®, the set
LY(I) = {f €Ll (I): / D (k| f(7)])dv(T) < oo for some k > 0 }
r

is called Orlicz space. If ®(r) =P, 1 < p < oo, then LT(I') = LP(I"). If &(r) = 0, (0 <
r < 1) and &(r) = oo, (r > 1), then L2(I") = L>(I'). The space L? (I') is defined as

loc

the set of all functions f such that fx. € L®(I') for all balls £ C T..

L®(I') is a Banach space with respect to the norm

1l oy = inf{)\ 20 /FQS(f&T)r)dy(T) < 1}.

For a measurable set [y C I', a measurable function f and r > 0, let m(Iy, f, r) =
{t € It : |f(t)] > r}|. Inthe case [ = I', we shortly denote it by m(f, ).

Definition 2.3 The weak Orlicz space
WLA(I) = {f € Ligo(D) « [|fllwpe < oo}
is defined by the norm

| fllwrery = inf{)\ >0 : iglo)@(r)m(§7 r) < 1}.
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We note that || f ||y e < || fllL2s

sup ®(r)m(Io, f, r) = suprm(Iy, f, ' (r)) = suprm(Io, &(|f]), r)
r>0 r>0 r>0

and

/Fods<f(7)’)du(r) <1, supd(rm(Dy, - Dt e

12 () r>0 1 lweer)

where ||f||L¢(FO) = Hpro ”m(r) and HfHWL¢‘(F0) = ||f><p0 ||WL¢(F)-
The following analogue of the Holder’s inequality is well known (see, for example,
[26]).

Theorem 2.1 Let [y C I be a measurable set and functions f and g measurable on Iy,.
For a Young function ® and its complementary function ®, the following inequality is valid

i [f(D)g(m)ldv() <2 flle ) 191 2 1y -

By elementary calculations we have the following property.
Lemma 2.2 Let & be a Young function and I'(t,r) be a balls in I'. Then

1
HXF(t,r) HL¢(F) = HXF(t,'r')”WLQS(F) = @_1 (V(F(t, 7’))_1).

By Theorem 2.1, Lemma 2.2 and (2.1) we get the following estimate.

Lemma 2.3 For a Young function ¢ and for the balls I'(t,r) the following inequality is
valid:

/F(t )!f(T)IdV(T) <20(L(t,r) 2~ (I () ) If o)

3 Maximal operator defined on Carleson curves in the Orlicz spaces L (I")

In this section the boundedness of the maximal operator M defined on Carleson curves
I in Orlicz spaces L?(I") have been obtained.

Theorem 3.1 Let ¢ any Young function and I' be a Carleson curve. Then the maximal
operator M is bounded from L*(I") to W L®(I'") and for & € V5 bounded in LT (I).

Proof. At first proved that the maximal operator M is bounded from L (I") to W L®(I").
We take f € L?(I") satisfying || f||#(r) = 1 so that the modular

pa(f) = /Fds(f(T)Ddl/(T) < 1.

We know that by Jensen inequality

1 1
¢ (V(F(”)) /m,r) f(T)!dV(T)> < IM/F(M)QS(JC(T)])CZV(T) (.1)

for all balls I"(¢, ). Using (3.1) and definition of maximal operator we have

P(Mpf(t)) < Mp[(@o f)(t)]- (32
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Using (3.2) and weak (1,1) boundedness of maximal operator (see [7]) we get

v({te I :Mpf(t)>r}) =v({te': &(Mpf(t)) > d(r)})
<v({tel:Mp(Pof)(t)>d(r)})

C
< 307 | 20r@han)
C < 1
") = e

)

A=

since || f||pe(ry = Land 5&(r) > & (&), if C > 1.
Since || - || # () norm is homogeneous the inequality

1
v({teT: Mpf(t)>r)) < —
' Ate i )

is true for every f € L¥(I).
Now proved that for & € V5 the maximal operator M- is bounded in L (I").
Let A > 0and f € L?(I")\{0}. Then we have

Ff(t>

/Fqﬁ(Mrf > // ()isiv()
// X (se[0,00): M ® }(S)dsdy(t)

/ (s )/ X{ter:Mpf(t)>Asydv(t)ds
/ < ) ({t € I': Mpf(t) > A}) dA
A/ < ) ({t € I'- Mpf(t) > 2A}) dA

From the weak (1, 1) maximal inequality

v({t e D Mpf(t) > 20}) $ £(0)ldv(t)

> =

/{tGF:f(t)|>>\}

and change the order of integration

/FQS (MF/{( ) / (/i\> (/{tef |f()\>>\}| (t)‘dy(t)> %
/ < o d;) dv(t)

2A llf
)‘?) du(t).

