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On the basicity of one trigonometric system in Orlicz spaces
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Abstract. In this article it is considered the trigonometric system, which is the collection of eigenfunction
of the ordinary differential operator second order with nonlocal boundary condition. It is considered the
Orlicz space on the segment (0, 27). It is established that if the Boyd indexes of this space belong to the
interval (0, 1) then the considered system forms a basis in this space. This system was used by several
mathematics in the study of solvability and construction of solution of one second order degenerate elliptic
equation with nonlocal boundary condition.
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1 Introduction

The classical theory of solvability (in classical, strong or weak sense) of linear elliptic
equations is well developed (see e.g. the monographs [1], [11]). Moreover there are some
problems of mechanics and mathematical physics which do not fit to this theory. One of
such problem is the following degenerate elliptic equation

* Corresponding author

B.T. Bilalov

Institute of Mathematics and Mechanics, The Ministry of Science and Education, Baku, Azerbaijan
Yildiz Technical University, Istanbul, Turkiye

Azerbaijan University of Architecture and Construction, Baku, Azerbaijan

E-mail: b_bilalov@mail.ru

bilal.bilalov @yildiz.edu.tr

Y. Sezer

Yildiz Technical University, Istanbul, Turkiye
E-mail: ysezer@yildiz.edu.tr

U. Ildiz

Yildiz Technical University, Istanbul, Turkiye

E-mail: umitt.ildiz@gmail.com

T. Hagverdi
Institute of Mathematics and Mechanics, The Ministry of Science and Education, Baku, Azerbaijan
E-mail: turalhagverdi @gmail.com



32 On the basicity of one trigonometric system in Orlicz spaces

Y Uy + Uyy =0, (z,9) € (0,27) x (0, +00),
u(z,0) = f(x), =€ (0,2m),
u(0,y) =u(2my), ye€ (0,+00),
uz (0,y) =0, y € (0,+00),

(1.1

with m > —2, studied by Moiseev in [14]. When solving this problem in classical sense
he applied the spectral method by using the fact that the corresponding to this problem
trigonometric system

{1; cosnx; xsinna}, . (1.2)

forms a Riesz basis in L2(0, 27). Then the authors of the works [2]-[8], [10], [12], estab-
lished the basisness of the system (1.2) in weighted Lebesgue and weighted grand Lebesgue
spaces and using these facts to solve the problem (1.1) (in strong and weak sense) in corre-
sponding Sobolev spaces generated by norm of these spaces.

Therefore in order to solve the problem (1.1) in other Sobolev spaces it needs to estab-
lish the basisness of system (1.2) in corresponding Banach function spaces. By this reason
investigation of basicity properties (completeness, minimality, basisness) of the systems
regarding various Banach function spaces has very science interest in view of theory of dif-
ferential equation, spectral theory of differential operators and approximation theory (see
e.g. works [8]-[17]).

2 Auxiliary Facts

First, let us take some standard notations. N will be the set of natural numbers, R will be the
set of real numbers, Z; = {0} UN and J;; is the Kronecker delta symbol. C§°(0, 27) is
the set of all infinitely differentiable functions on (0, 27) with compact support in (0, 27).
L[M] denotes the linear span of the set M and ¢ denotes constant (maybe difference in
various places).

Moreover, we will use the following notions of basis theory.

Definition 2.1 Let X be a Banach space on field K and X* be the dual space of X. For
the {xy}neny C X system to be a basis in the X space, there is only one {ap}nen C K

sequence that
[e.e]
€r = E ApTny,
n=1

forVx € X. The {a,}nen sequence is the sequence of biorthogonal coefficients of the x
element with respect to the {x,, } nen System.

Definition 2.2 {z,,},en C X and {z},}nen C X systems are called to be biorthogonal,
if the condition
zy(z) = Onk, Ynjk €N,

is satisfied. Here 6, is the Kronecker delta symbol.
Definition 2.3 (Completeness) Let X be a Banach space. If

L[{xn}nEN] =X,
then the system {x, }nen C X is called to be complete in X.
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The completeness criterion for a system in Banach spaces is as follows.
Statement.[Completeness Criterion] Let X be a Banach space. The system {z, }nen C
X iscompletein X < f € X*: f(x,) =0, Vne N= f =0.

