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Abstract. In this paper, we first study the inverse source problem for the heat equation with a memory
term. This problem is non-well-posed in the sense of Hadamard. We also investigate the regularized
solution by the exponential Tikhonov regularization method. The error estimates between the regularized
solution and the exact solution are obtained under a priori and posteriori parameter choice rules.
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1 Introduction

In this paper, we consider the parabolic equation with memory as follows
ut(t, x) = uxx(t, x)−m

∫ t

0
u(s, x)ds+ ρ(x), (t, x) ∈ (0,M)× (0, π),

u(t, 0) = u(t, π) = 0, 0 < t < M,

u(0, x) = 0, 0 < x < π,

(1.1)

where M be a positive constant, and m > 0. The function ρ on the right hand side of
the first equation is called a source term. If the function ρ is known, we can work out the
function u by the initial boundary value problem. However, in this paper, our main problem
is determining the source term ρ from the additional information as follows

u(M,x) = g(x), 0 < x < π. (1.2)

Let assume that g is noised by gε such that∥∥gε − g∥∥L2(D) ≤ ε. (1.3)
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Our mentioned problem (1.1)-(1.2) is called the inverse space-dependent source problem.
It is well-known that the inverse source problem is ill-posed in the sense of Hadamard. In
practice, the terminal condition g is unknown and it is only available as noisy data gε with
a noise level ε. When we use the noisy data for our problem (1.1), we will obtain the corre-
sponding source term which has a large deviation from the source function corresponding
to g. As we all know, the above inverse source problem is ill-posed and they are required
approximately by regularization methods.

– If m = 0 the problem (1.1) is called classical parabolic equation. This problem has been
studied a lot in [9,11,10,2,18,20,12,22,21,5,17,19,14,13].

– If m 6= 0 then problem (1.1) have a memory term m

t∫
0

uxx(s, x)ds which is called

Volterra integro differential equations, researched extensively in the literature [26,16,7,
15,8,3,6,24].

The parabolic with memory term has many applications in many various fields such as
heat conduction in materials with memory, population dynamics, nuclear reactors, [15]. In
[26], the authors considered Volterra diffusion equations with nonlinear terms. They inves-
tigated the stability properties of solutions in Lp norms. Local existence results of solutions
to a system of partial functional differential equations are also investigated. In [16], the au-
thors studied the predator-prey system in the form of a coupled system of reaction-diffusion
equations.

Regarding some regularization methods, we see in [27], the generalized and revised
generalized Tikhonov regularization methods, see [4] with simplified Tikhonov method. In
[25], the fractional Tikhonov method, these studies focus on the error estimates between
the exact solution and the regularized solution for both methods were provided under the
a-priori and a-posteriori regularization parameter choice rules.

Recently, we proposed a novel regularization method, which we call the exponential
Tikhonov regularization method with an exponential parameter γ, see [23]. This method
was developed from the Tikhonov regularization method. Until now, the Tikhonov expo-
nential regularization method still has little research results. Our current paper may be one
of the first studies to apply this approach. We apply this method to construct the regularized
solution, the convergence estimates are established under a-priori, and a-posteriori regular-
ization parameter choice rules continue to be considered.

The layout of the article is shown as follows. Some preliminaries are given in Section
2, and attached are the results on the stability of the source function ρ. In Section 3, we
construct the exponential Tikhonov regularization method for solving the inverse source
problem of the time fractional diffusion equation and present convergence estimates under
the a-priori and a-posteriori regularization parameter choice rules. In Section 4.

2 Preliminaries and inverse source problem

We begin this section by introducing some notations and assumptions that are needed for
our analysis in the next sections.

Definition 2.1 (Hilbert scale space). LetD = (0, π). The Hilbert scale space H2τ (D), (τ >
0) defined by

H2τ (D) :=
{
f ∈ L2(D) :

∞∑
k=1

k4τ
〈
f, ξk

〉2
L2(D) <∞

}
,
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is equipped with the norm defined by∥∥f∥∥2H2τ (D) =
∞∑
k=1

k4τf2k , fk =
〈
f, ξk

〉
L2(D), ξk(x) =

√
2

π
sin(kx).

Next, we introduce an exponent operator of −A defined by, see [23]

exp
(
(−A)β

)
= I +

∞∑
k=1

1

k!