<5 [lrel

Now we use Lemma 2.1 which yields

241 £(1)] d\ _ 2| f()]
</0 go()\))\> S AD <A> ’
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if f(t) # 0. Recall that kP (r) < &(kr) for k > 1and r > 0, assuming ¢ convex. Therefore,
it follows that

/Fqs <MFAf(t)> du(t) < cO/Fqs <2|fA(t)’> du(t) < /Fqs (Coi(t)'> du(t).

Here ¢y is a constant we would like to shed light on. Choosing A = col| f|| (), we obtain

/ngi <MF/{(t)> dv(t) < 1.

IMrfllpery < A= coll fllLe(r
from the definition of the norm.

This means

4 Maximal commutator in the Orlicz spaces L® (I")

In this section we find necessary and sufficient conditions for the boundedness of the
maximal commutator M}, - on Orlicz spaces. To study the boundedness of the commutators
of some integral operators, we need the bounded mean oscillation space first introduced by
John and Nirenberg [19].

Suppose that b € L (I"). Then b is said to be in BMO(I) if the seminorm given by

bl = sup L) [ [b(r) = brigglav(r)
>0 I(tr)
is finite, where the supremum is taken over all balls I'(¢,7) C I" and

brir) = (VF(t,r))_l/ b(T)dv(T).

I(t,r)

For any measurable set Iy C I" with v(1p) < oo and any suitable function f, the norm
£l L(og 1), 1s defined by

|f||L(logL),F0 = inf{A >0: I/(}b) /F |f§\t)’ log (2—|— Ul(;”)dl/(t) < 1} .

The norm || f||exp 1,17, is defined by

| fllexp £,ry = inf {)\ >0: V(;o) /Fo exp <|f§\t)|>dy(t) < 2} :

Then for any suitable functions f and g the generalized Holders inequality holds (see
[26])

1
i ONd®) S 1Sl ol o .1 w“n

The following John-Nirenberg inequalities on spaces of homogeneous type come from
[21, Propositions 6, 7].

Lemma 4.1 Let b € BMO(I"). Then there exist constants C1,Cy > 0 such that for every
ball B C I and every a > 0, we have

({r € T(t.r) £ 10(r) = brap)| > ) < Crofr(tr)espf - it ol
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By the generalized Holder’s inequality in Orlicz spaces (see [26, page 58]) and John-
Nirenberg’s inequality, we get (see also [22, (2.14)]).

1

_ <
Z/(F(t,’l”)) L(t,r) ‘b(T) bF(t,'I‘)Hg(T)|dV(T) ~ ||b||* ||g||L(logL),F(t77‘)' (42)

We refer for instance to [19] and [23] for details on this space and properties.
For a function b defined on I, we denote

[0, ifb(t) >0,
b () _{b(t)\, i£b(t) < 0

and b (t) := [b(t)| — b~ (¢). Obviously, bt (¢) — b~ (t) = b(¢t).
Before proving our theorems, we need the following lemmas and theorem.

Lemma 4.2 [17] Letb € BMO(I") and ¢ be a Young function with ® € Ao, then

6l = sup & (W () ™) [0~ brom) X, 43)

r(t,r)

L)’

For proving our main results, we need the following estimate.

Lemma 4.3 [8] Letb c L} (I'), to € I" and ro > 0. Then

loc

|b(t) — bp(to,m)\ < CMb,F(XpaO,rO))(t) forevery t € I'(ty,m0).