Definition 2.4 (Minimality) If

Tk §é L[{xn}neNk]a Vk € N,
then the system {xy }neny C X is called to be minimal in X (here N, = N\ {k}).

The minimality criterion for a system in Banach spaces is as follows.
Statement.[Minimality Criterion] The necessary and sufficient condition for a system
to be minimal in Banach space is that the system has a biorthogonal system.
Statement.[Basicity Criterion] The system {x, },en forms a basis in the X Banach
space if and only if, if the following assertions hold:

1 The {z, }nen system is complete in X;
2 The {2y, }nen system is minimal in X;
3 Pn(z) =Y ;- xj(x)x, projectors are uniformly bounded (Vm € N), i.e., there exists
C > 0 such that
|Pa(@)llx < Cllzllx, Ve e X.

Here the systems {z; },en and {x;, } e are biorthogonal.

Let us give necessary concepts and facts related to Orlicz space.

Definition 2.5 Continuous convex function M : R — R is called N-function if it is even
and satisfies the condition

limmzo; lim M:oo
z—0 U r—00 (7

Definition 2.6 Let M be a N-function. So the following function is called N -function com-
plement to M:

M* () = maxlu(v) — M(u)]

Function M™* can be described as follows. Let p : R — Ry = [0; 4+00) be right con-
tinuous for ¢ > 0, non-decreasing function that satisfies the condition p(0) = 0, p(c0) =
lim;_, p(t) = oc. Let us define

q(s) = sup t, s>0.
p(t)<s

The function ¢ has the same properties as the function p, in fact for s > 0 it is positive, for
s > 0 it is right continuous, non-decreasing and satisfies the conditions

p(0) = 0, p(oo) = lim p(t) = oc.

M and M™ can be represented as follows

Jul |v]
M) = [ pdr ) = [ atis
0 0
These N-functions are complement to each other.

Definition 2.7 N-function M satisfies As-condition for large values of u, if Ak > 0 and Fug >
0:
MQ2u) < EM(u), Yu > ug.



34 On the basicity of one trigonometric system in Orlicz spaces

Ay-condition is equivalent to that, for VI > 1, 3k(I) > 0 and Jug > 0:
M(lu) < k()M (u), Yu > up.

Now let us define the Orlicz space. Let M be some N-function, G C R be a (Lebesgue)
measurable set with finite measure. Denote by Lo(G) the set of all functions measurable in
G. Let

pr(u) = /G Mu(z)] de,
and
LM(G) = {U € L()(G) : pM(u) < +OO}.

Ls(G) is called an Orlicz class.
Let M and M* be complement for each other N-functions. Assume

Ly (G) ={u € Lo(G) : |(u;v)| < 400, Yv € L+ (G)},

here

(u;v) = /Gu(a;)v(x) dx.

L3, (G) is called Orlicz space. According to the norm ||.|| a7 :

lullar = sup [(u;0)],
P (v)<1

L3,(G) is a Banach space. It should be noted that in L}, (G) we can define equivalent norm
to ||.||as :

ull gy = inf{)\ >0 pu (%) < 1}.

[|ul[ (ar) is called the Luxembourg norm.
Statement. If N-function M satisfies the Aj-condition, then L3},(G) = L (G) and
the closure of the set of bounded (including continuous) functions coincides with L}, (G).
More information about these and other facts we can refer to monographs [18], [19].

Definition 2.8 We will say that the function M satisfies the Va-condition, if

... M(2u)
ull)r{.lomf M)

> 2, i.e. IAN>2and Juyg > 0: M(2u) > AM(u), Yu > ug.
Denote by As(o0) (Va(c0)) the set of all N-functions, satisfying the As-condition (the
Va-condition).

We will need the concepts of Boyd indices of Orlicz spaces. By M ~!(.) we denote the
inverse of N-function M (.).

Assume
. E))
Define the following numbers
1 1
ans — — lim og h(t) ; By = og h(t) ‘

t—oo  logt 50+ logt
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The numbers oy and 5 are called upper and lower Boyd indices for the Orlicz space
L (0, 27), correspondingly. These numbers satisfy the following relations

0<ay<Bu<l; au+PBu=1; ay+Bu=1,

where M, M* € N complementary each to other N-functions.

