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Abstract. In this paper we consider the anisotropic maximal commutator M, bd and the commutator of the
anisotropic maximal operator [b, M d] on the Lorentz spaces LP*9(R™). We obtain necessary and sufficient
conditions for the boundedness of the operators M and [b, M%) on LP3(R™) when b belongs to the
bounded mean oscillation space BMO(R™), whereby some new characterizations for certain subclasses
of BMO(R™) are obtained.
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1 Introduction

The aim of this paper is to study anisotropic maximal commutator operator Mgl and
commutator of anisotropic maximal operator [b, M| in the Lorentz spaces LP7(R™). We
give necessary and sufficient conditions for the boundedness of the anisotropic maximal
commutator operator M, lfl and commutator of anisotropic maximal operator [b, M?] on the
Lorentz spaces LP7(R™). We obtain some new characterizations for certain subclasses of
the bounded mean oscillation space BM O(R"™).

Let R™ be the n-dimension Euclidean space with the norm |z| for each z € R™ and
S"~1 denote the unit sphere on R™. For # € R"™ and r > 0, let £(z,r) denote the open
ball centered at z of radius r and cS(x, r) denote the set R"\E(z, 7). Letd = (dy, ..., dy),
di>1,i=1,...,n,|d =" d;and tr = (tdlxl, .. ,td"xn). By [5,9], the function
F(x,p) =1 x2p~2%, considered for any fixed z € R", is a decreasing one with respect
to p > 0 and the equation F'(z, p) = 1 is uniquely solvable. This unique solution will be

denoted by p(x). It is a simple matter to check that p(x — y) defines a distance between
any two points x, y € R"™. Thus R", endowed with the metric p, defines a homogeneous

* Corresponding author

A. Akbulut
Department of Mathematics, Kirsehir Ahi Evran University, Kirsehir, Turkey
E-mail: akbulut72 @gmail.com

FA. Isayev
Institute of Mathematics and Mechanics, Baku, Azerbaijan
E-mail: isayevfatai @yahoo.com

A. Serbetci
Department of Mathematics, Ankara University, Ankara, Turkey
E-mail: Ayhan.Serbetci @ankara.edu.tr



6 Anisotropic maximal commutator and commutator of anisotropic maximal operator on ...

metric space (see [5,7,9]). The balls with respect to p, centered at = of radius r, are just the
ellipsoids

2 2
yl_xl y —x
5d(x,T)={yeR":(T%)+...+m<1},

with the Lebesgue measure |E4(x, )| = v, 71, where v, is the volume of the unit ball in
R”. Let also ITy(z,r) = {y € R™ : maxj<i<p |x; —y;|"/% < r} denote the parallelopiped,
Gé’d(x,r) = R™\ &;(x,r) be the complement of £;(0,7). If d = 1 = (1,...,1), then
clearly p(z) = |z| and &1(x,r) = B(x,r). Note that in the standard parabolic case d =
(1,...,1,2) we have

$/2+ 3:14_'_1:2
P(x):\/’ | 2‘ | = = (2 ).

For f € L{ (R™), the anisotropic maximal operator M is defined by

loc

M) = supleCe | [ 15wl
r>0 E(z,r)

where |€(x,7)| is the Lebesgue measure of the ellipsoid &(z, 7). If d = 1, then M = M?

is the classical Hardy-Littlewood maximal operator.

The study of anisotropic maximal operators is one of the most important topics in har-
monic analysis. These significant non-linear operators, whose behavior are very informative
in particular in differentiation theory, provided the understanding and the inspiration for the
development of the general class of singular and potential operators (see, for instance [11]).

The anisotropic maximal commutator generated by the operator M % and b € L}OC(R”)
is defined by

My f () = sup € (x, )|~ /g( : [b(z) = b(y)| [f(y)| dy.

r>0
The commutator generated by the operator M @ and a suitable function b is defined by
[b, M7 f(z) = b(x)M*f(x) — M (bf)(x).

Obviously, the operators M and [b, M?] essentially differ from each other since M is
positive and sublinear and [b, M| is neither positive nor sublinear.

The operators M, M, gl and [b, M%) play an important role in real and harmonic anal-
ysis and applications (see, for instance [1-3,10,14-16,18]). The nonlinear commutator of
Hardy-Littlewood maximal function [b, M| can be used in studying the product of a function
in H' and a function in BM O [6]. The boundedness of the anisotropic maximal operator
M on LP(R") is one of the most fundamental results in harmonic analysis. It has been
extended to a range of other function spaces, and to many variations of the standard max-
imal operator. The commutator estimates play an important role in studying the regularity
of solutions of elliptic, parabolic and ultraparabolic partial differential equations of second
order, and their boundedness can be used to characterize certain function spaces (see, for
instance [8,11]).