(
−A

)kβ
,

where I is a unit operator and (−A)sβξk = k2sβξk, k = 0, 1, 2, · · · . For β ∈ R we define

H
(
exp

((−A)β
2

))
=

{
f ∈ L2(D);

∞∑
k=1

exp
(
k2β
)∣∣〈f, ξk〉∣∣2 <∞},

where
〈
·, ·
〉

is the inner product in L2(D) with the following norms

∥∥f∥∥
β,exp

:=

( ∞∑
k=1

exp
(
k2β
)∣∣∣〈f, ξk〉∣∣∣2) 1

2

.

21 The fomula of source term for problem (1.1)

The solution to the problem (1.1) can be represented in the form of an expansion in the
orthogonal series

u(t, x) =
∞∑
k=1

uk(t)ξk(x), with uk(t) =
〈
u(t, ·), ξk

〉
L2(D). (2.1)

By considering that the series (2.1) converges and allows a term by term differentiation (the
required number of times), we construct a formal solution to the problem. We obtain the
problems 

d

dt
uk(t) + k2uk(t)−m

∫ t

0
uk(s)ds = ρk, t ∈ (0,M),

uk(M) = gk, uk(0) = 0,
(2.2)

where

g(x) =
∞∑
k=1

gkξk(x), and ρ(x) =
∞∑
k=1

ρkξk(x).

Let us set

zk(t) =

∫ t

0
uk(s)ds.

Then we get
z′k(t) = uk(t).

The problem (2.2) becomes to d2

dt2
zk(t) + k2z′k(t)−mzk(t) = ρk, t ∈ (0,M),

z′k(M) = gk, z
′
k(0) = 0, zk(0) = 0.

(2.3)
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The solution zk of (2.3) is given by

zk(t) = A+
k e
B+k t +A−k e

B−k t + C+k (t)e
B+k t + C−k (t)e

B−k t.

Here we have

B+k =

(
− k2 +

√
k4 + 4m

)
2

, B−k =

(
− k2 −

√
k4 + 4m

)
2

·

and A+
k ,A

−
k are two constants. Using the Lagrange constant variation method, we have

d

dt
C+k (t) =

e−B
+
k tρk√

k4 + 4m
,

d

dt
C−k (t) =

−e−B
−
k tρk√

k4 + 4m
·

Thus, we get that

C+k (t) =
∫ t

0

e−B
+
k sρk√

k4 + 4m
ds+ C+k (0) =

1− e−B
+
k t

B+k
√
k4 + 4m

ρk + C+k (0),

and

C−k (t) =
∫ t

0

−e−B
−
k sρk√

k4 + 4m
ds+ C−k (0) =

−1 + e−B
−
k t

B−k
√
k4 + 4m

ρk + C−k (0)· (2.4)

This implies that

zk(t) =

(
A+
k + C+k (0) +

ρk

B+k
√
k4 + 4m

)
eB

+
k t − ρk

B+k
√
k4 + 4m

+

(
A−k + C−k (0)−

ρk

B−k
√
k4 + 4m

)
eB
−
k t +

ρk

B−k
√
k4 + 4m

· (2.5)

Since zk(0) = z′k(0) = 0, we know that

zk(0) = A+
k + C+k (0) +A

−
k + C−k (0) = 0. (2.6)

and

z′k(0) =
(
A+
k + C+k (0)

)
B+k +

ρk√
k4 + 4m

+
(
A−k + C−k (0)

)
B−k −

ρk√
k4 + 4m

= 0.

(2.7)

Since (2.6) and (2.7), we obtain that

A+
k + C+k (0) = A

−
k + C−k (0) = 0.

This follows from (2.5) that

zk(t) =
ρk

B+k
√
k4 + 4m

(
eB

+
k t − 1

)
− ρk

B−k
√
k4 + 4m

(
eB
−
k t − 1

)
.
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Since the fact that uk(t) = z′k(t), we know that

uk(t) =
ρke
B+k t

√
k4 + 4m

− ρke
B−k t

√
k4 + 4m

=
ρk√

k4 + 4m

(
exp

{(− k2 +√k4 + 4m
)

2
t
}

− exp
{(− k2 −√k4 + 4m

)
2

t
})
·

Under the condition uk(M) = gk, we derive that

gk =
ρk√

k4 + 4m

(
exp

{(− k2 +√k4 + 4m
)

2
t
}

− exp
{(− k2 −√k4 + 4m

)
2

t
})
·

Thus, we derive that

ρ(x) =
∞∑
k=1

√
k4 + 4m

exp
{(−k2+√k4+4m

2

)
M
}
− exp

{(−k2−√k4+4m
2

)
M
}〈g, ξk〉ξk(x). (2.8)

22 Ill-posedness

In the following, we provide an example of which shows that the function (2.8) does not
depend continuously on the given data g. For n ∈ N∗, we set

g̃n(x) =
1√
n
ξn(x). (2.9)

Combining (2.8) and (2.9), we get that

ρn(x) =

√
n4 + 4m

exp
{(−n2+

√
n4+4m
2

)
M
}
− exp

{(−n2−
√
n4+4m
2

)
M
} 1√

n
ξn(x).

