Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci.
Mathematics, 43 (1), 66-81 (2023).
https://doi.org/10.30546/2617-7900.43.1.2023.66
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Abstract. This work is dedicated to uncountable frames in non-separable Hilbert spaces associated with
bilinear mappings. Bounded bilinear mapping is considered, and using this mapping, the concepts of
uncountable b-Besselian system, b-frame and b-frame operator are introduced. Criteria for uncountable
b-Besselness and b-frameness of system are proved, and some properties of uncountable b-frame operator
are established. Stability and perturbation of uncountable b-frames in non-separable Hilbert spaces are
studied. From the obtained results, in particular, corresponding results for tensors are derived.
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1 Introduction

In the context of applications to some problems in different branches of natural science,
there has been an upsurge of interest lately in frames. They can be used in signalling pro-
cesses, in data compression and data processing, in medicine, in physics, etc. The concept of
frame in a Hilbert space has been introduced by R.J.Duffin and A.C.Schaeffer [1] in 1952.
They studied the frame properties of the perturbed exponential system, as well as the frames
in the abstract separable Hilbert spaces. Frames are playing an important role in the theory
of wavelets and Gabor transforms. This field of frame theory has received rapid develop-
ment after the fundamental work by I.Daubechies, A.Grossman, Y.Meyer [2]. Many authors
have treated frames since then, such as N.M.Astafyeva [3], [.Daubechies [4], .M.Dremin,
O.V.Ivanov, V.A.Nechitailo [5], C.Chui [6], R.Coifman [7], etc. One of the most important
fields of frame theory is the study of their generalizations in different structures. In [8],
W.Sun introduced the concepts of g-frame and g-Riesz basis for separable Hilbert spaces.
Many properties of ordinary frames have been extended to this case. g-frames have been
studied also in [9-11]. Frames in tensor products of Hilbert spaces have been considered
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in [12]. Note that every element of a separable Hilbert space has, probably not unique, ex-
pansion with respect to the elements of the frame of the space. Such expansions in function
spaces have been studied by Coifman R.R. and G.Weis in [13] by introducing the concept of
atomic decomposition. Later, atomic decompositions in Banach spaces have been treated by
Feichtinger H.G. and K.Grochenig in [14]. The concept of Banach frame in Banach spaces
has been first introduced by K.Grochenig in [15]. Banach frames and atomic decomposi-
tions in Banach spaces have also been studied in [16-19]. p-frames in invariant subspaces
of L, have been considered in [20]. For general spaces of sequences of scalars, these mat-
ters have been treated in [21]. The case of Banach spaces of sequences of frame vectors
associated with bilinear mappings has been considered in [22-26].

One of the methods to obtain a frame is a method of perturbation and stability of frames.
In this field, there are some results in the context of Paley-Wiener theorem on Riesz basicity
of perturbed exponential system. For these and other results concerning frame theory we
refer the readers to the monographs [27-30]. Along with discrete frames, the continuous and
uncountable frames also play an important role in non-separable Hilbert spaces. Continuous
frames have been introduced by S.T.Ali, J.P.Antoine and Gazeau J.P. in [31]. The works [32,
33] also can be attributed to this field. Uncountable frames and Riesz bases in non-separable
Hilbert spaces have been considered in [34], where the concepts of uncountable Besselian
system, uncountable frame, uncountable frame operator, uncountable Riesz basis in non-
separable Hilbert spaces have been introduced and the known properties of ordinary frames
and Riesz bases have been studied for them.

This work is dedicated to the study of uncountable Besselian system and uncountable
frame in non-separable Hilbert spaces for bilinear mappings. In Section 2, the concept of
uncountable b-Besselian system is introduced and a criterion for it is proved. In Section
3, the concepts of uncountable b-frame and uncountable b-frame operator in non-separable
Hilbert space are introduced. Criterion for uncountable b-frameness and some properties of
b-frame operator are proved. b-frame properties of the system obtained by elimination of
arbitrary element from uncountable b-frame. In Section 4, compact Noeherian perturbation
and stability of uncountable b-frame are studied. The obtained results are the generalizations
of previously known results for uncountable frames in non-separable Hilbert spaces and for
frames in tensor products of Hilbert spaces (see [12,34]).

