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On a Rotar generalized condition and the central limit theorem
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Abstract. In this article, new numerical characteristic is introduced, which does not contain any addi-
tional parameters. It is proved that this characteristic represents a general record of Rotar type charac-
teristics. It is proved also that the tendency to zero of this characteristic is equivalent to the fulfilment of
the central limit theorem for the sequence of series of independent random variables.
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1 Introduction. Preliminary information

By the well-known property of normal distribution, the sum of independent normally dis-
tributed random variables also has a normal distribution. This means that if the distributions
are independent close to the normal distribution law, then the distribution of the sum will be
so close to the normal law, i.e. the central limit theorem (CLT) holds for the corresponding
sequence of independent random variables.

Unlike other numerical characteristics used in limit theorems for sums of independent
random variables, Rotar’s numerical characteristic, introduced in [13, Ch. 5, 15, 261-273],
[14], takes into account the reduced property of the normal distribution.

In the studies of S.V. Nagaev and his students [7], [8], [9], [10], [11], a new versions
of the proof of the CLT for sequences of independent random variables connected in a
homogeneous Markov chain are presented and exact estimates are found for the absolute
constant in the Berri-Essen theorem.
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The references [15], [16], [17], [18], [6], [19], [1], [2], [20], [21], [22], [23], [24] are
devoted to the study of the convergence rate in the CLT and the establishment of analogues
of classical estimates of the Berry—Esseen type when moment conditions exist .

In recent articles [3], [12], [5], [4], modified versions of Rotar’s numerical characteristics
and their application in the CLT are investigated.

Arbitrary series

Xin, o Xpn, ..., m=1,2, ... (1.1)
of independent (in each series) random variables (r.v.) are considered, where the distribution

of r.v. Xj, , may depend on n.
Denote S, = Y _p_; X n. Let there exist

U]%’n = EX,?»H <oo, k=1,2,...,n, n>1

From the point of view of subsequent results, it can be assumed, without loss of gener-
ality, that

n
EXpn=0,k=1,2..,n, ¥ o}, =1 (1.2)
k=1

We bear in mind that the sequence of r.v. (1.1) obeys the CLT, if the following asymptotic
relationship is true

sup F, () — $(x)] - 0,

where
x 2
Fo(x) = P(S, < ), (z) = \/17/ e " Rdu
T J—00

is the normal distribution with parameter (0, 1).
In problems of checking the validity of the CLT for a sequence of independent r.v. the
following characteristic plays an important role [13, Ch. 5, 18.3, p.305]

n

L,(¢) :Z/ x2dFk,n(x), e >0,
—1 |z |>e

where F}, ,(z) = P(Xj,, < ) is the distribution function (d.f.) of r.v. X}, ,.
Condition
L,(e) -0, n— o0, Ve >0 (1.3)

is called the Lindeberg condition. In particular, it follows from the fulfilment of the Linde-
berg condition that the r.v. (1.1) in this case have the property of uniform infinite smallness
of variances:

2
max o, — 0, n— oo. 1.4
1<k<n Fm ’ (1.4

Condition (1.4) is called the Feller condition and from it, in turn, follows the so-called
condition of the limiting (asymptotic) smallness of the terms, which is

max P(| Xy ,| >¢) =0, Ve >0, n— oo. (1.5)
1<k<n

It is well known that Lindeberg’s theorem is valid if the Lindeberg condition (1.3) holds,
then for a sequence of independent r.v. (1.1) the CLT is true.
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As the following simple example of a sequence of independent r.v. shows, condition
(1.3) is not necessary for the validity of the CLT. Let X;, X5, ... be a sequence of inde-
pendent normally distributed r.v. for which

EX,=0, DX, =1, DX, =22 k>2.

Let us assume that S, = Xy, + ... + X,, », where

n n
=DS,=>» DXp=1+1+) DX,

k=1 k=3
( +Z2k 2)] 1+2n 2 1) :277,71.
It is easy to check that for the given sequence of r.v. X, Xs, ..., X,, ... neither the Lin-

deberg condition nor the condition of uniform smallness of variances (1.4) is satisfied, al-
though the CLT is satisfied automatically, since the sums .S,, are normally distributed with
the parameters £S,, =0, DS, = 1.