It is obvious to see that ∥∥g̃n∥∥
L2(Ω)

=
1√
n
→ 0, n→ +∞, (2.10)

and ∥∥ρn∥∥
L2(Ω)

=

√
n4 + 4m

exp
{(−n2+

√
n4+4m
2

)
M
}
− exp

{(−n2−
√
n4+4m
2

)
M
} 1√

n
.

It is easy to check that

−n2 +
√
n4 + 4m

2
=

2m

n2 +
√
n4 + 4m

≤ 2m,
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This leads to

exp
{(−n2 +√n4 + 4m

2

)
M
}
− exp

{(−n2 −√n4 + 4m

2

)
M
}
≤ exp

{
2mM

}
·

Since two latter estimates, we find that

‖ρn‖L2(Ω) ≥
2
√
n4 + 4m

exp
{
2mM

} →∞ when n→∞. (2.11)

Combining (2.10) and (2.11), the inverse source problem (1.1) is ill-posed in the sense of
Hadamard.

23 Conditional stability of source term f

It is easy to see that

√
k4 + 4m

exp
{(−k2+√k4+4m

)
2 M

}
− exp

{(−k2−√k4+4m
)

2 M
} =

√
k4 + 4m exp

{
k2

2 M
}

exp
{√

k4+4m
2 M

}
− 1

= exp
{(k2 −√k4 + 4m

)
2

M
}√k4 + 4m exp

{√
k4+4m
2 M

}
exp

{√
k4+4m
2 M

}
− 1

.

We have

k2 −
√
k4 + 4m

2
≤ 0,

Therefore

exp
{(k2 −√k4 + 4m

)
2

M
}
≤ 1.

We derive that

exp
{√

k4+4m
2 M

}
exp

{√
k4+4m
2 M

}
− 1

=
1

1− exp
{
−
√
k4+4m
2 M

} ≤ 1

1− exp
{
−M

√
1+4m
2

} ·
From some above observations, we deduce that

√
k4 + 4m

exp
{(−k2+√k4+4m

)
2 M

}
− exp

{(−k2−√k4+4m
)

2 M
}

≤
√
k4 + 4m

1− exp
{
−M

√
1+4m
2

} ≤ √
1 + 4m

1− exp
{
−M

√
1+4m
2

} k2.
In this section, we introduce conditional stability by the following theorem.
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Theorem 2.1 Let ‖ρ‖H2τ (D) ≤ E1, for E1 > 0 then∥∥ρ∥∥
L2(D) ≤ C(m,M)

τ
τ+1E

1
τ+1

1 ‖g‖
τ
τ+1

L2(D).

Next, we assume that
∥∥ρ∥∥

β,exp
≤ E2, β > 0 then we have

∥∥ρ∥∥
β,exp

≤ C(m,M)
β
β+1E

1
β+1

2 ‖g‖
β
β+1

L2(D).

Proof. Combining (2.8) and Hölder inequality, we have:

∥∥ρ∥∥2
L2(D) =

∞∑
k=1

√
k4 + 4m

exp
{(−k2+√k4+4m

2

)
M
}
− exp

{(−k2−√k4+4m
2

)
M
}∣∣〈g, ξk〉∣∣2

≤
∞∑
k=1

√
k4 + 4m

exp
{(−k2+√k4+4m

2

)
M
}
− exp

{(−k2−√k4+4m
2

)
M
}∣∣〈g, ξk〉∣∣ 2

τ+1
∣∣〈g, ξk〉∣∣ 2τ

τ+1

≤
( ∞∑
k=1

(√
k4 + 4m

)2τ ∣∣〈ρ, ξk〉∣∣2∣∣∣( exp{(−k2+√k4+4m
2

)
M
}
− exp

{(−k2−√k4+4m
2

)
M
})∣∣∣2τ

) 1
τ+1

‖g‖
2τ
τ+1

L2(D).

