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Abstract. In this paper, we prove the existence of the solution to the Dirichlet problem for the linear
elliptic equation of the type

1o} ou
2 (aw@azj) f,ozen wf =0

. . . . N .
in an open bounded domain 2 ¢ R™, N > 2. The coefficients matrix A = {aij(z)}i =1 satisfies the
non-uniform ellipticity condition, meaning that it is positive almost everywhere in {2 and

cr(w(@) €17 +n*) < A(R)¢- ¢ < ealw(@) [€1 + )

forall, z € 2,¢ ¢ RN with ¢ = (¢,7), € € R, n € R™; the positive weight function w € Ay is of
Muckenhoupt’s class in R™ and the f is a Radon measure.
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solution, Dirichlet problem, weights, Sobolev spaces.

Mathematics Subject Classification (2010): 2010 Mathematics Subject Classification: 26D10, 35B45,
42B25, 42B37

1 Introduction

This paper relates to the solvability question of the Dirichlet problem for a class of
equations with principal part is a second-order divergent structure linear elliptic operator of
N variables

0 ou
— . — ) = (2 =0 1.1
821- <azj (Z) 6,2]) f7 S 9 u o0 ) ( )
where the coefficients matrix A = [[a;; (2) || (1 < 4,5 < N) is of measurable functions

class on an open bounded domain 2 of N -dimensional Euclidean space RY. Following
the usual summation convention, repeated indexes indicate summation from 1 to N. The
equation we consider is elliptic in {2 , since the coefficients matrix A(z) = {a;; (2)} is
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positively definite almost everywhere in {2. Moreover, we assume that there exist positive
constants ¢y, co such that

cr(w(@) [€° + nf*) < A()¢ - ¢ < ealw(@) €7 + [nf?) (1.2)

ae. z € 12, with¥¢ = (¢,7) € RN, N = n +m, £ € R", n € R™. Throughout the paper
we have taken the m,n > 1. We use the terminology non-uniformly elliptic equation for
(1.1) since condition (1.2) in general does not imply the uniform ellipticity condition:

AIC* < AGR)C-¢ < Il
Here the p in (1.1) is a Radon measure defined on Borelian subsets of (2, that is a
functional f : Co({£2) — R satistying |(f, ¢)| < c||¢llc(p) for all continuous functions

with compact support in 2. Also we may assume that (f, ) = [, ¢dp with || f|| = Var p.
The weight function w(z) is in from A, (R™) -class. The term ”weight function” is used to
denote a positive measurable function receiving finite positive values a.e. x € R".

We say the positive weight function w : R” — [0,00) (n > 1) is a function of the
A, (R™)-class (or simply, A, (R™)-class for p > 1 if

p—1
</ wdx) </ w™ /(=1 d:n) < o|QIP (1.3)
Q Q
(/wdx) - ! < a|Q)]
Q inf

xEQ

for all the Euclidean balls Q C R™, where |@| denotes the Lebesgue measure of the ball ().
The constant o > 0 does not depend on Q).
The model problem for the case is

or for p =1 if

divy (w ((E) Vmu) +Ayu = f(x;y),(x;y) S 'Qvu 90 = Oa

0 0 0 9?2
Where’ vx = (87131’ TxQ’ ceey E) ,Ay ayg + 2 + + aym

Let 2 C RY be a domain and p > 1. Define the welghted Sobelev space Whe (£2; wdz).
For that, denote the non-uniformly degenerate gradient

Vug = (w7929, V) , [Vugl = @(@)] Vgl + V)7

for a function g(z, y) dependent on two variables of the function x € R™ and y € R™. Do
not mix the non-uniform gradient with partial gradients Vg and Vg of the total gradient
vector Vg .

