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Abstract. This paper introduces uniform analogues of strongly paracompact and Lindelöf spaces and
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1 Introduction

As it is known the strong paracompactness and Lindelöfness play an important role in
General Topology. Therefore, the search of uniform analogues of strong paracompactness
and Lindelöfness is an important and interesting problem in the theory of uniform spaces.
The uniformization problem of the topological spaces theory, i.e. finding and studying
of uniform analogues of classes of topological spaces and continuous mappings is rel-
evant. Important properties of the compactness type of topological spaces include para-
compact, strongly paracompact, and Lindelöf spaces.There are various approaches to the
definition of uniform paracompactness, strongly uniform paracompactness, and uniform
Lindelöf property of uniform spaces. For example, uniformly R-paracompact [1], uni-
formly B-paracompact [2], uniformly F -paracompact [3], uniformly P -paracompact [4],
strongly uniformlyA-paracompact [5], uniformlyB-Lindelöf [2], and uniformly I-Lindelöf
spaces [6].

In the works [11]-[22] the most important properties of uniformly paracompact topolog-
ical groups and metric spaces, uniformly para-Lindelöf, uniformly Hypocompact, countably
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uniformly paracompact, uniformly superparacompact, uniformly completely paracompact
and strongly uniformly paracompact spaces were obtained.

In the works [23]-[30] paracompact-types of uniform spaces and uniformly continuous
mappings were studied.

In this paper we study other variants of strongly uniformly paracompact and uniformly
Lindelöf spaces, namely, strongly uniformlyR-paracompact, strongly uniformlyB-paracom-
pact, strongly uniformly P -paracompact and uniformly R-Lindelöf spaces.

2 Preliminaries and Denotations

Throughout this paper all uniform spaces are assumed to be Hausdorff, mappings are uni-
formly continuous. For covers α and β of the setX , the symbol α � β means that the cover
α is a refinement of the cover β, i.e. for any A ∈ α there exists B ∈ β such that A ⊂ B
and, for covers α and β of a set X , we have: α ∧ β = {A ∩ B : A ∈ α,B ∈ β} . The
cover α finitely additive if α∠ = α, α∠ = {∪α0 : α0 ⊂ α is finite}, α(x) = ∪St(α, x),
x ∈ X , α(H) = ∪St(α,H), H ⊂ X . A cover α of the uniform space (X,U) is called
uniformly star finite, if there exists a uniform cover β ∈ U such that every α(B) meets α
only for a finite number of elements of α [2]; a uniform space (X,U) is called uniformly
R-paracompact, if every open cover of (X,U) has a uniformly locally open refinement [1];
a uniform space (X,U) is called uniformly B-paracompact, if for each finitely additive
open cover γ of (X,U) there exists sequence uniform cover {αi : i ∈ N} ⊂ U , such
that following condition is fulfilled: for each point x ∈ X there exist a number i ∈ N
and Γ ∈ γ such that αi(x) ⊂ Γ (BP) [2]; a uniform space (X,U) is called uniformly P -
paracompact, if for each open cover γ of (X,U) there exists a sequence of uniform covers
{αi : i ∈ N} ⊂ U such that the condition (BP) is fulfilled [4]; a uniform space (X,U)
is called uniformly B-Lindelöf, if it is both uniformly B-paracompact and ℵ0-bounded [2];
a uniform space (X,U) is called ℵ0-bounded, if the uniformity U has a base consisting
of countable covers [2]; a uniform space (X,U) is called uniformly locally Lindelöf, if the
uniformity U contains a uniform cover, the closure of each its element is Lindelöf [4]; a
uniformly continuous mapping f : (X,U) → (Y, V ) of uniform space (X,U) onto a uni-
form space (Y, V ) is called precompact, if for each α ∈ U there exist a uniform cover
β ∈ V and finite uniform cover γ ∈ U such that f−1β ∧ γ � α [2]; a uniformly continuous
mapping f : (X,U) → (Y, V ) of uniform space (X,U) onto a uniform space (Y, V ) is
called uniformly perfect, if it is both precompact and perfect [2]; a uniformly continuous
mapping f : (X,U) → (Y, V ) of uniform space (X,U) onto a uniform space (Y, V ) is
called uniformly open, if f maps each open uniform cover α ∈ U to an open uniform cover
fα ∈ V [2]. A uniformly continuous mapping f : (X,U) → (Y, V ) of uniform space
(X,U) onto a uniform space (Y, V ) is called strongly uniformly open, if for each α ∈ U
there exists β ∈ V such that f(α(x)) ⊃ β(f(x)) for any x ∈ X [2]. τU is the topology
generated by the uniformity U and UX denotes the universal uniformity.