2 Uncountable b-Besselian systems

Let X, H be non-separable Hilbert spaces with scalar products (-, -)x and (-, ), respec-
tively; E be a Banach space with the norm ||-|| ;5 L(X, E') be a Banach space of bounded
linear operators from X to E with L(X,X) = L(X); ker T and Ry be a kernel and an
image of the operator 7', respectively; 7 be an operator conjugate to 7; I x be an identity
operator in X; A be aclosure of the set A C X in X; I be an uncountable set of indices, ¢
be a totality of at most countable subsets w C I, and I be a totality of finite subsets J C I.

Consider a bilinear mapping b : X x E — H satisfying the following condition: there
exists M > 0 such that forV(z, f) € X x E

16C, Pl < M|zl x [ f]l 5
Define the mapping wy, : H x £ — X as follows:
(wo(h, ), @) x = (h,b(@, [))u,V(h, f) € H X E,Vx € X.

It is not difficult to show that the mapping wy is linear and continuous with respect to i and
satisfies the relation

llws (b, Al x < M Bl 1fll g, V(R f) € H < E.
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Let Ey C E be some set. By spany(Ey) we denote the totality of all possible finite sums
of the form ) ; b(zq, fa). J € Io.

Definition 2.1 (/30]) A system { fo},c; C E is called b-complete in H if span, { fa} e =
H.

The following criterion for b-completeness of system is true.

Lemma 2.1 A system {fa},c; C E is b-complete in H if and only if, for h € H, from
wp(h, fo) = 0 it follows that h = 0 for Vo € 1.

Proof. Necessity. Let 5pamny, { fo},c; = H and h € H be such that wy(h, fo) = 0 for
Va € I. Then for Va € X we have

0= (z,wp(h, fo))x = (b(z, fa),h) g,V € I.

Hence it follows that for Vz € H,(z,h)y = 0. Then (h,h)g = 0,1.e. h = 0.

Sufficiency. Assume the contrary, i.e. let 5pany, { fo},c; 7 H. Then there exists hg €
H such that for Vz € 3pan;({fa},c; the equality (z,ho)g = 0 holds. Consequently,
Ve e X

(ZE,Wb(hO, fOc))X - (b(]?, fa)a hO)H = O,VOZ S 1.
So wy(ho, fo) = 0, Va € I, and from the condition we obtain hy = 0. This contra-

dicts hog ¢ 5pany, { fo},c;- The obtained contradiction shows the validity of the relation
5pany { fa}oer = H. The lemma is proved.

Denote by Io(X) the Hilbert space of systems Z = {za},c; C X such that Iz =
{a€l:z,#0}€land
Z HxaH%( < +OO,

acl
with scalar product
(ja g)lz(X) = Z(wom ya)X'
acl
The following concept is a generalization of uncountable Besselian systems.

Definition 2.2 A system { fo},c; C E is called uncountable b-Besselian in H if 3B > 0:

Yw e I*andVh € H ) )
> llws(hy fa)ll% < BlIAI - 2.1)

acw

The constant b is called a boundary of the uncountable b-Besselian system { fo } .-

From the definition of uncountable b-Besselian system { f,, } ¢ it follows that for VA €
HthesetI(h) = {o € I : wy(h, fa) # 0} belongs to I°. In fact, denote I,,(h) = {a € I : [|wy(h, fo)|lx > 2}
It is clear that I(h) = J;~ In(h). From 2.1 it follows I,,(h) € Iy. Consequently, I(h) €
14
The following criterion for uncountable b-Besselness of system is true.
Theorem 2.1 Let {fo},c; C E. For the system {fa},c to be uncountable b-Besselian

in H with the boundary b, it is necessary and sufficient that the operator T : l2(X) — H
defined by