Define the Banach space W1P(£2;wdz) a closer of the Lipshitz continuous functions
g : 2 — R under the norm

lgllwrr@wazy = 191z, 2) + IVwgllz, @)

For the case p = 2 and w € As (R™) we deal with the following Hilbert space. Set an
inner production for Vu, ¢ € Lip(£2) as

wm=WwNwF/@m%%+%%Mz
N
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and set the corresponding norm ||u|| := +/(u;u). Closure of Lipo(f2) on this norm is a

. 1/2
Hilbert space and denote it W12(£2; wdz), the norm is equivalently ( [ Vugl? dz) (

see the Lemma 4.1 below).
A solution of the problem (1.1) is defined using the distributional approach. We say
u € Wh($2; wdz) is a (weak) solution of problem (1.1) if Vo € Lipo(£2)

ou dp ,
/ a;j (2) 8—Zia—zjdz = /godu. (1.4)
o) 2

A study of non-uniform elliptic equations on the subject of boundary value problem
and regularity properties of weak solutions is rising in many applications. This is explained
mainly by the development of associated Sobolev and Poincare-type inequality approaches
to the area. Many studies are started in this connection in the last 30 years by Franchi,
Gutierrez, Wheeden, and Mamedov (see, e.g., [14], [15], [16], [23], [24], [25], [27]). On
the study of regularity properties of weak solutions of the non-uniformly elliptic equations,
we refer to Trudinger (see, [31]), Wang (see, [32]) and Franchi, Gutierrez, Wheeden (see,
e.g., [15], [16]); the last time studies see the works by DiFazio, Fanciullo, Zamboni (see,
e.g., [11], [12], [13]). The topic of this paper is a study of the measure data problems for
a class of non-uniformly elliptic equations which is new and not much studied. We make
a step to make attention to the case. For that, the approach by Bocardo-Gallouet is applied
(see, e.g., [2], [3]). Note that the measure data regularity problems for uniformly elliptic
equations ( also for the nonlinear equations with small terms ) were intensively studied
in the 80th year by Boccardo, Benilan, Brezis, Gallouet, Kilpelainen, Pierre, Stampacchia,
Vazguees, and many other authors (see, e.g., [1], [3], [4], [5], [6], [7], [8], [17], [18], [19],
[21], [22], [30], [7] (see, also [26], [28], [29])).

2 A quasi-metric

In this section, we define a quasi-metric in order to propose the Sobolev-type inequality
results in Lemma 4.1 below. Following the ideas of (see, [15, Proposition 2.2, 2.2a, 2.2b])
or (see, e.g., [14], [16]) set up the quasi-metric corresponding to the equation (1.1) for
p=2.

Define the function A (.) : [0,00) — [0, 00),

1/p
hy(t) =t (t_"/ w_l/(p_l)(s)ds> ,t>0,xeR",
Q(z,t)

where Q(z,t) ={{ € R": | —z| < t};thew : R™ — (0,00)} is an A, (R")- class
function (satisfying the condition (1.3)). Assume that h,(0) = 0 and h,(00) = oo.
Consider also the inverse function h *(.) : [0,00 — [0, 00) defined

hil(v) =sup{p>0: hy(p) <v}, v>0.

Define the quasi-metric on RN = R x R™ of points z = (x,y) as following. Define
the distance between two points z; = (x1,y1) and zo = (x2,¥y2) as

p(z1, 22) = max {!962 — 21|, hy y2 — i)y byt (ly2 — yl\)}- 2.0
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Theorem 2.1 Let w € A,(R™)-class function. The distance (2.1) makes R™™™ a homo-
geneous space (R”+m, 0, ,u) using on place of the doubling measure the dz = dxdy or
wdz.

See the R]roof e.g. in [23]. In those proofs, the main step is to show the quasi-metric
p: RN x RN — [0, 00) satisfies the triangle property

p(z1,22) < Ko (ﬂ(zl, 23) + p(22, 23)) (2.2)

with a constant Ky > 1 independent from z1, 29, 23 € RN following the ideas e.g. of [15].
Denote B the quasi-metric ball {¢ € RY : p({,z) < R} with center 29 = (a,b) €
R™ x R™ of radius R, also the presentation

1/p'
B(z0,R) = Q(a, R) % E<b,R<R—n/ w—l/(p—l)(s) ds) g ), (2.3)
Q(a,R)
valid for it, where

E(b,R) = {y ER™: |y—b| < R(R”/ WD) () dT)l/p’},

Q(a,R)

where Q(a, R) C R" is the n-dimensional Euclidean ball with center a of radius R.
3 Main results

Consider the Dirichlet problem

0 ou
~ s Mz::laij (Z)afzj = f(2), z€8, G.1)
u=0 1in 042,

whenever f € L1(£2) N W~12(£2) for a bounded domain 2 C R¥. The following main
result is asserted for the problem (3.1).