This paper is organized as follows. In Section 2 we give some definitions and auxiliary
results. In Section 3 we obtain necessary and sufficient conditions for the boundedness of the
anisotropic maximal commutator M on the Lorentz spaces LP4(R™). In Section 4 we find
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necessary and sufficient conditions for the boundedness of the commutator of anisotropic
maximal operator [b, M%) on LP4(R™).

By A < B we mean that A < CB with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A ~ B and say that A and B are
equivalent.

2 Definition and some basic properties

We start with the definition of Lorentz spaces. Lorentz spaces are introduced by Lorentz
in the 1950. These spaces are Banach spaces and generalizations of the more familiar L”
spaces, also they are appear to be useful in the general interpolation theory.

Suppose that f is a measurable function on R", then we define

[H(t) =inf{s > 0:ds(s) < t},
where
de(s) == {z € R" : |f(z)] > s}|, Vs>0.
Definition 2.1 [4] The Lorentz space LP9 = LP9(R™), 0 < p,q < oo is the collection of
all measurable functions f on R™ such the quantity
1 llzea = 1874 (Ol o(0.0 @1

is finite. Clearly LPP = LP and LP* = W LP. The functional || - || 1.« is a norm if and only
ifeither 1 < q<porp=q= .

Lemma2.1 [4] Let 1 < p,p',q,¢ < oo, + + z% = 1and % + % = 1. Suppose that

p
f e LP9R") and f € LP"7 (R"). Then
1fgllr@ny < 20 f [l ragny 191l 1o o mry-

The following result completely characterizes the boundedness of M? on Lorentz spaces.

Lemma 2.2 [4] Let1 < p,q < .
(i) If1 < p < oo, then the operator M? is bounded on the Lorentz spaces LP(R™).
(i3) Ifp = 1, then the operator M? is bounded from L“9(R™) to W L*(R").

3 The boundedness of the anisotropic maximal commutator operator M, ;f on
LP-9(R™) Lorentz spaces

In this section we find necessary and sufficient conditions for the boundedness of the
anisotropic maximal commutator M, l;i on the Lorentz spaces L9 (R"™).

Definition 3.1 We define the bounded mean oscillation space BNM O(R™) as the set of all
locally integrable functions f with finite norm

z€R™,t>0

1] = wp|ﬂ%wlé(ﬂﬂw—ﬁmM@<w7
x,t

where fS(:c,t) = ‘g(x, t)|_1 fg(m,t) f(y)dy
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Lemma 3.1 (/2, Corollary 1.11]) If b € BMO(R"), then there exists a positive constant
C such that
My f(x) < Clb. 2% (M f) (x) (3.

for almost every x € R™ and for all f € LL (R™).

loc

The following theorem is the first of our main results.

Theorem 3.1 Let p, q € (1, 00). The following assertions are equivalent:
(1) b€ BMO(R™).
(ii) The operator Mg is bounded on LP(R™).
(t31) There exist a constant C' > 0 such that

(0(-) — be)xe HLP»‘I(R”)

)

<C. 3.2)
5 1XellLra(rm)
(iv) There exist a constant C' > 0 such that
b(-) — be)x n
0=l _ .

£ €] =
Proof. (i) = (ii). Suppose that b € BMO(R™). Combining Lemmas 2.2 and 3.1, we get
Mg fllzra S 18]I (MF) | o
S [l M f | o
S bl 1l o

(i) = (i). Assume that M{ is bounded on LP4(R"). Let & = &(z,r) be a fixed
ellipsoid. We consider f = xg. It is easy to compute that

|d]

HXEHLP#Z ~Nre. (3.4)
On the other hand, for all x € B we have

Ib(z) — be| < ; /g Ib(z) — b(y)|dy

= ;/glb(w) = b(y)l xe(y)dy

< My (xe)(x).
Since M is bounded on LP*4(R™), then by (3.4) we obtain

Ixellzea = lixellre 7 lixellea

which implies that (3.2) holds since the ball B C R" is arbitrary.
(731) = (iv). Assume that (3.2) holds, we will prove (3.3). For any fixed ellipsoid £, by
Lemma 2.1 and (3.2), (3.4), it is easy to see

1 1
L / 1b@) — b@)ldy < — (b — be)xe Lo 1l
€l /s 5

< H (b — bg)Xg”Lp,q
IxellLra

<1
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(tv) = (7). For any fixed ellipsoid £, we have

1 (b — be)xell
— b —b =
|5|/5| (2) — beldy =
b—>b
< sup (b — be)xell
c €]
<1,

which implies that b € BM O(RR™). Thus the proof of Theorem 3.1 is completed.