The Orlicz space Ljs(0,2m) is reflexive if and only if holds the relation 0 < ajr <
Bu < 1. Moreover, if for numbers p, ¢ € [1, 400, hold the inequality

1 1
1<g< 45— < — <p<+oo, (2.1
Byv T oanm

then it is valid the following continuous embeddings
Ly(0,2m) C Lp(0,2m) C Ly(0,27). 2.2)
More information about these and other facts can be found in works [13]-[19].
The conjugate function fof function f from the Orlicz Space L, (0, 27).
Definition 2.9 Forany f € LM(O 27) C L1(0,27), the conjugate f of [ is given by

fx+t (x_t)dt.

2tan & 3
By Sp[f], » = 0,1,...; we denote the partial sum of Fourier series of function f €
LM(O, 271')2
) 1 2T
Salfl(x) = Y cpe® = — [ f() Dn(x =) dt,
|k|<n 0

where

1 2 "

cr = cn(f) =5 f(x) e™" dx, k€ Z,
T Jo

are Fourier coefficients of f(.) and

1 : in[(n+ 3
Dy (x) = 3 Z gibe = ST T 2) 7] [ész) 7] , n=0,1,..;
|k|<n 2

is a Dirichlet kernel of order n.

We need the following Ryan’s theorem from the monograph [19, p.196].

Theorem 2.1 (Ryan) Let M be an N-function. Then the following are equivalent:

(i) Lp(0,27) is reflexive;
(ii) There is a constant C > 0 such that for all f € Ly (0, 2m):

HfHL]u(O,Zﬂ') S C HfHL]u(O,Qﬂ');
(iii) There is a constant A > 0 such that for alln > 1 and f € Ly;(0,2m):

[Sn[f Il zar02m) < C N s 0,2m)-
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From these facts direct follows the following
Corollary 2.1 For N-function M :
T}L)nolo ”Sn[f] - f”LM(O,Qﬂ') = 07
forall f € Ly(0,2m) if and only if M € Ag(o0) N Va(00).
Also valid the following Ryan’s theorem.

Theorem 2.2 (Ryan) [19] Let M be N-function. If holds the part (iii) of Theorem 2.1
(Ryan), then M € Az(00) N Va(00); so Las(0,27) is reflexive.

Taking into account the Theorems 2.1, 2.2 and Corollary 2.1, we arrive to the following
conclusion.

Corollary 2.2 Let M be N-function. Then the Boyd indices of Orlicz space Ly;(0,2m):
an; Ba € (0,1) ifand only if M € As(oo) N Va(00).

3 Main Results

Consider the following trigonometric system

vy =1; y5 (x) =cosnz; y, () =xsinnz, n € N, 3.1

2r — =z 2r — =z 1
,lgc — : 195 — ; 198 = — i s S N 32
o(x) 52 o (x) —5— cosn o (x) —sinnz, n (3.2)

Let us prove the following

Lemma 3.1 Let Lj/(0,27) be Orlicz space with Boyd indices cuyy, B € (0,1). Then the
system (3.1) is minimal in Lz (0, 27).

Proof. Consider the following functionals

1 2
) =g [ Fa)Cr =) do
es(f) = % " f(z)(2m — x) cos nx dx;
1 gﬂ-
e (f)=— (x) sinnzx dz.
T Jo

In the work [14] it is established the following relations:

en(Um) = Onm; Vn,m € N;

e (ym) = 0, Vn € Zy; Ym € N; a3
e (ye) = 0, VYneN; Vm € Zy; :
en(Wm) = Onm;  Vn,meZy.

Let us show that the functionals {el; e’} belong to the space (L (0,27))". It is evident
that 3p, g € (1, +00), for which it is valid the inequality

1 1
I1<g< —<— <p< +oo. (3.4
Byv — oanm
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Then from the embeddings (2.2) follows the following estimates
”f”Lq(O,Zﬂ) <c Hf”LM(O,ZW); Vfe LM(O7 27T)7
where ¢ > ( some constant.