3 Strongly uniformly paracompact and uniformly Lindelöf spaces

A uniform space (X,U) is called strongly uniformly R-paracompact, if every open cover
of (X,U) has a uniformly star finite open refinement.

If a uniform space (X,U) is strongly uniformly R-paracompact, then the topological
space (X, τU ) is strong paracompact. Conversely, if a Tychonoff space (X, τ) is strongly
paracompact, then the uniform space (X,UX), where UX is the universal uniformity, is
strongly uniformly R-paracompact. Indeed, let α be an arbitrary open cover of the space
(X, τU ). Then there exists a uniformly star finite open cover β refines α. Since every uni-
formly star finite open cover is a star finite open cover, then the cover β is a star finite one.
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Thus, the space (X, τU ) is strongly paracompact; conversely, let space (X, τ) be strongly
paracompact. Then the set of all open covers form the base of the universal uniformity
UX of the space (X, τ). It is evident that the uniform space (X,UX) is strongly uniformly
R-paracompact.

Theorem 3.1 Let (X,U) be a uniform space, bX be its an arbitrary compactification. A
uniform space (X,U) is strongly uniformly R-paracompact if and only if for any com-
pactumK ⊂ bX\X there exists a uniformly star finite open cover α such that [A]bX ∩K =
∅ for all A ∈ α.

Proof. Necessity. Let (X,U) be a strongly uniformly R-paracompact space and K ⊂
bX\X be an arbitrary compactum. Then for each point x ∈ X there exists an open neigh-
borhood Ox in bX such that [Ox]bX ∩ K = ∅. Assume β = {Ox ∩ X : x ∈ X}. It is
evident that β is the open cover of a space (X,U). A uniformly star finite open cover γ is a
refinement of β. Then [Γ ]bX ∩K = ∅ for any Γ ∈ γ.

Sufficiency. Let α be an arbitrary open cover of a space (X,U). Then there exists open
family β in bX such that β∧{X} = α. We putK = bX\∪β. Then for compactumK there
exists uniform star finite open cover γ such that [Γ ]bX ∩K = ∅ for any Γ ∈ γ. Since the

set [Γ ]bX is compactum there are B1, B2, ..., Bn ∈ β such that [Γ ]bX ⊂
n
∪
i=1

Bi. Therefore

Γ ⊂
n
∪
i=1

Ai, where
n
∪
i=1

Ai ∈ α. Hence, (X,U) is a strongly uniformly R-paracompact
space.

The following theorem is an inner characterization for strongly uniformlyR-paracompact
spaces.

Theorem 3.2 For uniform space (X,U) the following are equivalent:

1) (X,U) is strongly uniformly R-paracompact;
2) (X,U) is uniformly R-paracompact and topological space (X, τU ) is strongly para-

compact.

Proof. 1)⇒ 2). It is evident.
2) ⇒ 1). Let α be an arbitrary open cover of a uniform space (X,U). Since the topo-

logical space (X, τU ) is strongly paracompact, then there exists a star finite open cover β is
a refinement of α.Moreover, (X,U) is uniformly R-paracompact there is a uniformly local
finite open cover γ, that refines β. We show that β is a uniformly star finite cover. Since
a cover γ is uniformly locally finite, then there exists a uniform cover λ ∈ U such that
St(L, γ) is finite for any L ∈ λ. Let L ∈ λ be an arbitrary element. Since γ � β, then for
any G ∈ St(L, γ) there exists B ∈ β such that G ⊂ B. By the star finite of β we have that
St(B, β) is finite, and moreover St(G, β) is finite for any G ∈ St(L, γ). Hence, St(L, β)
is finite for any L ∈ λ. β(L) meets only finite number of elements of the cover β, in that β
is a star finite cover. Thus, a uniform space (X,U) is uniformly R-paracompact.