Lemma 4.4 Let f € Ll (I') andt € I'. Then

loc
Mp(Mpf)(r) = sup I Lt410g+ L)1) - 4.4)

Proof. Let I'(t,r) be a ball in I". We are going to use weak type estimates (see [25], for
instance): there exist positive constants ¢ > 1 such that for every f € LIIOC(F ) and for every

t > (1/1/(F(t,r))) fF(t,r) | f(7)|dv(T) we have

= F)ldi(r) < vl{r € P(t,r) s Mr(f Xpq,,,)(7) > 1)
{rer(t,r):|f(r)|>r}
C

< / F(r)ldv(r).
r {rer(t,r):|f(r)|>r/2}
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Then

Mr(f Xro,)(7)du(r) = /0 T U{r € D(tr) - Mp(f xpy ) )(T) > A})dA

I'(t,r)
Flrer
:/0 U € Dt r) s M(f Xy ))(7) > AR)dA

+ /00 v({r € I'(t,;r) : Mr(f Xy, (T) > A})dA
[flree,m

= UL (6) |l + /|f°|° v({r € T(tr) : Mp(f Xy, ) () > AD)A
r(t,r)

oo

1 d\
(F(t T)> ’f’F(t " e /|fF(t </{T€F(t,r):f(7)|>)\} ’f( )’d’/( )> A

1 PO dx
(L) lre + [ (77 2 ismpantr)
{rel@r):lf (D> flremt ~/If
(r

|flrt,m

1 f
L) e + 3 [ ()] log - ” v ()
(reD ()1 F (D> Flren [flr,r
1/ |f(7)]
>z A1+ 1ogt 20 (7).
c F(t,r)’f( )|( & |f!r(t,r)> g
On the other hand,

M X)) = [ 04 € T(6r) s M X)) > AN

I'(t,r) 0

~ /0 v({r € P(t,r) : Mp(f xp,)(7) > 2A1)dA
e

:/0 U € Pt 1) s Mp(f Xy )(7) > 223)dA

+ /OO ({1 € D(t,7) s Mp(f Xy, )(T) > 2X1)dA
|f‘F(t

d\
< (Tt ) |l + € / Pldv(t)) 2
[flree,m {rel(t,r):|f( T)|>A}

\f( )\
=v(I'(t,r tyr) TC
( (t ))|f’F(7)+ /{TEF(tT) [FOI>1free,r }|f( )‘ |f’F ( )
C TR
<ef (o [0 )

Therefore, for all f € LL _(I") we get

V(M) 0) ~ supuor) ™ [ 5l g O Yot

>0 |l

Since

vereny [l ost (0 avin),

4.5)
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then
|flresy < 1l apog* £y, i)

Using the inequality log™ (ab) < log™ a + log™ b with a, b > 0, we get

orem™ [

I(t,r)

= (vI'(t, r))_l/

I'(t,r)

= (vI'(t, r))_l/

I'(t,r)

110t HOLY
£OI(1+1og" 777 - Jav(r)

\f(T)](l +logt ( |f ()] ||f||L(1+log+ L),F(t,r)))dy(7_>

||f||L(1+log+ L), I(t,r) |f|F(t,r)

Ol Y00

||f||L(1+log+ L),r(t,r)

F@I(1+ 108"

+ ||f||L(1+log+ L),I(

+ It ) / () log ) g ()

I(tr) |l
+ Hf”L(l—l—log+ L),I'(t,r)
| flreer

< Wl Latrogt £y, reery + 1 fIrer) log

Since Hf||L(1+log+ L),[(t,r)

> 1landlogr < r whenr > 1, we get

[flree,r
_ f(r
wI'(t,r)) ! /F(t " | f£(7)] (1 +log™ |f|ﬁ(t),’,)>dy(7> < 2Hf”L(1+10g+ L), (t,r) (4.6)
On the other hand, since
_ 1 f(7)]

I st e = TN [ (5@ (1410g" v (7).

L(1+log™* L),I(t,r) F(tr) ( ||f||L(1+1og+ L),F(t,r)>
on using

‘f|f‘(t,r) < ||f||L(1+10g+ L),I(t,r)’

we get that

L ()]
| flrer

11 kst ey S T [ ()11 1o Jav(r). @D

I'(t,r)
Therefore, from (4.5), (4.6) and (4.7) we have (4.4).