In [14], V.I. Rotar introduced the following numerical characteristic for the sequence of

r.v. (1.1):
§j / (2] | Fion() — Bpn(2)] do,
|x|>e

where 0 < € < 00, Fj () is the d.f. of r.v. X}, ,,, Py () is normally distributed r.v. with
variance o7 (i.e. P ,(7) = @( = ))

Ok,n

Condition
R,(e) =0, Ye>0, n— (1.6)
is called the Rotar condition. It is weaker than condition (1.3) and it is equivalent to the
Lindeberg condition under the Feller condition (1.4) [13, Ch. 5, 18.7, p.310-311].
It follows from the definition of Rotar’s characteristic Ry, () that condition (1.6) is in no
way connected with the condition of infinite smallness of a sequence (1.5) of independent
r.v. (1.1).

In [12], an analog of the Rotar characteristic is introduced, which does not depend on
any € > 0. This analog is defined by the following equation

n 9]
_ Z/ min (12 2]} [Fin(@) — Do) dr, >0
k=177
and it was proved that the condition fulfilment

a)_Z/

for some o > 0 is equivalent to Rotar’s condition (1.6). The proof of this proposition
follows from Theorem 2.1, given in Section 2 below.

|2 [ | Flon (2) — (e |dx+2/ (2| | Fln(&) — B ()] da — 0

<1 [>1
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2 Generalized Rotar condition and CLT

Following [5], we define class Bof bounded nonnegative functions on the straight line
lim b(z) =0, my (6) = inf b(z) > 0, forall § > 0.

z—0 |z|>8

We assume that

R =37 [l bla) [Frao) - B () o
k=1v "%

Theorem 2.1 The following three conditions are equivalent:
1) Rotar’s condition is satisfied;
2) h_)m R = 0 for some b(-) € B

n o

3) lim Rl =0forallb(-) € B

Proof. Obviously, 3) implies 2). Let us prove that 2) implies 1). In fact, for any € > 0 there

holds
§j/ 2| Fion (@) — Bron()| da
|z|>e

1 b
< mb Z/DE ) |z] [Fin(2) = Ppp(z)| doe < mﬂtn — 0. (2.1)

Hence, the implication 2) = 1) is proved. Now, let Rotar’s condition hold. Then we have

= Z/Oo 2| b(z) |Fen(z) — Prpn(2)| do
k=177

<supb Z/Dem | Fpon () — @ (2 |dm+Z/z| . ) || |Frn(z) — Ppp ()| do

< supb(z) - Ro(e) + sup b(x Z / @] |Fon(@) — Brn(@) de.  (2.2)

0<|z|<e

Furthermore, applying integration by parts, we can be sure that for any d.f. F'(z) with
finite invariance the following equation holds

0 00 00
/ | F(z)dz + /O +(1 = F(z))dz = ;/OO P2dF (). 2.3)

—00

Now using the formula

EX|" = /OO |z|" dF (z) = n/ooo 2" (1 — F(z) + F(—2))dz

and equality (2.3), we obtain

Z/ 2| [Fyn(z) — Ppn(z)| de < Zakn < (2.4)
k=177

Thus, it follows from relation (2.2)—(2.4) that
lim sup R® < sup b(x), Ve >0,

n—o0 |JC‘<E
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and therefore
lim R? = 0.

n—oo

The proof of the Theorem 2.1 is complete.

Expression R? is called the generalized Rotar characteristic, and condition (Rb) RY —
0, for each b(e) € R is called the generalized Rotar condition. The Rotar characteristic
Ry, (¢) is obtained from the form R%, when

0, for |x| <e,
b(e) =bo (z) = {1, for iﬂsi > €.

According to the result of Theorem 2.1, the proposition R% — 0, for any function b € B
is equivalent to the fact that the Rotar condition is met { R, (¢) — 0, Ve > 0}. Taking into
account the latter, the main theorem in V. I. Rotar’s article [14] can be formulated as follows.

Theorem 2.2 Let { X, 1, ... X n, n =1, 2, ...} be a sequence of series of independent
random variables. For this sequence to satisfy the CLT, it is necessary and sufficient to
satisfy the generalized Rotar condition

R =% / 1215 () | o (2) — Bpn] d (1) = 0 (2.5)
k=17

for any function b (e) € B.

In section 3 it will be provide a self-standing and independent of ([14], a shorter version)
proof of Theorem 2.2.

3 Proof of Theorem 2.2

Let the characteristic function (ch.f) of r.v. X,
fk,n (t) — EeitX’“”

and let
di ntz
2

Gen () =€
be ch.f. of the normally distributed r.v. with parameter (O, a,%m) (k=1,2,...,n). Then

fu(t) = B 5 = T fon ()
k=1

is the ch.f. of the standard normally distributed r.v. with parameter (0, 1):

=g = [[e 2=l

k=1

To prove the sufficiency of the condition for the validity of the CLT according to the con-
tinuous accordance theorem, it is suffice to show that under condition (2.5) the following
convergence takes place

fu () —g(t), te€R. 3.
In turn, the limit relationship (3.1) is proved using the following auxiliary assertions.
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Lemma 3.1 . Let

D=3 [ min (lal, %) [Fin () — B ()| dar = 2 |Fion () — B ()
;[m (lal . 22) | ' zL ! '

| <1

30 [ el Fin @) = B (2] dir = Ko B (1) = Ko R
>1

Then the condition
D,—0, n—o 3.2)

is equivalent to Rotar’s condition (1.6).