Theorem 3.3 For locally compact space (X,U) the following are equivalent:

1) (X,U) is uniformly locally compact;
2) (X,U) is strongly uniformly R-paracompact.

Proof. 1)⇒ 2) follows from Theorem 3.2.
2) ⇒ 1). From local compactness of a space (X,U) it follows that for each point

x ∈ X there exists an open neighborhood Ox such that [Ox] is compact. A family α =
{Ox : x ∈ X} forms an open cover of (X,U). A uniformly star finite open cover β refines

α. Each B ∈ β in some set
n
∪
i=1

Oxi , hence by monotonity of the closure operator we have



120 About uniform analogues of strongly paracompact and Lindelöf spaces

[B] ⊂ [
n
∪
i=1

Oxi ], it means that [B] is compact. So, [β] = {[B] : B ∈ β} is a uniform cover

consisting of compact subsets. Therefore, (X,U) is uniformly locally compact.

Theorem 3.4 The uniform space (X,U) is strongly uniformly R-paracompact if and only
if every finitely open cover of (X,U) has a uniformly star finite open refinement.

Proof. Necessity. Let (X,U) be a strongly uniformly R-paracompact space and α be an
arbitrary finitely additive open cover. Then there exists a uniformly star finite open cover
β of a space (X,U) such that β � α. Hence, a space (X,U) is strongly uniformly R-
paracompact.

Sufficiency. Suppose that uniformly star finite open cover can be refined in any finitely
additive open cover of a space (X,U). Let us show that (X,U) is strongly uniformly R-
paracompact space. Letα be an arbitrary open cover. By strongly uniformlyR-paracompact-
ness of (X,U) a uniformly star finite open cover β of (X,U) is a refinement of a finitely
additive open cover α∠. For each B ∈ β we choose AB ∈ α∠ such that B ⊂ AB , where
AB =

n
∪
i=1

Ai, Ai ∈ α, i = 1, 2, ..., n. Assume α0 =
⋃
{αB : B ∈ β}, αB = {B ∩Ai : i =

1, 2, ..., n}. Then α0 is uniformly star finite open cover of the space (X,U) refines an open
cover α. Hence, a space (X,U) is strongly uniformly R-paracompact.

Proposition 3.1 Real lineRwith the natural uniformity is a strongly uniformlyR-paracom-
pact space. Space Rn with the natural uniformity is strongly uniformly R-paracompact.

Proof. Let α be an arbitrary finitely additive open cover ofR. Assume β = {(n−1, n+1) :
n = 0,±1,±2, ...}. Then β is uniform star finite open cover of R, wherein [n − 1, n + 1]
is compactum. It means that there exists a finite family {A1, A2, ..., An}, Ai ∈ α, i =

1, 2, ..., n and (n − 1, n + 1) ⊂ [n − 1, n + 1] ⊂
n
∪
i=1

Ai. So, β � α∠ = α. Hence, R

with the natural uniformity is strongly uniformly R-paracompact space. The second part of
Proposition is proved by analogue.

Infinite discrete uniform space (X,UD), where UD is a discrete uniformity of a cardi-
nality τ ≥ ℵ0, is also strongly uniformly R-paracompact, but it is not a compact uniform
space.

Proposition 3.2 Every strongly uniformly R-paracompact space is complete.

Proof. It easy follows from that fact: Every uniformly R-paracompact space is complete.

Uniform space (X,U) is called strongly uniformly P -paracompact, if it is uniformly
P -paracompact and its topological space (X, τU ) is strongly paracompact space.

Uniform space (X,U) is called strongly uniformly B-paracompact, if it is uniformly
B-paracompact and its topological space (X, τU ) is a strongly paracompact space.

By the definitions of strong uniformR-paracompactness, strong uniformB-paracompact-
ness and strong uniform P -paracompactness it follows that any strongly uniformly R -
paracompact space is strongly uniformlyB-paracompact. Any strongly uniformlyP -paracom-
pact space is strongly uniformly B-paracompact.

Proposition 3.3 Every separably metrizable uniform space (X,U) is strongly uniformly
P -paracompact (strongly uniformly B-paracompact).