T(2) =Y b(xa; fa); 2.2)

acl
is bounded linear and ||T|| < /B.
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Proof. Necessity. Let the system { f, } ,; be uncountable b-Besselian in H with the bound-
ary b. Consider an arbitrary set w € I*. From the inequality

S llws(h, fa)l% < BllR|% ,¥h € H,

acw

it follows that the series ) b(za, fo) is convergent, the operator T;, : I2(X) — H is
defined by the formula

Tw(j) = Z b(l'aa fa)y

acw

and | T,|| < v/B. Then the series 3_; b(2a, fa) is convergent and

D (@ fa)

ael

IT(@) i = = 1T (%) |

H
< sup 1T (@) g < VB I|Z[l,x) -

Sufficiency. Let the operator 7" : [5(X ) — H defined by 2.2 be bounded. Let’s find the
operator T*. For Vx € X and Vh € H we have

(T('f)7 h)H = (Z b(xaa fa)7 h)H = Z(b(xaa foz)a h)H = Z(xm wb(ha fa))X'
ael ael acl
Let T*h = § = {Ya}necs- Then
(T'(z), h)m = (T, T*h)lg(X) = Z(mow Ya)x-
ael
Comparing these expressions, we have
Z(xom wb(hv fOc))X = Z(‘TOH yOé)X
acl ael
Hence it follows wy(h, fo) = yq for Vo € 1. Consequently,

T*h = {wp(P, fa) oy » Vh € H, (2.3)

and

D llwn(hy fa)ll5 = 1T Rl < ITI2 1BIE < BRI
ael

i.e. { fa} ey is uncountable b-Besselian in H. The theorem is proved.
The next theorem is a sufficient condition for a system to be uncountable b-Besselian.

Theorem 2.2 Let the system { fo} .1 C E be such that the series ) .1 b(za, fo) is con-
vergent for VT = {xo} e € l2(X). Then there exists B > 0 such that

D b(@ar fa)

acl

< B@llyx Y2 = {2a}aes € B(X).
H
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Proof. Consider an arbitrary set w € I. As the series ) . b(Zq, fo) is convergent, the
operator T,,(Z) = > ., 0(Ta, fo) is bounded. Besides, for Vh € H the series ) .. [|ws(h, fa)H%(

is convergent. Consequently, for VA € H we have I(h) = {« € I : wy(h, fo) # 0} € 1%
Let’s show the boundedness of the operator 1" defined by 2.2. We have

1T(@)]| g = Zb(xaafa) = Ssup <Zb(ma7fa)ah>
acl H Ihll=1 acl o
= Sup Z(b(maafa)ah)H = Sup Z($aawb(h7fa))X
IPI=1 et Iall=1| 7
< sup Y ||zallx lws(hy fo)llx < BlIZ]x) »

Ihl=1 57

1
where B = sup (Zael |lws (R, fa)||§() ? It remains to show the validity of B < +oc.
Ihl=1
Assume the contrary, i.e. let B = 4o00. Then 3h,, € H: ||hy||;; = 1 and

(Z uwb<hn,fa>|r§(> > n.

acl

Letwy = Uy~ I(hy). Clearly, wy € I*. Consequently, there exists By > 0 such that
1 Too (D) < Bo 121, x),VZ = {Zataes € 12(X).

Let n > By. Denote

n n n hmfa ,a € I(h,
S Gt (A
Then
3
7(n) — 2
Hx la(X) (azd”wb(hmfa)\lx> > n.
We have
(T (2 = (D)o@l fa)shn)u = D (0@, fa) )
acwo aEwy
- Z( ((1)>wb(hn>fa X— Z Hwb hn,fa ”X:H ”) X).
acwo aEwp
On the other hand,
S0l (") =(n) —(n)
o = e < [t < 2]

Hence it follows H:E(")Hl2(X) < By. Then n < Ha‘c(”)

diction. So B < +o0. The theorem is proved.

ng(x) < By. We arrived at a contra-

The next theorem shows that the uncountable Besselness on the whole space follows
from the uncountable Besselness on the everywhere dense subspace.
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Theorem 2.3 Let V' be an everywhere dense set of H and { o} ,c; C E be an uncountable
b-Besselian system in 'V with the boundary b. Then { fo} . is uncountable b-Besselian in
H with the boundary b.