This inequality leads to

∥∥ρ∥∥2
L2(D) =

( ∞∑
k=1

(√
k4 + 4m

)2τ ∣∣〈ρ, ξk〉∣∣2∣∣∣( exp{(−k2+√k4+4m
2

)
M
}
− exp

{(−k2−√k4+4m
2

)
M
})∣∣∣2τ

) 1
τ+1

‖g‖
2τ
τ+1

L2(D)

≤
( √

1 + 4m

1− exp
{
−M

√
1+4m
2

}) 2τ
τ+1 ‖g‖

2τ
τ+1

L2(D)

( ∞∑
k=1

k4τ
∣∣〈ρ, ξk〉∣∣2) 1

τ+1

≤ C(m,M)
2τ
τ+1 ‖ρ‖

2
τ+1

H2τ (D)‖g‖
2τ
τ+1

L2(D), where C(m,M)

=

√
1 + 4m

1− exp
{
−M

√
1+4m
2

} ·
3 Exponential Tikhonov Regularization method

From now on, we denote

Fk(m,M) =
exp

{(−k2 +√k4 + 4m

2

)
M
}
− exp

{(−k2 −√k4 + 4m

2

)
M
}

√
k4 + 4m

· (3.1)

We know that retrieving the source ρ(x) from formula (2.8) is ill-posed. Next, we use an
exponential Tikhonov regularization method to solve 1.1, and present the corresponding
convergence estimates under a-priori and a-posterior regularization parameter choice rules.
We define a linear forward operator K : L2(D)→ L2(D) as follows

(Kρ)(x) :=
∞∑
k=1

gkξk(x). (3.2)
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Thus, Eq. (3.2) is rewritten as

Kρ = g. (3.3)

Obviously, K : L2(D) → L2(D) is a linear self-conjugate compact operator, and operator
equation (3.3) is ill-posed, see [1]. In order to stably reconstruct the source ρ(x) from the
noisy data gε(x) of g(x), with an exponential penalty, we minimize the following Tikhonov
regularization functional :

J(f) =
∥∥Kρ− gε∥∥2L2(D) + γ(ε)‖ρ‖2β,exp, (3.4)

whereby γ(ε) ∈ R+ is a regularization parameter. Similarly, the exponential Tikhonov
functional (3.4) has a unique minimizer in L2(D). Let ργ,βε be the unique minimizer of
exponential Tikhonov functional (3.4), then we get

K∗Kργ(ε),βε + γ(ε) exp(k2β)ργ(ε),βε = K∗gε. (3.5)

From (3.5), we obtain

ργ(ε),βε (x) =

∞∑
k=1

Fk(m,M)∣∣Fk(m,M)
∣∣2 + γ(ε) exp(k2β)

〈
gε, ξk

〉
ξk(x),

31 A priori parameter choice rule

Theorem 3.1 Let ργ(ε),βε (x) be the regularization solution with respect to the noise data
gε(x) and the noise assumption

∥∥gε − g∥∥L2(D) ≤ ε be held.

– Under case of β ≤ 0, assume that ‖ρ‖H2τ (D) ≤ E1, one has the convergence estimate

– If τ > 2, the choice γ(ε) = ε
2
3 , we have∥∥ργ(ε),βε − ρ

∥∥
L2(D) ≤ (C + C3E1) ε

2
3 .

– If τ ∈ (0, 2], the choice γ(ε) = ε
2
τ+1 , then we get∥∥ργ(ε),βε − ρ
∥∥
L2(D) ≤ (C + C4E1) ε

τ
τ+1 .

where C3, and C4 are defined in the (3.8) and (3.9)

– Under case of β > 0:suppose that ‖ρ‖β,exp ≤ E2, we choice γ(ε) = ε
16+8β
3(4+2β) yields the

convergence estimate ∥∥ργ(ε),βε − ρ
∥∥
L2(D) ≤ C5ε

β
β+2 + C8E2ε

1
3 .

where C5 is defined in above the formula (3.10).

Proof. From (3.1), it follows that

C1
k2
≤ Fk(m,M) ≤ C2

k2
,

inwhich C1 =
1−exp{−M

√
1+4m
2
}√

1+4m
, C2 = exp{2mM}. By the triangular inequality, one has∥∥ργ(ε),βε − ρ

∥∥
L2(D) ≤

∥∥ργ(ε),βε − ργ(ε),β
∥∥
L2(D) +

∥∥ργ(ε),β − ρ∥∥
L2(D). (3.6)
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– For β ≤ 0, the first term on the right-hand side of inequality (3.6) has

∥∥ργ(ε),βε − ργ(ε),β
∥∥2
L2((D)) =

∥∥∥ ∞∑
k=1

Fk(m,M)∣∣Fk(m,M)
∣∣2 + γ(ε) exp(k2β)

〈
gε − g, ξk

〉∥∥∥2
L2((D))

≤
∞∑
k=1

∣∣∣∣∣ C2
k2

C21
k4

+ γ(ε) exp(0)