Proof. Let (X,U) be separably metrizable uniform space. Let α be an arbitrary (finitely
additive) open cover of the space (X,U). Since the space (X,U) is metrizable there exists
a countable base {αn} ⊂ U . Let x ∈ X be an arbitrary point. Then there is A ∈ α, such
that A 3 x. Since A is open, then there exists a number n ∈ N such that αn(x) ⊂ A.
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Hence it follows that (X,U) is uniformly P (B)-paracompact. Since (X,U) is separable
metrizable, then (X, τU ) is Lindelöf, i.e. it is strongly paracompact. So, the uniform space
(X,U) is strongly uniformly P (B)-paracompact.

In uniform topology the special interest is the question of identifying and studying those
uniform properties such that for any finitely additive open cover have a uniformly continu-
ous ω-mapping onto some metrizable space. A.A. Borubaev has studied this problem and
in one of the seminars he posed the following analogous problem: ”To find and investigate
those uniform spaces such in which for any (finitely additive) open cover has a uniformly
continuous ω-mapping onto some strongly paracompact metrizable space”.

Theorem 3.5 The uniform space (X,U) is strongly uniformly P -paracompact (strongly
uniformly B-paracompact) if and only if for each (finitely additive) open cover ω of space
(X,U) there exists a uniformly continuous ω-mapping f of the uniform space (X,U) onto
some strongly paracompact metrizable uniform space (Y, V ).

Proof. Necessity. Let (X,U) be a strongly uniformly P -paracompact (strongly uniformly
B-paracompact) space and ω is any (finitely additive) open cover of the space (X,U). Then
for ω there exists a normal sequence of uniform covers {αn}, that satisfies (BP )-condition.
For a normal sequence of uniform covers {αn} there exists a pseudometrics ρ on X such
that αn+1(x) ⊂ {y : ρ(x, y) < 1

2n+1 } ⊂ αn(x) for any x ∈ X and n ∈ N . For any
x, y ∈ X x ∼ y if and only if ρ(x, y) = 0. Let Y be the quotient of the set X , f : X → Y
be mapping of a setX into quotient set Yω. On the quotient set we define metric by the rule:
for any two y1, y2 ∈ Y assume ρ(y1, y2) = d(f−1y1, f

−1y2). It is clear, that the metric
ρ induces uniformity Vω on Yω and the mapping f : (X,U) → (Yω, Vω) is uniformly
continuous. Let y ∈ Y be an arbitrary chosen point and x be any point of f−1y. Then there
exist n ∈ N and L ∈ ω such that the star αn(x) in L. We suppose Uy = {y ∈ Y : σ(y, y) <

1
2n+2 }. Then f−1Uy ⊂ {x ∈ X : σ(x, x) ≤ 1

2n+1 } ⊂ αn(x) ⊂ L. So, f is an ω-mapping.
Sufficiency. Let for every (finitely additive) open cover ω of the space (X,U) there

exists uniformly continuous ω-mapping f of uniform space (X,U) onto some strongly
paracompact metrizable uniform space (Y, V ). We show that the uniform space (X,U)
is strongly uniformly P -paracompact (strongly uniformly B-paracompact). Let ω be an
arbitrary open (finitely additive) cover of the uniform space (X,U) and f be a uniformly
continuous mapping of uniform space (X,U) to strongly paracompact metrizable uniform
space (Y, V ). Then there exists a sequence of uniform covers {βn} of (Y, V ). Assume {αn},
where αn = f−1(βn). Clearly that {αn} is the sequence of uniform covers of (X,U). We
show that for each point x ∈ X there exists a number n ∈ N and W ∈ ω such that
αn(x) ⊂ W . Let x ∈ X be an arbitrary point. Then there exists Ux ∈ ω such that Ux � x.
Since the set Ux is open, then there exists a number n ∈ N such that αn(x) ⊂ Ux.

And now we prove, that (X, τU ) is a strongly paracompact space. It is sufficient to show
that is a refinement of any finitely additive open cover. Since the mapping f is ω-mapping,
then every point y ∈ Y has a neighborhood Uy, whose preimage f−1Uy is contained in
one element at least of the cover ω. Let {Uy : y ∈ Y }. Clearly, it is an open cover of the
space (Y, τV ), in which a star finite open cover β is a refinement. It is evident, that star
finite open cover f−1β refines the cover ω, i.e. the space (X, τU ) is strongly paracompact.
Thus, the uniform space (X,U) is strongly uniformly P -paracompact (strongly uniformly
B-paracompact).

