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Abstract. The paper considers the first boundary value problem for a non-uniformly and strongly degen-
erate second-order elliptic-parabolic equation in divergent form. A Friedrichs-type inequality is proved
and conditions are found under which this problem is uniquely generalized solvable in a weighted anisotropic
Sobolev space.
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1 Introduction

Let R” and R"*! be Euclidean spaces of points 2 = (1, ..., z,) and (z,t) = (21 Ly ey Ty t),
respectively, {2 C R" is a bounded domain with boundary 92 € C?, 0 € 2,Qr is a
cylinder 2 x (—=T,0), where ,n > 1 and T' > 0 is a constant. Denote

Qo= {(z,t):x € R,t=-T},S =002 x [-T,0] and I'(Qr) = Qo U St

Consider in Q7 the first boundary value problem

9 ] d 0
Lu= Z oz, (au(w t)a;) + o <s0(t)31:> 07: flz,t),  (1.1)
i,j=1

|laij(x,t)|| — is areal symmetric matrix with measurable

assuming that f(x,t) € La(Qr),
t) € Qr and { € E,, the condition

elements in 7, and for all (z,

72)\ x,8)E2 < Zaw z, )& < ’y_lz/\ z,t)E2, (1.3)

2,j=1 =1

is fulfilled, and ¢(z) is a continuous non-negative non-decreasing function on [—7, 0] and
for sufficiently small z > 0

1’

©(0) =0,0(2) >0, ¢ (2) >0,¢'(0) = 0,0 (2) >0, ¥ (2) >p(2)¢ (2). (1.4
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Here v € (0,1] is a constant, and the functions A;(x,t),7 = 1,...,n are finite almost
everywhere in (7 and are positive.
Let § > 0be a constant. We impose the following conditions on the functions \;(x,t), i =
1,...,n:
Xi(z,t) € L1(Qr), A '(2,t) € Ly, jo(92), if n > 2; (1.5)

A (w1, t) € Liys(9), if n=1. (1.6)

The aim of this paper is to find conditions on the functions f(x,t),¢(z) and A;(x,t), i =
1, ...,n for which problem (1.1)-(1.2) is uniquely generalized solvable in the corresponding
Sobolev space. We find conditions on the function ¢(z) under which the properties of so-
lutions of problem (1.1)-(1.2) are identical to the properties of solutions of this problem for
non-uniformly degenerate second-order parabolic equations (for ¢ = 0 ) (see e.g. [24]).

Initially, the theory of degenerate elliptic-parabolic equations was studied in the classi-
cal work of Keldysh [1], in which, in the case of one space variable and a power type of
the function ¢(z), the correct formulations of boundary value problems for second-order
elliptic-parabolic equations were indicated. The results of Keldysh found their development
in the work of Fichera [2], in which the weak solvability of the first boundary value problem
for second-order elliptic-parabolic equations of a non-divergence structure with smooth co-
efficients was studied. Let us note the works of Petrushko [3—7], who studied the problems
of weak solvability of boundary value problems and the behavior on the boundary of solu-
tions of second-order elliptic-parabolic equations with a divergent structure. As for similar
questions for elliptic-parabolic equations of non-divergence structure with smooth coeffi-
cients, we point out the works [8—12]. We also note the works [13-18], where the existence
and uniqueness of the solution of the first boundary value problem for second-order ellip-
tic and parabolic equations with discontinuous coefficients and Cordes-type conditions are
proved. A more complete survey of results on the solvability of boundary value problems
for elliptic-parabolic equations can be found in [19-23].

Let us accept some notation and definitions. We will say that u(z,t) € A(Qr), if there
exists a compact K,, C {2 such that supp u(x,t) C K, x [-T,0], u(z,t) € C®(Qr),
ul,__p = 0. Denote by W;j(QT), W;,iw(QT) and WZQ,isO(QT) Banach spaces of mea-
surable functions defined on )7, for which the norms

= 2 EnA 0 (29 4 (2 doar) 2
”“”Wé,’i@ﬂ—(/QT o nen) () + () Jdedt)

2 = ou\ 2 ou\ > 1/2

Il on = ( [, w20 0ot [, (Snten (5) +o-0 (57) Jaear) ™

and

HuHWi’iw(QT) = (/ (“2 + En:Wt)(gg)Q + i:)‘i(x’t)/\j(x’t)<aj2;xj>2
i=1 ¢ i,J ‘

Qr ‘ hi=1

+ (2)2 + (=) @Z‘) 2 + w(—t)izn;&(wv t) <8igt>2 )dl‘dt) 5,

o 1,1 o 1,1
are finite, respectively, where A = (A1(x, 1), ..., An(2,1)). Let W5\ (Qr), W ) ,(Qr) and
o 2,2
W 2 ,(QT) subspaces of Wg’;(QT), W;’iw(QT) and W;f(ﬂ(@ﬂ are completion of
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the set of all functions u(z,t) € A(Qr) with respect to the norm of the space WQI;(QT)
W;; »(Qr) and VV22 f (@), respectively.