Proof. Consider Vh € H. As V is everywhere dense in H, we have 3h,, € H: 11m hn = h.

We also have I(h) C ;2 I(hy). In fact, if « ¢ ;2 I(hy), then o §é ( n)s 1.€.
Wp(hn, fa) = 0, ¥n € N. Then wy(h, fo) = li_>m Wy (hn, fa) = 0,1e. a ¢ I(h). Let

I(h) = {a},cny and m € N be a fixed number. By 2.1 we have

> lws (s fa) % < B 17 - (2.4)
k=1

Passing to the limit in 2.4 as n — oo, we obtain

> llws(hy fa )l < BRI - (2.5)
k=1

Now let’s pass to the limit in 2.5 as m — co. Then we obtain

D lwn(hs fa )5 < BRI

k=1

ie. {fa}aesr C FE is uncountable b-Besselian in H with the boundary b. The theorem is
proved.

3 Uncountable b-frame

Let {H,} . be a system of Hilbert spaces. Let’s state an uncountable generalization of the
concept of g-frame in non-separable Hilbert spaces.

Definition 3.1 A system {A, € L(H, Hy)},c; is called an uncountable g-frame in H if
Vhe HIyh)={ael: A,(h );éo}elaandﬂA B>0:YVhe H

ANz < M), < BB -
ael

The constants A and b are called the lower and upper bounds of the g-frame {A,}
respectively.

acl’

The next concept is a generalization of the concept of uncountable frames in non-
separable Hilbert spaces (see [34]).

Definition 3.2 A system {fo},c; C E is called an uncountable b-frame in H if Vh € H
(h) ={a el :wy(h, fo) #0} € I*and 3A,B > 0:Vh € H

AN <D llws(h, f)lx < BRI - (3.1
ael

The constants A and b are called the lower and upper bounds of the b-frame { fo} e 1>
respectively.

The following criterion for uncountable b-frameness of system is true.
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Theorem 3.1 Let {fo},c; C E. For the system { o}, to be uncountable b-frame in H,
it is necessary and sufficient that the operator T : lo(X) — H defined by 2.2 is bounded
surjective.

Proof. Necessity. Let the system { f, },; be uncountable b-frame in H with the bounds A
and b. Then it is clear that { f } . is uncountable b-Besselian in H. Therefore, by Theorem

1, the operator T(Z) = 3" b(2a, fa) is bounded and ||T| < v/B. From 2.3 it follows

that T*h = {wy(h, fa)}aer> Yh € H. Then from 3.1 we obtain

AN < lws(hy f)l% = 1T ()1 x) -
ael

Consequently, 7' is a surjective operator.

Sufficiency. Let 7" be a bounded surjective operator. By Theorem 1, from the bound-
edness of 7' it follows that the system { fo },; is uncountable b-Besselian in H, and the
surjectivity of T" implies that there exists ¢ > 0 such that

1T (M) liyx) = € lhll g, Yh € H.
Ths, 2117 (12 2 211112
Al < 1T ()l ey < 1T 1Al
i.e. { fa} ey is an uncountable b-frame in H. The theorem is proved.

Let {fa},c; be an uncountable b-frame in H and the operator T be defined by 2.2.
Consider the operator S = T'T*. Clearly, S € L(H ), and for Vh € H we have

S(h) =TT*(h) =Y b(ws(h, fo), fa). (3.2)

acl

We will call the operator S an uncountable b-frame operator for {f,},c;. Theorem
below establishes some properties of b-frame operator.