This theorem is a uniform analogue of Dowker-Ponomarev-Fedorchuk-Shediva (Trnkova)
Theorem [8].

A uniform space Iτ × Dτ , τ > ℵ0, as the product of Tychonoff cube Iτ by a discrete
uniform spaceDτ , is strongly uniformlyB-paracompact, but it is not strongly uniformly P -
paracompact. Uniform space (Q,UQ) of rational number with the natural uniformity UQ is
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incomplete. So, it is not strongly uniformly R-paracompact, although its topological space
(Q, τUQ

) is strongly paracompact.
Strong uniformR-paracompactness, strong uniform P -paracompactness and strong uni-

form B-paracompactness are inherented by taking closed subspaces and by disjoint sums
of uniform spaces.

Proposition 3.4 Any uniformly locally compact space is strongly uniformlyR-paracompact
(strongly uniformly B-paracompact).

Proof. Let a uniform space (X,U) be uniformly locally compact. Then the topological
space (X, τU ) is locally compact and paracompact, i.e. strongly paracompact. By Theorem
3.2 the uniform space (X,U) is strongly uniformly R-paracompact (strongly uniformly
B-paracompact) space.

Proposition 3.4 is a uniform analogue of the Arhangelskii Theorem (see [7]): Any locally
compact group is strongly paracompact.

Proposition 3.5 Any uniformly R-paracompact (uniformly P -paracompact, uniformly B-
paracompact, respectively) space (X,U), its topological space is locally compact, is strongly
uniformlyR-paracompact (strongly uniformlyP -paracompact, strongly uniformlyB-paracom-
pact, respectively).

Proof. Let (X,U) be a uniformly R-paracompact (uniformly P -paracompact, uniformly
B-paracompact, respectively) space and its topological space (X, τU ) be locally compact.
Then the space (X, τU ) is paracompact. Hence, the topological space (X, τU ) is strongly
paracompact. Then by Theorem 3.2 the uniform space (X,U) is strongly uniformly R-
paracompact (strongly uniformly P -paracompact, strongly uniformly B-paracompact, re-
spectively).

Lemma 3.1 Every (uniformly) perfect mapping f : (X,U) → (Y, V ) between uniform
spaces (X,U) and (Y, V ) is a ω-mapping for any finitely additive open cover ω of the
space (X,U).

Proof. Let ω be an arbitrary open cover of the space (X,U). It is easy to see that a cover
α = {f−1y : y ∈ Y } refines the cover ω. For each f−1y ∈ α we choose Wy ∈ ω such that
f−1y ⊂ Wy. Then since the mapping f is closed there exists a neighborhood Oy � y such
that f−1Oy ⊂Wy.

Lemma 3.2 Let f : (X,U) → (Y, V ) be uniformly continuous mapping between uniform
spaces (X,U) and (Y, V ). If β is uniformly star finite open cover of the space (Y, V ), then
f−1β is uniformly star finite open cover of the space (X,U).

Proof. Let β be uniformly star finite open cover of the space (Y, V ). Then by uniform
continuity of a mapping f a cover f−1β is open in (X,U). Let γ ∈ V be a uniform cover

such that β(Γ ) meets only finite number of elements of β, i.e. β(Γ ) ⊂
n
∪
i=1

Bi. Hence,

f−1β(f−1Γ ) ⊂
n
∪
i=1

f−1Bi, where f−1Bi ∈ f−1β, f−1Γ ∈ f−1γ, f−1γ ∈ U . It means,

that f−1β is uniformly star finite open cover of the space (X,U).

Theorem 3.6 Let f : (X,U) → (Y, V ) be an ω-mapping between uniform spaces (X,U)
and (Y, V ). If the uniform space (Y, V ) is strongly uniformly R-paracompact, then the
space (X,U) is also strongly uniformly R-paracompact.
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Proof. Let ω be an arbitrary finitely additive open cover of the space (X,U). Then for each
point y ∈ Y there exists a neighborhood Oy � y such that Oy ⊂ W for some W ∈ ω.
Let β = {Oy : y ∈ Y }. Then there exists uniformly star finite open cover γ of the space
(Y, V ) such that γ � β. By Lemma 3.1 it follows that f−1γ is uniformly star finite open
cover of the space (X,U). Evidently that f−1γ � ω. Hence, (X,U) is strongly uniformly
R-paracompact.