The function u(z,t) € V?/';:i,w(QT) is called a weak solution to problem (1.1)- (1.2) if
for the function v(z,t) € Vc[)/';i(QT) and t; € (—T, 0] the integral identity

ou Ov ou Ov ov
/Q <Z“” " owow, TP arar gy ) dudt

1 g,5=1

+/ u(z, t1)v(x, t)de = — fodxdt, (1.7)
9] Qtl

is valid, where Qy, = {2 x (=T, ;). Throughout what follows, the notation C'(- - - ) means
that the positive constant C' depends only on the contents of the brackets.

Theorem 1.1 Let conditions (1.5) and (1.6) be satisfied. Then for any function u(x,t) €
o 1,1
Wy A(Qt,) and ty € (—T,0] the following inequality

n o 2
/u2(gg,t)dxdt§(]1_1()\,n, Q)/z;)\i(x,t) (85) dudt. (1.8)

Qtl Qtl =

holds.

Proof. Let n > 2. Obviously, it suffices to prove (1.8) for the function u € A(Qr). We will
use the following classical embedding theorem (see e.g. [21]): for any function u(z,t) €
C5e(£2) for 1 < p < n the inequality

lull e () < Cra(m, 2, D) 19l (1.9)
holds. Setting p = +2 in (1.9), we obtain
ull () < Cra(m, 2) [Vully 2 g (1.10)

But on the other hand

+n

n+2 )

n+2 7
d:v)

||quLn2n axl

ou
q
/Z)\ z, )N (z t)‘a
n ou |25 \* ¥\ 52
< as wl ~as’ e
< <Z (/0)\2 (x,t)‘axi dx) </{)Al (x,t)dac) )

i=1
where ¢ > 0 and S > 1 are arbitrary numbers and, S’ = % Let us now set S = %, q=
45 Then " = ! "+2 and therefore

" 0
IVallp 20 o) = (Z(/Q)‘i(x’t) ‘6;

i=1

) ([ na) )

(1.11)




N.R. Amanova 57

By virtue of condition (1.5), we have

—n 1/n
(/ N ) < Crsn, 2),i =1, m.
(%

Thus, from (1.11) we conclude that

1/2
190l 20 (o) < Crarsm, Q Z/ (1) <81‘1> dx) . (1.12)

Then from (1.10) and (1.12) it follows
2 1/2
: > dx) .

(/Qu2(x,t)d$)1/2 < 01'2'01'4<§/Q)\i<$’t) (gg

We integrate the last inequality with respect to ¢ from —7" to ¢1. Thus, the required estimate
(1.8) follows from this expression if n > 2.

Let, now n = 1. We will use the following embedding theorem (see e.g. [21]):for any
function u(x,t) € C5°(£2) for 1 < p < 2 the inequality

Sup\u(ml, )| < Cis(p, 2

Haml (D)

holds.
Then

1/2
</ u2(a:1,t)dx1> / < sup |u(z,t)] < C1_5(/ )\1_10/2(:cl,t)/\110/2
Q Q2 Q
p

ou \ 2 1/2 o e
< Cl.5</ A1(z1,t) <8;L1> dw1> (/ /\1p/(2 p)(l’l,t)dCCl) %
(9} 2

Let 2%10 =1+40,thenp = 1?{;‘/52 and if n = 1 then the required estimate (1.8) is proved.
Theorem 1.1 is proved.

p

Ou(xy,t)
81‘1

x1>1/p

Theorem 1.2 Let the coefficients of the operator L satisfying conditions (1.3)-(1.6) be de-

fined in the cylindrical region Qr C R™ L. Then the first boundary value problem (1.1)-
o 11

(1.2) is uniquely generalized solvable in the space W  ,(Qr) for any f(x,t) € La(Q7).
Moreover, for the solution u(x,t) the following estimate is true:

el yy 2.1 (@n) = Cre(vs A, ) 1 fll Ly - (1.13)

Proof. Suppose 92 € C2. Let us introduce the following notation for natural numbers
m, (z,t) € Qrandi=1,...n

A (2, t) = Ni(a, 1), if

Let‘
1,y nasm—>oomQTa (x,t) = aij(z,t), and for (x,t) € Qrand § € E,

’yZ)\mxt <Zath§§]<fy 12)\mxt§

i,7=1 =1

(x,t H be a real symmetric matrix with measurable elements in Q7 and for i, j =
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Denote by (a;;j)p, the Friedrichs averaging of the function a;} (x,t) with the parameter

h > 0. Further, by \}(z,t) and u”(z,t) we denote the Fnedrlchs averaging of the function
A (z,t) and u"™(x, t) with parameter h > 0, respectively.
Consider for & > 0 the family of the following first boundary value problems