Lemma 4.5 Let I' be a Carleson curve and b € BMO(I"). Then there exists a positive
constant C' such that

My, r f(t) < C|lbll«Mp(Mrf)(t) (4.8)
for almost every t € I and for all functions f € L (I).

Proof. Let ¢ € [" and fix a ball I'(¢,r). We write f as f = fi1 + f2, where fi(7) =
F(T)Xpan (T)s f2(T) = f(T)x, (1), and X, ,,, denotes the characteristic function

of I'(t,3r). Then for any 7 € I’
My, rf (1) = Mp((b—b()) f) (1) = Mr((b—brsr) + brasr — b(1)) f) (1)
< Mp((b—brasm)f)(T) + Mp((bresmy —b(1))f)(T)
< Mr((b—=bpusm) f1)(T) + Mr((b—brgsm) f2)(7) + [bresr — (1) |Mr f (7).

(I'(t,3r))
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For 0 < § < 1 we have

1

4

(vI(t, )" (M, f () du(r)
I(t,r)

=

< (e [ (0= b n)6) )

il

+(wren [ oy (0= brin) 1)) ()

w(eren™ [ ) b (4en) @) ()’

= 1 (t,7) + Lo(t,r) + Is(t, 7).

We first estimate ;. Recall that M is weak-type (1, 1), (cf. [7]). We have

I(t,r) < (wl(t,r) ™" /m

v(I(t,r))
< WI(t,r)™ /0 [(Mr((b— bran)f1)) ()] de

| |Mp((b = bresm) f1) (7] du(r)

v(IL(t,r))
<@rto) [ s (Mp((b - breanf) 0] /0 t-0dt

o<t<v(I'(t,r))
_ 1) _
VF(t7T)> ! “(b_bf(t,Br))fl“Ll(p) V(F(t,T’)) o+

S
S = braan) Flo s V).

Thus

L(t,r) < (vI(t,7) " / [6(7) = brqean | 1f(7)]dv (7).

I'(¢,3r)
Then, by (4.1) and Lemmas 4.1 and 4.4 , we obtain
I (t7 T) < Hb - bF(t,3r) Hexp L,I"(t,3r) ||f||L(1og L),I'(t,3r)
S bl 1 2 og 2),r(e,3r)
< |[bll« Mp(Mrf)(t).
Let us estimate I5(¢, ). Since for any points 7 € I'(¢,7), we have

Mrp((b—brusn)f2) (1) < CMp((b—brsn)f2)(t)

with C' an absolute constant (see, for example, [9, p. 160]).
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Therefore, by (4.1) and Lemma 4.4 we obtain

Bt S (P [ (0= b £2)(0) du())°

br(,r)

= Mr((b—brusm)f2)(t)
= sup v ro) ! T) = 0prt3r T)|av(T
= sup w(I'(t, 70) /F o 1) = b L)

ro>0

= sup V(F(t,ro))*l

[ ) = braan 1F ()
r9>0 I'(t,yro)N~(L(t,37))

— sup v(I'(t, )" / Ib(r) — bgean| |£(7)ldv(r)
ro>3r I'(t,ro)\I'(t,3r)

< sup v(I(t, o))" / Ib(r) — brgery| 1 (7)ldw(7)
ro>3r I'(t,ro)\I'(t,3r)

+ sup (It 70)) " bran — brees)| / |£(7)ldw(7)
ro>3r I'(t,yro)\I'(t,3r)

< sup |b— br(t,ro) lexp L,I(t,ro) ||f”L(log L),I(t,ro)
ro>3r

ro _
+ [I6ll« sup log — v(I'(t,70)) " I f 1|, retronriesn)
ro>3r r

< ||b||* sup HfHL(logL),F(t,ro)
ro>3r

S ol Mp (M f)()-

Therefore we get
Ly(t,r) S |[blls Mp(Mpf)(2).

Finally, for estimate /3, applying Holders inequality with exponenta = 1/§,0 < § < 1,
by Lemmas 4.2 for () = t%, 1 < a < co we get

1
a

(wr(t,r)™ Mpf(r)dv(7)
I(t,r)

L(t,r) < <(1/F(t,r))1/

I'(t,r)
S bll« M (Mrf)(#)-

Lemma 4.5 is proved by the estimate of I1(¢,r), I2(t,r), Is(t,r) and the Lebesgue
differentiation theorem.