Corollary 3.1 Strong uniform R-paracompactness is preserved by preimages of perfect
(uniformly perfect) mappings.

Strong uniformB-paracompactness is not a uniform invariant on uniformly perfect map-
pings. But the following uniform analogue of Hanai Theorem [10] takes place.

Theorem 3.7 The preimage of a strongly uniformly B-paracompact space under (uni-
formly) perfect mappings is strongly uniformly B-paracompact.

Proof. Let f : (X,U) → (Y, V ) be a perfect mapping of a uniform space (X,U) onto
a strongly uniformly B-paracompact uniform space (Y, V ) and ω be an arbitrary finitely
additive open cover of uniform space (X,U). Clearly that cover {f−1y : y ∈ Y } is refined
in cover ω. Since the mapping f is closed, it implies that β = {f#W : W ∈ ω} is finitely
additive open cover of uniform space (Y, V ), where a small image f#W = Y \f(X\W ).
Since the space (Y, V ) is strongly uniformly B-paracompact, then there exists a sequence
of uniform covers {βn} satisfying the next condition: for each point y ∈ Y there exists a
number n ∈ N and f#W of β such that βn(y) ⊂ f#W . It is easy to see that f−1β refines
the cover ω. Let x ∈ X be an arbitrary point. Then for point y ∈ Y there exists a number
n ∈ N and f#W of β such that βn(y) ⊂ f#W . Hence, there exists a uniform cover αn
such that fαn refines βn It is easy to see that the star αn(x) is contained in f−1(fαn(y)),
and the last is contained in f−1βn(y) and f−1βn(y) ⊂ W . Taking into account that f
is a perfect mapping, (X, τU ) is a strong paracompact space. So uniform space (X,U) is
strongly uniformly B-paracompact.

Corollary 3.2 The preimage of strongly uniformly P -paracompact space under (uniformly)
perfect mappings is strongly uniformly P -paracompact.

The following theorem is a uniform analogue of V.I. Ponomarev Theorem [9] on the
preservation of strong paracompactness by the image of open perfect mappings.

Theorem 3.8 The image of a strongly uniformly B-paracompact space under a strongly
uniformly open uniformly perfect mappings is strongly uniformly B-paracompact.

Proof. Let a uniform space (X,U) be strongly uniformly B-paracompact. Let λ be any
finitely additive open cover of uniform space (Y, V ). For finitely additive open cover α =
f−1λ there exists a sequence of uniform covers {αi} satisfying the condition: for any point
x ∈ X there exist index i ∈ N and A ∈ α such that αi(x) ⊂ A. Since the mapping
f : (X,U) → (Y, V ) is strongly uniformly open, then for each uniform cover αi there
exists a uniform cover λi satisfying the condition: f(αi(x)) ⊃ λi(f(x)) for each point
x ∈ X . Hence, it follows that for any point y ∈ Y there exist i ∈ N and L ∈ λ such that
λi(x) ⊂ L. So, the uniform space (X,U) is uniformly B-paracompact. As it is known ([9])
strong paracompactness is preserved by the image of open perfect mappings. Based on this
fact, we conclude that topological space (Y, τV ) is strongly paracompact. Thus, the image
of (Y, V ) is strongly uniformly B-paracompact.

Proposition 3.6 Product (X,U) × (Y, V ) of a strongly uniformly B-paracompact space
(X,U) by a compact space (Y, V ) is strongly uniformly B-paracompact.
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Proof. It is known, that projection f : (X,U) × (Y, V ) → (X,U) is uniformly perfect
mapping of the product (X,U) × (Y, V ) on the strong uniformly B-paracompact space
(X,U). Then, according to Theorem 3.7, the product (X,U)×(Y, V ) is strongly uniformly
B-paracompact.

Corollary 3.3 Product of any discrete uniform space by a compact uniform space is strongly
uniformly B-paracompact.

The following theorem shows equivalence of various kinds of strong uniform paracom-
pactness in the class of ℵ0-bounded uniform spaces.