LMy = leaxi <(az])h8:1:j> + o (so( )5 ) o = (@), (1.14)
uh’ =0 (1.15)
rQr)

where ¢ satisfies conditions (1.4).
It is clear that (a;;), € C*°(Q7), and for all A > 0 with respect to (a;; ) a condition of

type (1.3) with constant -y is satisfied. Then, according to [23], there exists a uniquely strong
0 2,2

solution u”(z,t) € W o (Qr) of problem (1.14)-(1.15). It is obvious that ul(z,t) €
o 1,1

Wy A (Qr).
o 1,1
We multiply both sides of equation (1.14) by the functions v(x,t) € Wy ,(Qr), and
then integrate it over the domain Qr:

/ LMl odzdt = fodzdt. (1.16)
T Qr

o 171
Since u" € Wy (@), we can substitute v = u” in (1.16). Then we have

8uh ou B Ou
Qr W= 1 Qr

2
+/(uh(az,0))2dx—|—/g0(—t) (%‘:) dxdt = —/fuhdxdt. (1.17)

n Qr
On the other hand, it follows from (1.3) that

= oul 6uh oul
h’ < -
'y/ E 1)\Z (z,1) <axz) dzdt / E (aij)n D dxdt.
Qr '~

1,j=1 J

Let us represent the second term on the left-hand side of equality (1.17) as follows

oul 1 2
ul - ——dzdt = / ul(z,t)) dx
/QT at 2 Q< )

As a result we have the following inequality

Zn:Ah p (2 2ddt+1 (h 0)2d

+/ (—t) ot 2dxdt<“/ (uh)gdxdwri Frdadt
T(p 8t - 2 T 20' QT ’

t=0 1

. = 2/Q (uh(x,0)>2dx.
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where o > 0 will be chosen later.
By inequality (1.8), we have

2
/ (u")2dzdt < C1.1(\ n, Q) ZAh (“) dudt.
T Qr j—1
Thus, the number ¢ can be chosen so small that the inequality
h < Cys(A,n, 2 1.18
s =m0 i

is fulfilled. It follows from (1.18) that the sequence {uh(:v,t)} is strongly bounded in

o L1 o 1,1

W 5,,(Qr). Thus, this sequence is weakly compact in W, ,(Qr). In other words, there
o 1,1

is a subsequence {u"*(z,t)} , by, — 0 for k — oo and the function u(z,t) € Wy, ,(Qr)

such that for any ¥ (z,t) € C5°(Qr)
lim (Luhk,¢) = (Lu, ¥). (1.19)
k—o0
Moreover, the function u(x, t) satisfies the estimate
et (@ny < Crs 1 Laan)-
Let us now show that the function u(z,t) satisfies equality (1.7) for any v(x,t) €

o 1,1 o 2,2
Wy A(Qr). Since the function u"* € W, 2o(Qr) is a weak solution of equation (1.14)

o 1,1
(see [22]), then for any v(x,t) € Wy ,(Qr) and t1 € (=T, 0] the following equality holds
- ou dv ouls g by, OV
B T A v dadt
/Qt (Z e T o AL . T T 8t> *
1 ,5=1
+/ ul* (z,t1)v(x,t1)d / Sfudzdt. (1.20)
Q

Hence if we pass to the limit as £ — oo, then by virtue of (1.19) it remains to prove that

oulv v = Ou Ov
/Q Z Qg hkax]agjzdxdt%/cjg Z_al‘]ai%aixzdxdt,

t1 4,5=1

for kK — o0o. We have

oul* dv 8uhk ov
/Qtl zgz:l K hk aSL‘] axl ! /Q Z a ] - ] ij Ox; !

Ault v
/Q Zam (z,1) a (%vld zdt. (1.21)

The first term on the right-hand s1de of equality (1.21) tends to zero as k — oo. Indeed

- du v
‘ /Q ((aij)n, — aiz) Dz, O, dxdt
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\/)\ xt\/)\ (z,t)dxdt

1

v \? 2
< e -1
E Sup (@ij)n, — aijl (/Qt A (L t) <8xz> dmdt)

1

8uhk ov
8% O,

aw aw

R \ 2 1
><( (. 1) (8“> d:cdt) 2 50,k — 00
Qu Oxj

due to estimate (1.18).
The second term on the right-hand side of equality (1.21) can be represented as

oul dv " ous  ou\ v
ij(z,t) dxdt = iz, t — dxdt
/Q Za]x 8$J Ox; v /Q Za](x )(axj axj> Ox; v

t1 4,5=1

- ou Ov
+ aij(z,t)=—=—duzdt.
Qt1 Z,;l J 8$j 8xi

& oulx ou \ Ov
ii(x,t — dxdt
/Q Za](m )<833J Oazj) 0x; v

31 Z,j:l

‘We have

n

= /Q Z aij(x,t)aij(uh’“ —u) g;)idxdt —0,k— o0

t1 4,5=1

due to the weak convergence of the sequence {u/*(z,t)} to the function u(x,t) in space