Proof. Let condition (1.6) be true. Then we have

Ko=Y [ a1Fn (@) = Bin @)l da

+Z/ 22 |Flp (2) = Bp (2)| doe = KD + KP, 0<e<1.
=1 7 e<|z|<1

In view of inequality (2.4), we obtain

K} < E/ |z| |[Flom () — Ppp (2)| do < 520,%,,1 <e. (3.3)
|z|<e k=1

Furthermore, it is obvious that

KIS D [ 1o e @)~ e ()

e<|z|<1

< Z/ 2| | Fim (x) — Bpp (2)] do = Ry (g). (3.4)

[>e
It follows from (3.3) and (3.4) that K,, < e+ R,, (¢), and therefore h_}m sup K,, < e. Thus,
n oo
due to the arbitrariness of 0 < & < 1

K,—0, n—ox 3.9
it is obvious that
R,=R,(1)<R,(e) >0, Ve>0, n— oo 3.6)
Now, by virtue of (3.5), (3.6), we obtain under condition (1.6)
D, — 0, n — 0. (3.7)
Now let the condition (3.2) be satisfied. Then we have
K,—0, R,—0, n—oo. (3.8)

Furthermore, we have (0 < e < 1)

Z/x|>g 2| |[Fin (#) — g (2)] de = ;/ 2| | Frm () — Bpo ()] da

e<|z|<1

1
—i—Z/ |z| | Flom () — @kyn(:c)\dxggKn—i—Rn%O, n — 0o. (3.9)

The proof of Lemma 3.1 follows from relationships (3.7) and (3.9).
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Lemma 3.2 If condition (3.2) is satisfied, then

n

Z (fk,n (t) — 9kn (t))

k=1

< h(t)D, =0,

3
where h (t) = max (%, %, 2t2).

Proof. Indeed, by virtue of the definition of the ch.f. of distributions. We can write the
following system of equalities and inequalities:

> (fen () = grn (t))| - /°° e"d (Fip (€) — D (2))
k=1 f=1 70

(atw 1—ite - U ;5) ) d(Fp — Bron)

3 n
+\t2\z/ 22 |(Fyom () = o ()| d

k=1 |z[<1

+\t\Z

When writing the last chain of equalities and in subsequent inequalities, identical trans-
formations and elementary estimates

/ . cite 1—'th) (Fimn (2) = Ppp (2)) d | -

(itx)?
2

o’
<

, t )2
< c €th—1—2t$|§(m)

2

ettt 1 —jtx—

are valid for any ¢ and z. Taking into account the last remarks, we can conclude that

n

Z (fk,n (t) — Gkn (t>)

k=1

SInl(t)+In2(t)+In3(t)v (310)

where

Z/ - 2| Fin (2) = Prn (2) | der|

P&
Lo ()] < 11 [ ) = B ()] da .
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Therefore, for any ¢, the following estimates hold:

e
max (In1 (t), In2 (t)) < max <6’ 2|> K, — 0, (3.11)
11,5 (t)| <2t2R,, — 0. (3.12)

The assertion of Lemma 3.2 follows from relationships (3.10)—(3.12).
Furthermore, when applying induction, it is easy to verify that for any

max (Jax|, [br) <1

the following inequality holds

n n
[[ar—]T0x
k=1 k=1
By virtue of (3.13) and Lemma 3.2, for any ¢ we have

LT for @ =TT gnn ®)
k=1 k=1

So, the limit relationship (3.1) is proved, and the sufficiency of condition (2.5) for the va-
lidity of the CLT is proved as well.

The necessity of the generalized Rotar condition is proved as follows. In [2], V.I. Rotar
has proved that the Rotar condition (1.6) is necessary for CLT to hold. However, accord-
ing to Theorem 2.1, the condition (2.5) is equivalent to Rotar’s condition (1.6). Conse-
quently,the generalized Rotar condition (2.5) is a necessary condition for the validity of the
CLT.

<> lag — byl (3.13)
k=1

P -9t =

Sz‘fnk(t)_gnk(t)yﬁo) n — o0.
k=1
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