Theorem 3.9 For ℵ0-bounded uniform space (X,U) the following are equivalent:

1) (X,U) is strongly uniformly P -paracompact;
2) (X,U) is strongly uniformly B-paracompact;
3) Topological space (X, τU ) is Lindelöf.

Lemma 3.3 If for a uniform space (X,U) its topological space (X, τU ) is Lindelöf, then
uniform space (X,U) is strongly uniformly P -paracompact.

Proof. Since the space (X, τU ) is Lindelöf, then it is strongly paracompact. By Lemma
2.10 (see [4]) a uniform space (X,U) is uniformly P -paracompact. Hence, uniform space
(X,U) is strongly uniformly P -paracompact.

Corollary 3.4 For a Tychonoff space (X, τ) the following are equivalent:

1) Topological space (X, τ) is Lindelöf;
2) For each uniformity U such that τU = τ , uniform space (X,U) is strongly uniformly
P -paracompact;

3) For each uniformity U such that τU = τ , uniform space (X,U) is strongly uniformly
B-paracompact.

A uniform space (X,U) is called uniformlyR-Lindelöf, if it is uniformlyR-paracompact
and ℵ0-bounded.

Proposition 3.7 If (X,U) is a uniformly R-Lindelöf space, then the topological space
(X, τU ) is Lindelöf. Conversely, if (X, τ) is Lindelöf then the uniform space (X,UX) is
uniformly R-Lindelöf.

Proof. Let α be an arbitrary open cover of (X, τU ). Then for cover α exists a uniformly
locally finite open cover β such that β � α. Since the space (X,U) is ℵ0-bounded the cover

β contains a countable uniform cover β0 . Then for any i ∈ N we have that Bi ⊂
k⋃
j=1

Aj .

The system {Bi
⋂
Aj}, i = 1, 2, ..., n, j = 1, 2, ..., k forms a countable open cover which

is refinement of α. Consequently, the space (X, τU ) is Lindelöf. Conversely, if (X, τ) is
Lindelöf, then the system of all open covers forms a base of universal uniformity UX of the
space (X, τ). It follows from this that (X,UX) is uniformly R-Lindelöf.

Proposition 3.8 Every compact uniform space (X,U) is uniformly R-Lindelöf.

Proof. Since any compact uniform space is precompact, i.e. ℵ0-bounded. It is clear that
every compact space is uniform R-paracompact. Consequently, the uniform space (X,U)
is uniformly R-Lindelöf.

Proposition 3.9 Every uniformly R-Lindelöf space (X,U) is uniformly locally Lindelöf.
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Proof. From the facts that each closed subspace of a Lindelöf space is Lindelöf, one con-
cludes that (X,U) is uniformly locally Lindelöf.

Proposition 3.10 Every uniformly R-Lindelöf space (X,U) is uniformly B-Lindelöf.

Proof. Let (X,U) be a uniformly R-Lindelöf space. It is known, every uniformly R-
paracompact space is uniformly B-paracompact [2]. Hence, the uniform space is uniformly
B-Lindelöf.

Proposition 3.11 Every uniformlyR-Lindelöf space (X,U) is strongly uniformlyR-paracom-
pact.

Proof. Let (X,U) be a uniformly R-Lindelöf space. According to Theorem 3.2 the space
(X,U) is strongly uniformly R-paracompact.

Proposition 3.12 Every uniformly R-Lindelöf space (X,U) is complete.

Proof. The completeness of (X,U) follows from Propositions 3.2 and 3.11.

Incomplete separably metrizable spaces are not uniformly R-Lindelöf.

Lemma 3.4 Let f : (X,U) → (Y, V ) be a uniformly continuous mapping of a uniform
space (X,U) to uniform space (Y, V ). If a space (X,U) is ℵ0-bounded, then (Y, V ) is also
ℵ0-bounded.

Proof. Let β ∈ V be an arbitrary uniform cover. Then f−1β ∈ U . According to Proposition
1.1.6. [2, p. 40] the cover f−1β has a countable subcover f−1β0. Then β0 is a countable
subcover of β. Therefore the space (Y, V ) is ℵ0-bounded.

Lemma 3.5 Let f : (X,U)→ (Y, V ) be a precompact mapping of a uniform space (X,U)
to a uniform space (Y, V ). If a space (Y, V ) is ℵ0-bounded, then (X,U) is also ℵ0-bounded.