Theorem 3.2 Let { fo},c; C E be an uncountable b-frame in H with the bounds A and b.
The following properties are true:

1) S is a self-adjoint positive operator and Al < S < Bly;

2) S is a boundedly invertible operator and B~ Iy < S™' < A~ Iy;

3) the system { Sy, € L(H, X)} . is an uncountable g-frame in H with the bounds B!

and A, where the operator Sy, is defined by the formula Sy, (h) = wy(S™1h, fa).
Proof. We have

S* = (TT*)" = TT* = S.
On the other hand, from 3.2 we obtain

(S(h)’ h)H = Z(b(wb(hv fa)’ fa)7 h)H = Z ”wb(ha fa>|’§( . (33)

ael ael

It follows that (S(h), h)g > 0.
Using 3.1 and 3.3, we obtain

ANl <D llws(By fa)l% = (SR), )i < 1SR IRl VA € H,
ael

or Akl < ||S(h)]| ;- Then KerS = {0} and Rg is closed. If Rg # H, then there exists
ho € H\ {0} such that (S(h), ho)g = 0, Yh € H. Consequently, (S(ho), ho) g = 0. From
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this relation and 3.3 it follows wy (ho, fo) = 0, Vo € I. Then, by 3.1, we obtain hy = 0. The
obtained contradiction shows that Rg = H. Thus, by Banach’s homeomorphism theorem,
the operator S' is boundedly invertible. From 3.1, for Vh € H we obtain

A[S7 R, < (STHB), Ry < |[STVR)| | 1Al

or
1S~H (B, < A7 |l VR € H.

Therefore,
(S7Y(h),h)m < A7Y||h|)% ,Vh € H. (3.4)

Also, for Vh € H we have

Ihl7 = ((STH(Sh), h))* < (S'(Sh), Sh)u (S~ (h), h)m

= (Sh,h) (S~ (h),h) g < BI|h|F (S~ (h),h)g

or
B k|3 < (ST (h),h)m),Vh € H. (3.5)

From 3.4 and 3.5 it follows that B~ < S71 < A~'1y.
Finally, for Vh € H we have

2 _
DSz (M5 =Y lwn(S™ h Sl = (S h. B
acl acl
Consequently, from 3.4 and 3.5 we obtain
"Ikl < IS (MK < A7V |R|E  Vho€ H.
acl

Thus, by 2.5, the system {Sy, } ., forms an uncountable g-frame for H with the bounds
B! and A~'. The theorem is proved.

Similar to the expansion of every element with respect to the frame elements, for VA €
H, by 3.2, the following representation holds:

h=285"1(h) = blws(S ', fa), fa) = Y _ (S, (h (3.6)
acl acl

Definition 3.3 Let {f.}.,.; C E be an uncountable b-frame in H. The system {Sy, }
will be called an uncountable dual g-frame of the b-frame { fo},c; in H.

acl
The following theorem is true for the coefficients of expansion with respect to the ele-
ments of a b-frame.

Theorem 3.3 Let {fo},c; C E be an uncountable b-frame in H, h € H have an expan-
sionh =3 ; (:ra,fa) T = {Ta}aer € 2(X), and {Sy, }; be an uncountable dual

g-frame of { fo} - Then

Hzataerlln = 4S5 MYacrlly o) + Hoa = St baei ey BD
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Proof. From 3.6 we obtain
2 2
S~'h,h) Z 157 (W% = H{Sfa(h)}aeIHlQ(X)
acl

We also have

(h, S7'h) g = (O b(#as fo), S ') =Y (Ta,wo(S ™', fo)) 1

a€el acl
= Z(xa; Sfa (h>)H = ('ﬁ {Sfa (h)}ae[)lg(X)-
a€el
Consequently,
0= (2 = {5 (")} oer» {57 ()} ge o (x)-
Therefore,

{zataer ) = {2 = S5 B) + Sp ()} aes I,

= [{za = Ssa (W} aerllny ey + K87 ) aer

The theorem is proved.

Corollary 3.1 Let {fo},c; C E be an uncountable b-frame in H and {Sy, }
uncountable dual g-frame of { f,} ThenVh € H

wel be an

acl*

167 e ) = mf{u{xaw!m S S A ARER z2<x>} .

ael

Proof. The proof follows immediately from the equality 3.7. The corollary is proved.