Using these relations and applying the Hlder inequality we have

27
() < e /O (@) |27 — 2] | cosnz| dz

1
2m 7
§c</0 |f|qu> < cllf oy 02n), ¥n € Zs.

Also

1
2w 2w q
s e[ ilar < e [Tiras)" < clfllyon. voen
0 0
where ¢ denote constants. From here immediately follows that

{en; en} C (Lu(0,2m))".

Then based on minimality criterion from relations (3.3) we have the minimality of sys-
tem (3.1) in Ly, (0, 27).

The lemma is proved.
Then let us prove the completeness of system in L (0, 27). It is valid the following

Lemma 3.2 Let the Boyd indices of Orlicz space Lyf(0,27) belong to interval (0, 1), i.e.
anr, Bar € (0,1). Then the system (3.1) is complete in Lys(0, 27).

Proof. From Corollary 2.2 follows that M € Aj(oo) N Va(oo) and in result from known
facts (see e.g. the monographs [18, 19]) follows that the class C§° (0, 27) is dense in L/ (0, 27).
Let f € Ljs(0,2m) is an arbitrary function. Take Ve > 0. Then 3 g € C§°(0, 27), such that
I.f = gllLar(0,27) < € Let us consider the biorthogonal series of g on the system (3.1):

n

Salgl(@) = €f(9) vi(x) + > eilg) vilz), neN.
k=0 k=0

Consider the biorthogonal coefficients {ef; e }:

27
e (g) = c/ g(x)(2m — x) cos kx dx
0
2T
= / g(x)coskx dx, ke Zy,
0

where g(z) = ¢ g(x)(2m — ) and ¢ some constant. It is evident that g € C§°(0, 27) and in
result g (0) = g (27) = 0, Vn € Z,. Integrating by parts two times and taking into
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account these relations we have

2m
er(g) = k/o g(z) dsinkx
1 2m
= —/ 7D (z) sinkz dx
0

=—— 79 (2) coskz dr,
0

From these estimates follows that the partial sums {:S*;[g]}neN converges uniformly on
[0, 27]. From the results of the work [14] follows that the system (3.1) forms a basis in

L2(0,2) and in result it is evident that the limit of sums {Sy[g]}nen is g(.). It is obvious
that dc > 0:

1Ly 027 < ellflle2r); Vf € ClO,27].
Then dn. € N, such that for Vn > n. it holds
150[9] = gl Las0,2m) < € l1Snlg] = gl 0,2m) < €
‘We have
1f = SnlgllLr027) < If = 9llLa2r) + [1Snlg] = 9llLa 027 < 26, VN > ne.

From arbitrariness of £ > 0 follows completeness of system (3.1) in Lys(0, 27).
Lemma is proved.

So let us prove the main theorem of this work.

Theorem 3.1 Let M be N-function and the Boyd indices of Orlicz space L(0,2m) :
anr, B € (0,1). Then the system (3.1) forms a basis in L (0, 2m).

Proof. Taking into account the Lemmas 3.1 and 3.2 it is sufficient to prove that the
projectors

Pu(f) = Y ei(H v +>_ei(f)yi, YneN,
k=0 k=1
uniformly bounded in Lj;(0, 27). We have
IPa()llaso2m) < ||D erlf) vi + ex(f) yp =1+ 12, neN.
k=0 L (0,27) k=1 Ls(0,27)

Let us estimate {I,(ll)}. We have
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where ¢; (f) is Fourier coefficient

c,":(f) = \/12? /027r f(z) coskzx dx,

of function f(.): N
J@) = c 27 - 2)f(a).

Since the classical trigonometric system {1; cos nx; sinnx}, . forms abasisin L;(0, 27)
(it follows from Corollary 2.1), then from basicity criterion follows

) = < el fly2m < Ifllnu©2m);

Lps(0,27)

z”: o (f) coskx
k=0

where the constant ¢ > 0 does depend on n and f. Completely analogously we can establish

P < el fllpy o2, ¥n €N

n

In result from the basicity criterion follows that the system (3.1) forms a basis in L (0, 27).

The theorem is proved.
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