∣∣∣∣∣
2 ∣∣〈gε − g, ξk〉∣∣2

≤ C22 sup
k∈N

∣∣∣∣ k2

C21 + γ(ε)k4

∣∣∣∣2 ∞∑
k=1

∣∣〈gε − g, ξk〉∣∣2
≤
(
C2
2C1

)2 ε2

γ(ε)
· (3.7)

It follows that ∥∥ργ(ε),βε − ργ(ε),β
∥∥
L2(D) ≤ C

ε√
γ(ε)
·

where C =
( C2
2C1

)
. The second term on the right-hand side of inequality (3.6) has

∥∥ργ(ε),β − ρ∥∥2
L2(D)

=

∥∥∥∥∥
∞∑
k=1

(
Fk(m,M)∣∣Fk(m,M)
∣∣2 + γ(ε) exp(k2β)

− 1

Fk(m,M)

)∣∣〈g, ξk〉∣∣
∥∥∥∥∥
2

L2(D)

=

∥∥∥∥ ∞∑
k=1

−γ(ε) exp(k2β)∣∣Fk(m,M)
∣∣2 + γ(ε) exp(k2β)

〈
f, ξk

〉∥∥∥∥2
L2(D)

≤
∞∑
k=1

(
γ(ε) exp(k2β)(C1

k2

)2
+ γ(ε) exp(k2β)

)2∣∣〈f, ξk〉∣∣2
=
∞∑
k=1

(
γ(ε)k4 exp(k2β)

C21 + γ(ε)k4 exp(k2β)

)2 ∣∣〈f, ξk〉∣∣2
≤
∞∑
k=1

(
γ(ε)k4−2τ exp(1)

C21 + γ(ε)k4

)2

k4τ
∣∣〈f, ξk〉∣∣2

≤
(
sup
k∈N

γ(ε)k4−2τ exp(1)

C21 + γ(ε)k4

)2 ∞∑
k=1

k4τ
∣∣〈f, ξk〉∣∣2.

We present two cases as follows:
– Under case τ ≥ 2, we know that

sup
k∈N

γ(ε)k4−2τ exp(1)

C21 + γ(ε)k4
≤ C3γ(ε), C3 =

exp(1)

C21
· (3.8)

– Under case τ < 2, we get

sup
k∈N

γ(ε)k4−2τ exp(1)

C21 + γ(ε)k4
≤ sup

z>0

exp(1)z4−2τ

C21 + γ(ε)z4
γ(ε) ≤ C4[γ(ε)]

τ
2 . (3.9)
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where by C4 = C−τ1 exp(1)
(2− τ

2

)(2− τ
τ

)− τ
2

.

In case 0 < γ(ε) < 1 one has

∥∥ργ(ε),β − ρ∥∥
L2(D) ≤

{
C3E1γ(ε), τ ≥ 2,

C4E2[γ(ε)]
τ
2 , 0 < τ < 2,

where C3, and C4 are defined in the (3.8) and (3.9). Placing the above together yields that

– If τ > 2, we choice γ(ε) = ε
2
3 , we receive∥∥ργ(ε),βε − ρ
∥∥
L2(D) ≤ C

ε√
γ(ε)

+ C3E1γ(ε).

This leads to ∥∥ργ(ε),βε − ρ
∥∥
L2(D) ≤ (C + C3E1) ε

2
3 .

– If τ ∈ (0.2], we choice γ(ε) = ε
2
τ+1 , we receive∥∥ργ(ε),βε − ρ
∥∥
L2(D) ≤ C

ε√
γ(ε)

+ C4E2[γ(ε)]
τ
2 .

This leads to ∥∥ργ(ε),βε − ρ
∥∥
L2(D) ≤ (C + C4E2) ε

τ
τ+1 .

– For β > 0, the first term on the right-hand side of inequality (3.6) has

∥∥ργ(ε),βε − ργ(ε),β
∥∥2
L2(D) =

∥∥∥∥∥
∞∑
k=1

Fk(m,M)∣∣Fk(m,M)
∣∣2 + γ(ε) exp (k2β)

〈
gε − g, ξk

〉∥∥∥∥∥
2

L2(D)

≤
∞∑
k=1

∣∣∣∣∣ C2
k2

C21
k4

+ γ(ε) exp(k2β)

∣∣∣∣∣
2 ∣∣〈gε − g, ξk〉∣∣2

≤ C22 sup
k∈N

∣∣∣∣ k3

C21 + γ(ε)k4+2β

∣∣∣∣2 ∞∑
k=1

∣∣〈gε − g, ξk〉∣∣2
≤
∣∣∣3 3

4+2β (1 + 2β)
1+2β
4+2β

C
1+2β
2+β

1 (4 + 2β)

[γ(ε)]
− 3

4+2β

∣∣∣2ε2.