Corollary 3.2 Let {fo},c; C E be an uncountable b-frame in H, 3 € I and {Sy,} ., be
an uncountable dual g-frame of { fo} oc- Then Vo € X the relation
l=[1% = 1(Ux = Sp)llx — 1S5z
D USrb, fo)lx = — X (3.8)

orB
holds, where the operator Sg is defined by Sgx = Sy, b(z, fg).

Proof. From 3.6 we obtain
bz, f3) = D b(Ss. (b(x, f5)), fa)-
acl

We also have

:E f,B Zb aBT, fa

acl
Then, by 3.7, we obtain

% = 1487 0@, £5)}aerlly, x) + 1005z = Sra b, £5) Y aes I x)

= > IS5, fa)l5 + 1Ss(@)N% + D I1S5.b(, fo)l% + 1(Ix — Sp) (@)% -
a#p a#p
Hence we get the validity of 3.8. The corollary is proved.
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Now let’s consider the uncountable b-frameness of the system obtained by elimination
of arbitrary element from the uncountable b-frame.

Theorem 3.4 Let {fo},c; C E be an uncountable b-frame in H, 3 € I, { Sy, }
uncountable dual g-frame of { fo} .1 and Sgx = Sy, b(x, f3). Then,

1) ifker(Ix — Sg) # {0}, then the system { fu },5 is not b-complete in H;

2) ifker(Ix — Sg) = {0} and (Ix — Sg)~! € L(X), then {fa}app forms an uncountable
b-frame for H.

wel be an

Proof. 1) Let x € ker(/x — S) and = # 0. Then Sg(x) = x and from 3.8 we obtain
D IS5, fo)l% = 0.
o8

It follows that 0 = Sy, b(z, f5) = wp(S™1b(z, f3), fa), Yo € I\ {B}. As S~1b(x, f5) # 0,
by Lemma 1, the system { fa },4 is not b-complete in H.
2) For Vx € X we have

f5) = b(S (b(x, £5)), fu)

acl
Hence we obtain
b(x, f5) = b(Sg,b(x, f3), f3) = Y b(Sr, (b, [5)), fa)
a#B
or
b((Ix = Sp), f5) = ) b(Sy. (b, f5)), fa)- (3.9)
a#B

Consider an arbitrary h € H. Let’s perform scalar multiplication of both sides of 3.9 by
h € H. Then we obtain

(b((Ix — Sp)z. fo), h)mr = Y (b(Sy. (b(x, f5)), fa)s W)

a#B
This is equivalent to
((Ix = Sg)x,wp(h, f3))m = Y (S, f3), w(h, fa))a- (3.10)
a#B
Let wy(h, fg) # 0. Choose z = m( x — Sg)"twy(h, f5). Then from 3.10 we
b

obtain

lwe(hs f)llx = D (Stablx, fa), wp(h, fa)
a#B

From here, using Cauchy-Bunyakovsky inequality, we get

s (hs fo)llx < D 15500z, fa) 1% D N, f5)lI%
a#B a#B

< A7V b, )17 llws (e, £5)%
a#f



76 On uncountable b-frames in non-separable Hilbert spaces

< AT all 1513 D (e, fo)llx

afp
< AT ||(Ix = Sp) 7PN £sln D (e, £5) 1%
a#p
=Cs ) |lwy(@, fa)lI% - 3.11)

a#p
From 3.1 and 3.11 we obtain

AR < D llws(@, fa)llx = oz, fa) 5 + D lws(e, fa)lx

acl a#pB

<Cp Y llwn(, fo)lx + D lwsle, fa)l%
a#f a#p

= (1+Cp) Y llwnla, fu) % (3.12)
o B
So, taking into account 3.1 and 3.12, for Vh € H we have
A
e 1Rl <D lws(a, fo)lx < D llws(x, fa)llx < BRI -

a#pB ael

The theorem is proved.