Proof. Let f : (X,U)→ (Y, V ) be a precompact mapping between uniform spaces (X,U)
and (Y, V ) and α ∈ U be an arbitrary uniform cover of (X,U). Then by virtue of the
precompactness of f there exist a countable cover β ∈ V and a finite cover γ ∈ U such
that f−1β ∧ γ � f−1α. But the cover f−1β ∧ γ is countable. Therefore the space (X,U)
is ℵ0-bounded.

Lemma 3.6 Let f : (X,U) → (Y, V ) be a uniformly continuous mapping of a uniform
space (X,U) and (Y, V ). If β is uniformly locally finite cover of the space (Y, V ), then
f−1β is a uniformly locally finite cover of the space (X,U).

Proof. By the conditions of the Lemma there exists a uniform cover α ∈ V such that
|St(A, β)| is finite for each B ∈ β, i.e. for each A ∈ α there exist elements Bi ∈ β,

i = 1, 2, ..., n such thatA ⊂
n⋃
i=1

Bi. Since the mapping f is uniformly continuous, the cover

f−1α is uniform, i.e. f−1α ∈ U . Hence, f−1A ⊂
n⋃
i=1

f−1Bi, f−1A ∈ f−1α, f−1Bi ∈

f−1β. So, f−1β is uniformly locally finite cover of (X,U).

Theorem 3.10 Let f : (X,U) → (Y, V ) be a uniformly perfect mapping of a uniform
space (X,U) onto a uniform space (Y, V ). Then uniform R-Lindelöfness converse both to
direction of image and to one of preimage.

Proof. The uniformR-Lindelöfness of the space (Y, V ) follows from the Theorem 2.3.9 [2,
p. 99] and Lemma 3.4, and the uniform R-Lindelöfness of the space (X,U) follows from
the Theorem 2.3.9 [2, p. 100] and Lemmas 3.5, 3.6.
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Theorem 3.11 Let f : (X,U) → (Y, V ) be a uniformly open mapping of a uniform space
(X,U) onto a uniform space (Y, V ). If (X,U) is uniformly R-Lindelöf space, then (Y, V )
is also uniformly R-Lindelöf.

Proof. Let f be a uniformly open mapping of a uniform space (X,U) onto a uniform
space (Y, V ) and α be an arbitrary finitely additive open cover of (Y, V ). Then f−1α is a
finitely additive open cover of the space (X,U) and due to the uniform R-paracompactness
we havef−1α ∈ U . Since f is uniformly open, α ∈ V . Then (Y, V ) is uniformly R-
paracompact. According to Lemma 3.4 the space (Y, V ) is ℵ0-bounded. So, the space
(Y, V ) is uniformly R-Lindelöf.

4 Conclusions

Thus, paper introduces new concepts such as strongly uniformly R-paracompact, strongly
uniformly B-paracompact, strongly uniformly P -paracompact, and uniformly R-Lindelöf
spaces and investigates their connection with other uniform properties of compactness type,
and also establishes the characterization of these classes by using finitely additive open cov-
ers, compactification and ω-mappings. In particular, the problem stated by A.A. Borubaev
about ω-mappings is solved.
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Bull. 29, 392-397 (1986).
14. Beer, G.A.: Between compactness and completeness, Top. Appl. 155, 503-514 (2008).
15. Hohti, A.: On uniform paracompactness, Ann. Acad. Sci. Fen. Ser. A I Math. Disser-

tationes. 36, 46 (1981).
16. Hohti A.: A theorem on uniform paracompactness, General Topology and its Relations

to Modern Analysis and Algebra IV, Proc. Fourth Prague Topological Symposium,
Prague, 1976, Part B - Contributed Papers, Society of Czechoslovak mathematicians
and Physicists. 384-386 (1976).



B.E. Kanetov, D.E. Kanetova, M.K. Beknazarova 127

17. Fried, J.: On paracompactness in uniform spaces, Comm. Math. Univ. Carolin. 26,
373-385 (1985).

18. Fried, J., Frolik, Z. A characterization of uniform paracompactness, Proc. Amer.
Math. Soc. 89, 537-540 (1983).
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