Thus there exists C5 =
3

3
4+2β (1 + 2β)

1+2β
4+2β

C
1+2β
2+β

1 (4 + 2β)

such that

∥∥ργ(ε),βε − ργ(ε),β
∥∥
L2(D) ≤ C5

ε

γ(ε)
3

4+2β

. (3.10)
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The second term on the right-hand side of inequality (3.6) has

∥∥ργ(ε),β − ρ∥∥2
L2(D) =

∥∥∥∥∥
∞∑
k=1

( Fk(m,M)∣∣Fk(m,M)
∣∣+ γ(ε) exp(k2β)

− 1

Fk(m,M)

)〈
g, ξk

〉∥∥∥∥∥
2

L2(D)

=

∥∥∥∥∥
∞∑
k=1

−γ(ε) exp
(
k2β
)∣∣Fk(α,L)∣∣2 + γ(ε) exp(k2β)

〈
f, ξk

〉∥∥∥∥∥
2

L2(D)

=
∞∑
k=1

γ(ε)2 exp(k2β)(∣∣Fk(m,M)
∣∣2 + γ(ε) exp(k2β)

)2 exp(k2β)∣∣〈f, ξk〉∣∣2

≤
(
sup
k∈N

γ(ε) exp
(
k2β

2

)
∣∣Fk(α,L)∣∣2 + γ(ε) exp(k2β)

)2 ∞∑
k=1

exp(k2β)
∣∣〈f, ξk〉∣∣2.

Obviously, there exists an integer k0 > 0 such that k4 ≤ exp(k2β) for k ≥ k0.
– The case of k ≥ k0 we can derive that

γ(ε) exp
(
k2β

2

)
∣∣Fk(m,M)

∣∣2 + γ(ε) exp(k2β)
≤

γ(ε) exp
(
k2β

2

)
C21
k4

+ γ(ε) exp(k2β)
≤
γ(ε) exp

(
k2β

2 + k2β
)

C21 + γ(ε) exp (2k2β)

≤ sup
z>0

γ(ε)z3

C21 + γ(ε)z4
≤ C6[γ(ε)]

1
4

where C6 = 3
3
4

4C1 .
– The case of k ≤ k0 we have

γ(ε) exp
(
k2β

2

)
∣∣Fk(m,M)

∣∣2 + γ(ε) exp(k2β)
≤

γ(ε) exp
(
k2β

2

)
C21
k4

+ γ(ε) exp(k2β)
≤
γ(ε) exp

(k2β0
2

)
C21
k40

≤ C7γ(ε).

whereby C7 = C−21 k40 exp
(k2β0

2

)
.

Combining the above two cases yields that∥∥ργ(ε),β − ρ∥∥
L2(D) ≤ C8E2γ(ε).

For 0 < γ(ε) < 1, where C8 = max
{
C6, C7

}
. Therefore, we have∥∥ργ(ε),βε − ρ

∥∥
L2(D) ≤

∥∥ργ(ε),βε − ργ(ε),β
∥∥
L2(D) +

∥∥ργ(ε),β − ρ∥∥
L2(D)

= C5
ε

γ(ε)
3

4+2β

+ C8E2γ(ε)
1
4 .

By choosing γ(ε) = ε
16+8β
3(4+2β) yields∥∥ργ(ε),βε − ρ

∥∥
L2(D) ≤ C5ε

β
β+2 + C8E2ε

1
3 .

The proof is completed.
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32 An a posteriori parameter choice rule

Theorem (3.1) offers an a priori approach for choosing regularization parameters, but it ne-
cessitates knowing the precise regularity of the exact solution ρ(x) before choosing. How-
ever, the regularity of ρ(x) is not well understood in many real-world circumstances. There-
fore, it is necessary to research posterior techniques for selecting regularization parameters.
Here, we choose the regularization parameters based on the Morozov discrepancy principle
[29,28], and we give estimates of the convergence of the regularization solutions. Accord-
ing to the Morozov principle, the regularization parameter γ(ε) is selected as the solution
to the discrepancy equation. ∥∥Kργ(ε),βε − gε

∥∥
L2(D) = υε, (3.11)

where υ > 1 is a given constant. The solvability of the discrepancy equation (3.11) is
guaranteed by the following lemma for 0 < υε < ‖gε‖L2(D).