Like in the case of uncountable b-Besselness, the uncountable b-frameness of the system
on everywhere dense set implies its uncountable b-frameness on the whole space.

The following theorem is true.

Theorem 3.5 Let V' be an everywhere dense set of H and the system { fo} .1 C E be an
uncountable b-frame in V with the bounds A and b. Then { fo} . forms an uncountable
b-frame for H with the bounds A and b.

Proof. Consider Vh € H. By Theorem 3, the right-hand side of 3.1 is true for h € H. It
remains to show the validity of the left-hand side of 3.1. As V is dense in H, 3h,, € H:
lim h,, = h. Let the operator 7" be defined by 2.2. From the b-frameness of { f,},c;in V
n—oo

and the relation 2.3 we obtain

Allhallfy < 1T hallyy ) -

Passing here to the limit as n — oo, we obtain A ||h||3, < TRl (x)> i-e. the left-hand
side of the inequality 3.1 is true for h € H. The theorem is proved.

4 Perturbation and stability of uncountable b-frame

In this section, we consider the stability and the compact Noetherian perturbation of an
uncountable b-frame in non-separable Hilbert space.
We will need the following theorem.

Theorem 4.1 Let the numbers A1, \o € [0, 1) and the linear operator G : E — E be
such that || f — Gf||E <M\ fllg + X |Gfll g f € E. Then the operator G is boundedly

invertible and
1 —|— )\2

“flls < el < Nl S € E.

1—|—/\
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Theorem below is true.

Theorem 4.2 Let { fo},c; C E be an uncountable b-frame in H with the bounds A and b
and {ga},c; C E be some system. Assume that there exist the numbers X, j1,~y > 0 such

that max {)\ + \/Z’ } < 1, and the condition

Zb(gjOufOt_ga) A Zb(l'omfoz

aed aeJ

+M

Zb xonga

a€eJ

+7 {2 aeslli,x)

H
4.1)

holds forV.J € Iy and {xo} e ; C X. Then the system {ga} ¢ is an uncountable b-frame
for H with the bounds

<<1—A>ﬂ—~y>>2 o ((1+A)\/§+7)>2

1+up 1—p

Proof. Using 3.12, we obtain

> b(a; ga)

aed

> b(@a, fa)

aed

beom oc a

aeJ

H

> b(za, fo)

aed

H

> b(wa; ga)

a€eJ

H

<1+ +p

H

+ H{ma}aeJHzg(x) :
H

After some transformations, we get

Zb l'cwga

acJ

<

Zb xaafoz

~
+ — {zatacslli, )
acJ K

1

It follows that the series ) . ; b(a, ga) is convergent for VZ = {z4},.; € [2(X) and

Zb :):a,ga Zb xaafa

acl ael

5
1. [{zatacslli,x)

Consequently, by Theorem 1,

_ (1+MVB++

Zb (Tar 9a)|| < —F— 1%l
ael 1 TH ’
and
1+ OB +7)
D llws(x, g% < —a . I1Rl1% -
aecl H

Let U : I3(X) — H be defined by U(Z) = > c;b(Ta, ga). Consider the operator G =
UT*S~!. We have

Gh=UT*S = b(wp(S 'R, fa) ga) =D b(Sy, (h (4.2)

acl acl
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Taking into account 3.6, 4.1 and 4.2, we obtain

Ih = Ghllgy = || > b(Ss, (h), fo) = > (S, (h), ga)

acl a€el

<Ml + plIGR g+ 1S5 (M) }aeqll, x)

H

v
< (A ﬁ) ol g + pl|GR g -

By Theorem 9, the operator G is boundedly invertible and

_ 1+p
GY<—0r_
167 < T

Consequently, for Vh € H we get
IRl = ((h.h)i)? = (G(G™'R), h)ir)?

2 2
= <Z(b(SfQ(Glh)aga)7h)H> = (Z(Sfa(Glh)awb(haga))X>

acl ael

<SS G )5 S e, ga) % < ATHG R S e, ga)l%

acl acl ael
_ 14+ p 2 2

<A —F=—==)%Inl [l (Rs 9ol -
=) Ml 2 el

Thus,

2
1alE <D llwn(h, ga) k-

1-+-M ael

< ((1—)0\/2—7)

The theorem is proved.