[b(7) = brm|“dv(7))

Remark 4.1 Note that, in the case of the Carnot groups Lemma 4.5 was proved in [15].

The following theorem gives necessary and sufficient conditions for the boundedness of
the operator M, ,, on L?(I").

Theorem 4.1 Letb € Llloc(l“ ), @ € Y be a Young function and I" be a Carleson curve.

1. If ® € Vo, then the condition b € BMO(I") is sufficient for the boundedness of M,
on L*(I').

2. If ® € Ao, then the condition b € BMO(I") is necessary for the boundedness of
My, on LE(T).

3. Let ® € Ay U Vaq. Then the condition b € BMO(I') is necessary and sufficient for
the boundedness of My, ,, on L*(I").
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Proof. 1. Letb € BMO(I'). Then from Lemma 4.8 we have
My, f(t) S 10ll« M (Ml“f) (t) (4.9)

for almost every ¢ € I and for all functions from f € L. (I').
Combining Theorem 3.1 and Lemma 4.5 and from (4.9), we get

My, fll ey S N0ll[Mr(Mpf)ll ey
S OlMrfllzery S MOl Fllze -

2. We shall now prove the second part. Suppose that Mj, i is bounded on L*®(I"). Choose
any ball Iy = I'(t,r) in I, by (2.1)

N = brlinr) = s [ [ 00 - benavea e

< V(Fo) /Fo n |b(T) — b(z)|dv(z)dv(T)
1 1
/ (FO ‘b(T) - b(Z)‘XB (Z)d’/(z)dy(r)

v(Io)
1 2
m I Mb,F(XFO)(T)dV(T) < V(Fo) HMb’F(XFO)HL(D(FO)HlHL‘;(FO)

Thus b € BMO(I).
3. The third statement of the theorem follows from the first and second parts of the
theorem.

If we take @(t) = tP in Theorem 4.1 we get the following corollary.

Corollary 4.1 Let I" be a Carleson curve, 1 < p < oo and b € Ll (I"). Then My is
bounded on LP(I") if and only if b € BMO(I').

5 Commutators of fractional maximal operator in Orlicz spaces

In this section we find sufficient conditions for the boundedness of the commutator
[b, M ] of the maximal operator on Orlicz spaces.
The following relations between [b, M| and M, i are valid:

Let b be any non-negative locally integrable function. Then for all f € Ll (I') and
t € I' the following inequality is valid

[0, My ()] = [B(0) My F(2) = My (6)(0)
= [ My (b(t) )(t) — My(bf)(£)] < My([b(t) — bIF)(£) < Moy (f)(F)-
If b is any locally integrable function on X, then
b, Mrlf ()] < My, r(f)(t) +207 ()M f(t),  tel (5.1

holds for all f € L}OC(F) (see, for example, [16,27]).

Obviously, operators Mj, i and [b, M| essentially differ from each other since M, 1 is
positive and sublinear and [b, M| is neither positive nor sublinear.

From Lemma 4.5 and inequality (5.1) we get the following corollary.
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Corollary 5.1 Let b € BMO(I'") such that b= € L*(I"). Then there exists a positive
constant C' such that

[, Mr]f(t) < C([6F || + 167 (|2 ) M (Mr f) (t) (5.2)
for almost every t € I and for all functions from f € Li (I).

Proof. By Lemma 4.5, inequality (5.1) and the fact that M f < Mp(Mpf), we have

(b, Mr]f()] < My r(f)(t) +2b~ () Mr f(2)

S ol M(Mpf)(t) + b~ (t)Mr£(t)

S (16Tl 4+ 167 [+) Mp (Mp f) (8) + |67 || oo 1y Mp (Mp ) (£)
S (16Tl 4+ 167 [ oo (ry) M (Mp f) (2).

By Corollary 5.1 and Theorem 4.1 we have

Corollary 5.2 Let I' be a Carleson curve, b € BMO(I'), b= € L*°(I") and ® be a Young
function with & € Ay U V. Then the operator [b, M) is bounded on L*(I").
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