Lemma 3.1 Let gε ∈ L2(D) and Ξ(γ(ε)) =
∥∥Kfγ(ε),βε − gε

∥∥2
L2(D). Then the following

results hold:

– Ξ(γ(ε)) is a continuous function;
– limγ(ε)→0Ξ(γ(ε)) = 0, limγ(ε)→∞Ξ(γ(ε)) = ‖gε‖2L2(D);
– Ξ(γ(ε)) is a strictly increasing function for γ(ε) ∈ (0,∞).

Proof. We have

Ξ(γ(ε)) =
∞∑
k=1

∣∣∣ γ(ε) exp(k2β)∣∣Fk(m,M)
∣∣2 + γ(ε) exp(k2β)

∣∣∣2∣∣〈gε, ξk〉∣∣2 ≤ ∞∑
k=1

∣∣∣〈gε, ξk〉∣∣∣2 < +∞,

(3.12)

which implies that Ξ(γ(ε)) is continuous on [0,+∞).

Theorem 3.2 Suppose that the observed data gε(x) satisfies (1.3), and 0 < υε < ‖gε‖ for
υ > 1. Let ργ(ε),βε be the exponential regularization solution in which the regularization
parameter γ(ε) is selected by the Morozov’s discrepancy principle (3.11).

1 For β ≤ 0, there exists E1 > 0 such that ‖ρ‖H2τ (D) ≤ E1, then we get
– In case τ ≥ 1, we have

∥∥ργ(ε),βε − ρ
∥∥
L2(D) ≤

(
C1
( C3E1
τ − 1

) 1
2
+ (C(α,L))

2τ
τ+1E

1
τ+1

1 (1 + υ)
τ
τ+1

) 1
2

ε
1
2 .

(3.13)

– In case τ ∈ (0, 1), we have

∥∥ργ(ε),βε − ρ
∥∥
L2(D) ≤

(
C1
(
C4E1
τ − 1

) 1
τ+1

+ (C(α,L))
2τ
τ+1E

1
τ+1

1 (1 + υ)
τ
τ+1

)
ε

τ
τ+1 .

(3.14)

2 For β > 0, there exists E2 > 0 such that ‖ρ‖β,exp ≤ E2, then we get∥∥ργ(ε),βε − ρ
∥∥
L2(D) ≤

(
C(α,L)

) 2τ
τ+2 (2E2)

2
γ+2 (1 + υ)

τ
τ+2 ε

τ
τ+2 . (3.15)
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Proof. – For β ≤ 0. The discrepancy principle (3.11) for choosing the regularization
parameter β yields that

υε =
∥∥Kργ(ε),βε − gε

∥∥
L2(D)

=

∥∥∥∥ ∞∑
k=1

( ∣∣Fk(m,M)
∣∣2∣∣Fk(m,M)

∣∣2 + γ(ε) exp(k2β)
− 1

)〈
gε, ξk

〉∥∥∥∥
L2(D)

≤ ε+
∥∥∥ ∞∑
k=1

γ(ε) exp(k2β)∣∣Fk(α,L)∣∣2 + γ(ε) exp(k2β)

〈
gε, ξk

〉∥∥∥
L2(D)

. (3.16)

It follows that

[(υ − 1)ε
]2 ≤ ∥∥∥∥∥

∞∑
k=1

µ exp(k2β)∣∣Fk(α,L)∣∣2 + γ(ε) exp(k2β)

∣∣〈g, ξk〉∣∣
∥∥∥∥∥
2

L2(D)

=
∞∑
k=1

(
γ(ε) exp(k2β)k−2τFk(m,M)

|Fk(α,L)|2 + γ(ε) exp(k2β)

)2

k4τ
∣∣〈f, ξk〉∣∣2

≤
(
sup
k∈N

γ(ε) exp(1)k4−2τ

C21 + γ(ε)k4

)2 ∞∑
k=1

k4τ
∣∣〈f, ξk〉∣∣2. (3.17)

It is easy to see that

sup
k∈N

γ(ε) exp(1)k4−2τ

C21 + γ(ε)k4
≤ C3γ(ε), for τ ≥ 1 ,

and

sup
k∈N

γ(ε) exp(1)k4−2τ

C21 + γ(ε)k4
≤ C4γ(ε)

τ
2 , for 0 < τ < 1. (3.18)

Combining (3.16) to (3.18), it yields

– If τ ≥ 1, by choosing [γ(ε)]−
1
2 ≤

(
C3E1
τ−1

) 1
2
ε−

1
2 , then we have∥∥ργ(ε),βε − ργ(ε),β

∥∥
L2(D) ≤ C1

( C3E1
τ − 1

) 1
2
ε
1
2 .