Like in the case of ordinary frames, there is a following compact perturbation of un-
countable b-frame.

Theorem 4.3 Let {f.},.; C E be an uncountable b-frame in H with the bounds A and b,
{9a}aer C E be some system and K € L(12(X), H) be a compact operator such that

K(z) = Zb(ffavga — Ja), T ={za}aes € L(X).

ael

Then {ga} o is an uncountable b-frame in 5pany {ga }pe -

Proof. By Theorem 1, for VZ = {z4},c; € [2(X) the series ) ;b(za, fo) is con-

vergent, the operator 7(Z) = >, b(%a, fa) is bounded and ||T]| < V/B. It is clear
that the series ) ;b(a,ga) is also convergent. Let U(Z) = > .;b(Zqa,ga). Then
U=T+K ¢ Lle(X),H). Consequently, by Theorem 1, the system {gqo},c; is un-
countable b-Besselian in H. Further, we have

UU* = (T + K)(T* + K*) = S(I + W),
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where W = S™Y(TK* + KT* + KK*) is a compact operator. Consequently, Ry« is
closed. Let h € 5pang {ga e and UUh = 0. Then

0= (UU Dby =Y Jw(h, ga)llx -
acl

Hence we obtain wy(h, go) = 0, Yoo € I. Then from Lemma 1 it follows that ~ = 0. Thus,
the operator UU* is boundedly invertible in 5pany {ga } ;- Consequently,

Ryy- = (ker UU*)* = spany {9atacr »

and therefore, Ry = 5pamg {ga } - By Theorem 2, the system {gq } ¢ is an uncountable
b-frame in 5pan; {ga } . ;- The theorem is proved.

Let F; be a Banach space, H; be a non-separable Hilbert space, and b; : X x E; — H; be
a bounded bilinear mapping.
Next theorem establishes the Noetherian perturbation of an uncountable b-frame.

Theorem 4.4 Let { o} ,c; C E be an uncountable b-frame in H with the bounds A and b,
{9a}aecr C E1 be some system, and F' € B(H, Hy) be a Noether operator such that for

Ve € XFb(x, fo) =bi(x,ga),a € I.
Then {ga } ¢ is an uncountable bi-frame in spany, {ga}acr-
Proof. It is not difficult to show that for VA € H; the relation
wp, (M, ga) = wo(F™h, fa), o € 1,
is true. So, for Vh € H; we have
{ael:wy(h,fo)#0}={acl:wp(F*h,fy) #0} eI
Then, using 3.1, we obtain
D sy (s ga)llx = D lwn(F*h, fa)ll5x < BIIF|? ||hll, ,¥h € Hi,
acl acl

i.e. the system {gq},c; is uncountable b;-Besselian in H;.

Further, the closedness of Ry and the b-completeness of { fa}ae ;in H imply Rp =
5pany, {ga e Let H = ker F' + Z. Denote by F7 the restriction of the operator I to Z.
It is clear that Fy : Z — 5pany, {ga} e is a boundedly invertible operator. Consider an

arbitrary h € 5pany, {ga } ;- Let F'h = 2. We have

h=Fz=Fz=F (Z b(S;, (2), fa)> = b1(S5,(2), ga)-

ael ael
Then
IRl 5, = ((hB)my)? = (O b1(S1a(2), 9a)s W) a2
acl
2 2
= <Z(b1(sfa(z)aga)ah)H1> = (Z(Sfa(Z),wbl(h,ga))x>
acl a€el

<D IS 5 D Mwn (B ga)l5 < A7 Izl Y llwny (s ga) %

acl acl acl
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= A EDR5 Y wn (gl < AT ETHP IR, S sy (y g0) % -
acl acl

Thus,

—1—1 2 2
ANFTHT RN, <D s (o ga) 1 -
acl
The theorem is proved.
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