Theorem 3.1 Let condition (1.2) be satisfied and 1 be a Radon measure with support
in (2. Then there exists a weak solution u(z) of the problem (3.1) with regularity u €

WL (02;wdz) forr € (1, N/(N — 1))
We use the following main assertion to prove Theorem 3.1 .

Lemma 3.1 Letr € (1, N/(N — 1)) and f(z) € L*(2)NW~12(02; wdz) with
1 fllz,(2) < B fora B > 0. Then there exists C > 0 depending on the function w, the do-

main 2 and ¢1,c2, a, m,n (m,n > 1) such that for the solution u(z) of problem (3.1) the
estimate

ullyirrr ouwazy < C NIl ) (3.2)
holds.
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4 Useful assertion

Also to prove Theorem 3.1, we use several assertions for the problem equation (3.1). Also,
we use the next result on non-uniform Sobolev inequality of Fabes-Kenig-Serapioni (see,
[10]) and Chanillo-Wheeden (see, [9]) type.

Lemma 4.1 Let B(zg, R) be a fixed ball of the quasi-metric (2.1) with zy = (a,b) €
RN:a € R", b € RN Letp > 1 and w : R™ — (0, 00) be positive measurable function
on R"™ satisfying the Muckenhoupt condition A,(R™) such that fora q > p

(/ ds//m jis) FO) S G

forallr € (O, R), z € Q(a, R). Then

1/q

1/p'
1
- q < —1/(p—1)
BT / f@ldz|  <CR (é e (s)ds>
B(0.R) 4.2)

1/p
(,BZO B Jop  (SNTE 4 197P) )

holds for all Lipschitz continuous functions f in the ball B (zo, R) C RY vanishing on
0B (20, R) (of Sobolev type ) or with zero average fp(., r)y = fB(ZO R) f(z)dz = 0 (of
Poincare type); the constant Cy depends on n, m, q and C, § from condition A,(R™).

The proof of Lemma 4.1 is obtained from the general results of [24] (or see, [25] ) by
the way e.g. of [23, Remark 2.1 asv =1 ].

Throughout the paper, we denote by C, C}, Co, C3 different positive constants which
may change their values at each appearance and which may depend on the ¢y, ¢co, ¢, n, m, v, {2
and the weight function w € Ao(R™).

5 Lax-Milgram solution

Lemma 5.1 Let (1.2) be satisfied, the positive weight function w is of A2(R™) -class func-
tion and for that the condition (4.1) is satisfied by p = 2 and q > 2. Suppose f(z) €
LY(02) N W=12(02;wdz). Then, there exists a unique solution u(z) of the problem (3.1) in
space W12 ($2; wdz).

Proof. Apply Lax-Milgram principle (see, [20]) to prove Lemma 5.1. Solution of the prob-
lem (3.1) due to the understanding

Oou Oy NI
/a ) 05" = /f(z)‘pdz’ Vo & WA, wdz).
0

Set the bilinear form
ou Oy 9¢
z

Blug) = [ ay () 52 5%

9]
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and establish that the bilinear form is coercive and bounded on space WLQ(Q; wdz). Using
(1.2) and that,

B .y Ou Oy
Bl = | [ () 51 s
Q
1/2 1/2 (5.1)
ou Ou dp '

<

- /a ()8zlf9zjd /a ()8,2,82de

0 0

< el Veull o) Vol = c2 llull el

the boundedness is ready. Using the assumption (4.1) for the function w € A3(R™) we have
the inequality (4.2) with p = 2 and ¢ > 2 for a function u € W12(2; wdz) :

el Loy < 121V U ull gy < CLLIVaul Ly (5.2)

where C; > 0 depends on w, {2, n, m, o and the constant C' from (4.1). On basis of (5.2)
and (6.4) we get
ou Ju
Blu) = [ ay () 555z 2 e Vel 2 Collins ey

(]
:/f@wwu
(9

is bounded on W12(£2; wdz). On basis of the assumptions,

Show, the functional

‘<f7 SOH < HfHW*LQ(Q;de) HSO(Z)HWM(Q;wdz) = HfHW*lﬁ(Q;wdz)H(pH'

In order to have the bounded norm || |y -1.2((,,q-) Propose a summability condition,
where W~12(§2; wdz) is the conjugate space of W12(£2; wdz).