– If τ ∈ (0, 1), by choosing [γ(ε)]−
1
2 ≤

(
C4E1
τ−1

) 1
p+1

ε−
1
τ+1 , then we get∥∥ργ(ε),βε − ργ(ε),β

∥∥
L2(D) ≤ C1

( C4E1
τ − 1

) 1
τ+1

ε
τ
τ+1 .

On the other hand, we have∥∥ργ(ε),β − ρ∥∥2Hτ (D) =
∥∥∥∥∥
∞∑
k=1

(
Fk(m,M)∣∣Fk(m,M)
∣∣2 + γ(ε) exp(k2β)

− 1

Fk(m,M)

)∣∣〈g, ξk〉∣∣
∥∥∥∥∥
2

Hτ (D)

=

∞∑
k=1

(
Fk(m,M)∣∣Fk(m,M)
∣∣2 + γ(ε) exp(k2β)

− 1

Fk(m,M)

)2

k4τ
∣∣〈g, ξk〉∣∣2

=
∞∑
k=1

(
γ(ε) exp(k2β)∣∣Fk(m,M)
∣∣2 + γ(ε) exp(k2β)

)2

k4τ
∣∣〈f, ξk〉∣∣2 ≤ ∞∑

k=1

k4τ
∣∣〈f, ξk〉∣∣2 ≤ E21 .

(3.19)
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Next, one has

K
(
ργ(ε),β − ρ

)
=
∞∑
k=1

Fk(m,M)

(
Fk(m,M)∣∣Fk(m,M)
∣∣2 + γ(ε) exp(k2β)

− 1

Fk(m,M)

)〈
g, ξk

〉
ξk(x)

=
∞∑
k=1

−γ(ε) exp(k2β)∣∣Fk(m,M)
∣∣2 + γ(ε) exp(k2β)

〈
g, ξk

〉
ξk(x)

=
∞∑
k=1

−γ(ε) exp(k2β)∣∣Fk(m,M)
∣∣2 + γ(ε) exp(k2β)

〈
gε − g, ξk

〉
ξk(x)

+
∞∑
k=1

−γ(ε) exp(k2β)∣∣Fk(α,L)∣∣2 + γ(ε) exp(k2β)

〈
gε, ξk

〉
ξk(x)

≤ ε+ υε = ε(1 + υ).

The conditional stability estimate in Theorem 2.1, we obtain

∥∥ργ(ε),β − ρ∥∥
L2(D) ≤ (C(m,M))

2τ
τ+1E

1
τ+1

1 (1 + υ)
τ
τ+1 ε

τ
τ+1 . (3.20)

By combining (3.19) with (3.20), the assertion of the theorem is proved for the case of
β ≤ 0.

– For β > 0. Since ργ(ε),βε is the exponential regularization solution, it gives∥∥Kργ(ε),βε − gε
∥∥2
L2(D) + γ(ε)

∥∥ργ(ε),βε

∥∥2
β,exp

≤
∥∥Kρ− gε∥∥2L2(D) + γ(ε)‖ρ‖2γ(ε),exp

=
∥∥g − gε∥∥2L2(D) + γ(ε)‖ρ‖2β,exp.

The discrepancy principle (3.11) for choosing the regularization parameter β directly
yields that ∥∥ργ(ε),βε

∥∥2
β,exp

≤ ‖ρ‖2β,exp + β−1
(
1− υ2

)
ε2 ≤

∥∥ρ∥∥2
β,exp

≤ E22 .

Thereby, one has∥∥ργ(ε),βε − ρ
∥∥
β,exp

≤
∥∥ργ(ε),βε

∥∥
β,exp

+
∥∥ρ∥∥

β,exp
≤ 2E2.

On the other hand, we have∥∥Kργ(ε),βε − g
∥∥
L2(D) ≤

∥∥Kργ(ε),βε − gε
∥∥
L2(D) +

∥∥gε − g∥∥L2(D) ≤ υε+ ε = (1 + υ)ε.

From the latter conditional stability in Theorem 1, we obtain

∥∥ργ(ε),βε − ρ
∥∥
L2(D) ≤

(
C(m,M)

) 2τ
τ+2
∥∥ργ(ε),βε − ρ

∥∥ 2
τ+2

β,exp

∥∥K(ργ(ε),βε − ρ
)∥∥ τ

τ+2

≤
(
C(m,M)

) 2τ
τ+2 (2E2)

2
τ+2 (1 + υ)

τ
τ+2 ε

τ
τ+2 .

The proof is completed.
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