4 The boundedness of the commutator of anisotropic maximal operator [b, M 9] on
the Lorentz spaces LP>7(R"™)

In this section we find necessary and sufficient conditions for the boundedness of the
commutator of the anisotropic maximal operator [b, M 9] on the Lorentz spaces LP7(R").
Let b be a function defined on R™ and denote

o, if b(z) > 0
b7 (=) ‘_{|b(x), if b(z) < 0

and b™ (z) := |b(z)| — b~ (). Obviously, b* (x) — b~ (z) = b(x).

The following relations between [b, M) and M are valid:
Let b be any non-negative locally integrable function. Then for all f € LllOC (R™) and

x € R™ the following inequality is valid
|[6, M) f ()] = |b(x) M f(2) — M (bf) ()]
= |M*(b(x) f)(x) — M (bf)(z)|
< M(|b(x) — b|f)(x)
= M f(x).
If b is any locally integrable function on R", then
b, MY f(z)] < M f(x) +2b~ (z) M f(z),  x€R" 4.1)

holds for all f € L] (R") (see, for example [12,18]).
Obviously, the M, gi and [b, M?] operators are essentially different from each other be-
cause M, ,;i is positive and sublinear and [b, M is neither positive nor sublinear.

Let £ = £(x,r) be a fixed ellipsoid. Denote by M, g f the local maximal function of f:

1
MEf(z):= sup o / F(y)]dy, = € R™
E>x:E'CE ’8‘ &'

Applying Theorem 3.1, we obtain the following result which is the second of our main
results.

Theorem 4.1 Let p, g € (1,00). The following assertions are equivalent:
(1) be BMO(R"™) and b~ € L>*(R").
(i) The operator [b, M is bounded on LP4(R™).
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(7i1) There exist a constant C' > 0 such that

sup H (b() - Mg(b)())Xs HLp,q(]Rn)

3 1Xell Lpa(rm)

<C. 4.2)

(iv) There exist a constant C' > 0 such that

H(b(> - Mg(b)('))XgHL1(Rn) <

sup <C. 4.3)

£ €]

Proof. (i) = (i7). Suppose that b € BMO(R™) and b~ € L°°(R™). Combining Lemma
2.2 and Theorem 3.1, and inequality (4.1), we get

116, M f | < |[MEF + 26~ M?f| Loa
< IMEfllzoa + 1167 [z MF]| Lo
S (Ibll + 167 oe ) 1 £l e
Thus, we obtain that [b, /%] is bounded on LP(R™).
(43) = (ii7). Assume that [b, M?] is bounded on LP4(R"™). Since

M%bxe)xe = ME(b) and  M%(xe)xe = xe,

we have
|ME(b) — bxe| = [M(bxe)xe — bM?(xe)xel
< [M%bxe) — bM(xe)| = |[b, M)xe.
Hence
| M (b) — bxell rp.amny < |[b, Md]XSHLm(Rn)-
Thus we get

1(b — ME(b)) xellLra o b, M (xe)llera - NIxellzrs _ 1
I xellLra - I xellLra ~lixellzra

which deduces that (7i7).
(791) = (iv). Assume that (4.2) holds, then for any fixed ellipsoid £, by Lemma 2.1, we
conclude that

1 1
g1 [ 1) = MEO @ S 57 16~ MEO) e v e

(b — ME(b))xellLra
HXS ||LM

|

<1

(1v) = (7). Assume that (4.3) holds, we will prove b € BMO(R™) and b~ € L*>°(R").
Denote by

E:={xec&:blx)<be}, F:={xef:blx)>be}.

Awm—wmzéww—ww,

Since
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in view of the inequality b(z) < bg < MZ(b), x € E, we get

1 2
m/gﬂ?—bs:’g‘/ﬂ)—bg
15\/“’ ME®

b~ MED)| S e
!5 | Je

Consequently, b € BMO(R™).
In order to show that b~ € L>°(R"), note that MZ(b) > |b|. Hence

0<b™ =|b] —b" < M) —b" +b = MZI(b) —b.

Thus
(b_ )5 < c,

and by the Lebesgue Differentiation theorem we get that

0<b (z)= I}HE0|5|/ y)dy < c¢ forae.x € R".

Remark 4.1 Note that in the case of d = 1 = (1,...,1) from Theorem 3.1 we get [13,
Theorem 3.1] and Theorem 4.1 we get [13, Theorem 4.2].
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