Setting in Lemma 4.1 the p = 2 we set the condition (4.1) in order to have the inclusion
W12(2;wdz) C Ly(£2), i.e. to be valid the inequality (4.2).

Propose a summability condition on the function f(z) in order to have f(z) € W~12(£2; wdz).
On basis of Holder’s inequality,

[0l < ellr, .0 HfHLq,yw,l/@,l)(m

It remains to request to be finite || ||

) for some ¢ > 2. Therefore and using
q' w4

(4.2) as p = 2 we get
10 < el g 1Pz, o = BRI, s

ie Ly 16 (2) C W12 (2;wdz) for any bounded domain 2 C RN if w € A,
over the n-dimensional balls of R™ and (4.1) is satisfied as p = 2. Also, assume that
Ly w110y C L1(£2). This is fulfilled e.g. by using Holder’s inequality, || f|[z, (o) <

w (Q)l/ e, /(a1 ()" Applying now Lax-Milgram’s principle we obtain a unique
q,w
solution to the problem (3.1).
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6 Proof of Lemma 3.1

Proof. We may approximate the functions of L;(f2) with smooth functions f; — f a.e.

in {2. Hence the request lies on summability of the function w=1/(@=D < L;(£2) for some
q > 2. Let fi(2) be an element of L' (£2) N W1 ~2(§2; wdz) and u(z) be the corresponding
solution of (3.1), and suppose that || f| ;1 (o) < B.

Let k be a fixed integer and define ¢ as

k if s>k,
¢(5): S Zf _k§S§k7
—k if s<—k.
A
k ----- 1
. g
e ‘ ]
/. -k

where s € R. The using of ¢)(u) as test function in (1.4) yields

([Tﬂ(u)/%( g:aud —/f

. / B |Voul? dz < / £ (2) (u)dz. ©.1)
(] (]

‘We have

By virtue of the non-uniformly ellipticity condition this yields

/ |un\2dz<cll / F(2)(u)dz
Dy, 2

k k
< [l < & [17G1d = L1l = a
9]

?

6.2)

with
Dy ={z¢€ 2, |u(z)| <k, |Vyu| > M}. (6.3)

Now we define v as
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1 if s>k+1,

s—k if k<s<k+1,
P(s) =<0 if —k<s<k,

s+k if —k—1<s<—k,

-1 if s<—-k-1

: / k K+l
.................. -1

Then, if we denote (1/c;) ||f||L1(Q) by ¢,

By

with
B ={z€ 2,k <|u(2)] <k+1,|Vou| > M}. (6.5)

The using (6.2) we have
Dy=ByUBiU---UB_1

For any r < 2, Applying Holder’s inequality

1
> laibi| = (Z |ai|a> <Z |bi|/3> ,1<a, f<oo, 1Ja+1/8=1,
=1 =1 =1

it follows that
r/2

/|un’"dz < /]un|2dz |B|*7"/2 | |By| = measy By.
By, B,
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If we take 1/g = 1/r — 1/N for 1 < r < N/(N — 1) and using the inequality |Bj| <
(1/k7) [ |u|?dz, we get
By

(2—7)/2

1
/un|7’dz < & /|u|‘1dz yRCEOrGE &y = V2, (6.6)

Now applying Holder’s inequality for the number series with the exponents 2/(2 — r) and
2/r we obtain for all positive integers ng

(2—r)/2 r/2
> [ i< [ [ e z e T
k=kop, I=log k=k
where @ > 1.
The last estimate, together with (6.5), yields
- r/2
r/2 q(2—r) 1

/|ku| dz < c3 + C4k + CQ HUH kzk W y (67)

=Ko

where c3 = M"[2|,cq = ~71"/2 ‘Q‘(z—r)/Q )
By virtue of Sobolev imbedding theorem we have,

~ r/2
r r/2 2 1
lullzo < es | k6 + Il ™ | 3 e (6.8)
k=ko

Also (2%)‘1 >1landr > (2 —r)g/2asr < N/(N — 1). Therefore the relevant choice
of kg in estimate (6.8) implies
Jull o < cé. (6.9)

Then, due to (6.7),
IVewullpr < e,

which proves the main Lemma 3.1.
7 Proof of Theorem 3.1
Now we are ready to prove Theorem 3.1 basing on the obtained estimates (3.2), (6.9).