1,1
WZ,A,@(QT)‘
Consequently
oul* 9 ou 0
/ Zawmt hku Uddt—> Zath 4 Uddt k — oo.
Q52 Ox; Ox; Q52 dxj Ox;

Thus, the existence of a weak solution to problem (1.1)-(1.2) for 92 € C? is proved.
Now let 92€C?. Consider a sequence of domains {2,,,,m = 1,2, ..., for which 92, €
C?; 2 C st C g1 C 12, hm Qm = (2. Assume Q7 = Q X (—T,O).

Let u™— be the solution of the boundary value problem
Lu™ = f(:E?t)) (l‘,t) S Q?a um|F(Q$) =0.
By what was proved above, for every natural number m such a solution exists, and
m
0™ 2t oy < CraollFllycap
holds, where the constant C1 1 is independent of m.
Let us extend the function u™ by zero in Q7\Q’;' and denote the extended function

o L1
again by u™. It is clear that u™ € W, , (@) and

HumHWQ{’;W(QT) < C1.10 ||f”L2(QT) )
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o 11
Thus the sequence {u™} is strongly bounded in Wy,  ,(Qr) ??d therefore, it is weakly
o 4
compact in the same space, i.e., there is a function u(x,t) € Wy, ,(Qr) and a sequence

{myr},mr — 0 as k — oo such that the corresponding sequence {u""*(z,t)} weakly
o 1,1

converges to the function u(z,t) in W , ,(Qr) as k — oo. It remains to show that u(x, ?)

is a solution of the equation Lu = f. This is done quite similarly to the previous one.

Let us now prove the uniqueness of the solution of the problem (1.1)-(1.2). To do this, it
suffices to prove that the homogeneous boundary value problem Lu = 0, u| rQr) = 0 has
only the zero solution.

In equality (1.7) we set f = 0, and then as v(x, t) we take the function

¢
1
v(ﬁ)(m,t) = h/ hv(aj,T)dT, (1.22)
t—

o 1,1
where v(z,t) is an arbitrary element of W, Aﬁ(p(Q;h), equal to zero for t > —h and for

t < —T (see [21]), and fix h > 0. Here Q;h = 2 X (—h,0). Therefore, we have

n o(vr (v
/ aij(x,t)% ( (h))dxdt — / U ( (h))dwdt
Q —h

=1 (3.%]' 8:131 ot
du (v
—t) = dzdt = 0. 1.23
+ et gy et =0 (1.23)

In all terms of equality (1.23), we transfer the averages (-); from v by the factors in front
of it, in addition, in the second term we will integrate by parts over ¢. Then we obtain

- 3}
/ Z <aij(ac,t)au> Ov dxdt +/ Mdmdt

—h 4 j=1 —h

ou ov

where

‘We have

Oupy) 91 (" 1

a;) - (‘)t(h/t u(m,7)d7> = —(u(z,t+h) — u(a,t)).
o 1,1

Consequently, u,) € Wy (Qr). Therefore, in equality (1.24), instead of v we can take

the function w ). Then

" ou O(upy) Ow(n) )un)
/Z <aw(:r,t)a$j> oz, dxdt + / Td:ndt

Q) b=t (?) Q-n

ou ou
L (o) () anama

—h
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Since

() )un) 1 ,
Ougp)ugy , 1 .
[ = ] a0

O(upy) / ( ou ou
a; dxdt + go(—t)) <> dxdt < 0.
( j@x]) ) O Ot ) (my \ Ot ) 4y

—h

then

/z

1
7h Z]

Fix an arbitrary hg € (—T7,0). Then in the previous inequality the domain @), can be
replaced by the domain )_p,,, where h < hg. Thus

B ), e, (3), (3],

Hence as h — 0, we have

- ou Ou ou\?
— — < 0.
/Q E ajj=— P, 8xzd dt—l—/_h o(—t) ((%) dxdt <0
0

ho 4,5=1

—ho 4,5=1

Taking into account condition (1.3), we have

/Q_ho <V;A x,t) ( ) +p(—t) (2‘)2) dadt < 0. (1.25)

n 2
From (1.25) it follows that [ 3 Ai(z, t) (37“) dzdt = 0.

Q_ngy =1
On the other hand
/ wldadt < Cpqy / En:x(x £) ou 2dxdt i
= . ‘ X2 bl axz .
=1
Q—hg Q—ng

Thus, the function u(z, t) = 0 almost everywhere in Q)_p,,. Since hy is arbitrary, it follows
that u(x, t) = 0 almost everywhere in Q7. Theorem 1.2 is proved.
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