Let f be a Radon measure and V,u € L1 ({2) satisfies (1.4) and the non-uniform ellipticity
condition (1.2) is satisfied. A sequence (fz) C W~12(£2; wdz) N L'(£2) and converges to

f in the distribution sense, meaning that for Voo € W'2(£2; wdz) N L>(£2) and (fy, ) —

[ ¢dp, therefore
Oug 0p
[ a5 () Gk 5o = [ 52 g a.n
7

10,
Let uy, be the solution of (3.1) with f = fj. Then for every integer k,

_;; <az-j (2) Z“f) £ (2) 72)
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has a solution uy € WLQ(Q; wdz) in the distribution sense, by virtue of the Lemma 5.1.
On basis of Lemma 5.1 there exists M7 > 0 such that ||uk||W17T(Q'wdz) < M;. Using

the Banach-Aloglu theorem, there exist an v € W”(Q;wdz) and some subsequence
{uy} satisfying up, — wu in the weak topology of Wl’r(ﬁ;wdz). Therefore, ur, — u
in L1(£2). This follows from the compact imbedding W17 (£2;wdz) CC L4(2), where
1 < s <rN/(N —r). Thus |lugl, < C”uk”v"vlm((z;wdz) , and ux — wu in the sense of

almost everywhere convergence.
The assumption,

N
>~ aiGiG = o1 (w(@) g + Inf?)
ij=1
plays a central role in proving such a convergence, moreover, the following result holds
true.
Let the conditions (1.2) is fulfilled, w € Az, (f%) be a sequence of Wh=2(£2; wdz) N
L (£2) for which uy, is a solution of (3.1) with 1 = f,dz. We get the boundedness of the
sequence in L' (£2). We get uy, is relatively compact in W17 (£2; wdz) as risin [1, N/(N —
1)).
Now let ¢ € C'(R, R) be such that, for fixed ¢ > 0,

v

€ if s>e,
P(s) =< s if —e<s<e,
— if s< —e.

Then, using (1.4) with du = frdz and f,,,dz, u = ug and u,,, as well as v = Y (ug—uy,)
we get

N
aun 8Um aun 8Um ,
Z a azz a 0z; > (8Zj o 82], ) (0 (un - um)
- (7.3)

/ — ).
Q
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Since || fnll 1) < B, VB > 0, by virtue of above assumption,

N
2 2
> () (G =) (G =) e (w@) [¢ =€+ [n—n'*)
ij=1
and (7.3) we have
/ ‘unk - unm‘z < 2B, Dk,m,a = {Z € (2, ‘uk(z) - um(z)| < 5}' (7.4)
Dk,m,s
Thus,
/ (@) [V ag, — 1) + [V (ot — ) ) = < 2B, (75)
Dk,m,s
Using (7.5) and Holder’s inequality we get
/ |Veotth = Viti| < &16"?| Dy [/, (7.6)

Dk,m,s
where ¢, = (2B)1/2
Estimate (7.6) is used to prove that (V,uy,) is Cauchy sequence in L'(2). We have
JIVe=ul = [ Wotw-uwnl+ [ V= w).
2 Dk:,m,s Q\Dk,m,e

Then using (7.6),

/\vw (Un — um)| < &Y%+ {2z € 2 |un(z) — um(z)| > e}V, (7.7
2

where ¢ isin (1, N/(N —1)).
Let uy, be a Cauchy sequence in measure, (7.7) implies that for some ky(¢) depending
one

/]Vw (up, — um)| < @12+ for all  k,m > ko(e),
1?)

which proves that (V,,uy,) is a Cauchy sequence in L' (2), means that
Voup — Vou in  LY(80).
By (6.9), we get the convergence
Votn = Vou in L"(£2), for all r € [1,N/(N —1)).

Thus, uy is relatively compact in W“(Q; wdz) . By (3.1) together with Vitali’s theorem,
we have

EN:CL,.(Z)M N EN:a“(z)au in L"(£2)
- " 8Zj - Y 8zj
Jj=1 Jj=1
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forall »in [1, N/(N — 1)). Now we can pass to limit in (7.1) and conclude that

~ 9 (a0 2n) =
&zi A 6Zj —

Thus, u is a weak solution of (1.4), i.e. it is a solution of problem (1.1), this completes the
proof of Theorem 3.1.
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