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Abstract. In this paper, we give a complete study of the isoperimetric problem of the calculus of vari-
ations with a quadratic functional. The main purpose of this paper is to investigate the case when the
Jacobi condition is satisfied, but the strong Jacobi condition isn’t satisfied.
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1 Introduction

The extrema is sought in the function space z(-) € C([to; t1], R) with given conditions:

o) - i o) = e, = 1oy S0 2Ty

t1
a; € R, Ji(x(-))::/fi(t,:c,g&)dt, i=0,1,...,m.
to

Definition 1.1 We shall say that functional Jy(z) has a weak local minimum for
2(-) € CY([to; t1]) (Z(-) € wlocmin P) if there exists § > 0 such that Jo(z(-)) > Jo(Z(+))
for any feasible function x(-) such that [|[z(-) — Z(-)|lo1 ([te; 1)) < 9-

Definition 1.2 We shall say that functional Jo(z) has a strong local minimum for
z(-) € PC([to; t1]) (Z(-) € strlocmin P) if there exists § > 0 such that Jo(z(-)) > Jo(Z(+))
for any feasible function x(-) such that [[z(-) — Z(-)lo(jto; 1)) < 6-
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2 Definitions of Legendre condition, Jacobi condition and regularity condition

We shall suppose that for any ¢ = 0,...,m functions f; are twice continuously differ-
entiable in a neighborhood around I.. = {(t,z(t),Z(t)) : t € [to;t1]}. Let Z(-) €
C?([to; t1],R) be feasible extrema of (P) with Lagrange multiplier Ay = 1, i.e. it sat-

m

isfies the Euler equation for L = fo+ > A;f; with Lagrange multiplier \;, i = 1,...,m,
i=1
d

As all f; are twice continuously differentiable then functional .JJ(z) has second variation at
the point z = Z:

t1
J" @)k, h] = / (Lizh? + 2Lyshh + Ly h?)dt.
to

Definition 2.1 We say that the minimum problem on the extrema T satises the Legendre
condition if Lg;(t) > 0V t € [to; t1] and the strong Legendre condition if Lz (t) > 0
Vte [to; tl].

Definition 2.2 We say that the minimum problem on the extrema T satises regularity con-
dition if functions g;(t) := ——tﬁx + ﬁgc foralli=1,...,m are linearly independent on
any segments [to; T} [T; t1] for any T € [to; t1]

Let’s suppose that extrema 7 satisfies the strong Legendre condition and regularity con-

dition. If # € wlocmin P then according to the necessary second-order condition in opti-
mization problem with constraints second derivative of J is non-negative on feasible space,

which is equivalent that function 72 = 0 € absmin P, where

JU@) [y B — ming L@ =0, i=1,...,m; Zggg Y (P)
t t) ty
T(@) = [ (Fah+ Fumjat = [ (= 5 Fa+ Fu)hde = [ gina,
to to to
gi(t):= —%ﬁx + ﬁm According to Lagrange multiplier method for isoperimetric problem
there exist non-zero Lagrange multipliers uo, ft1, - - - , tm such that Lagrangian of problem
(?) L = E(t,h, h) =l (Emh2 + QEml'zh + Emhz) + iluigih satisfies the Euler
i=

equation. N
The Euler equation of L with po = % (1o # 0)

d,~ ; = S -
—a(Liih + Lizh) + Lyih + Lygh + Zuigi =0
=1

m

is the Jacobi equation for initial problem (P). As there is a term . y;g; then the Jacobi
i=1

equation is a second-order non-homogeneous linear dierential equation.
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Definition 2.3 A point 7 is called conjugate to a point t if there exist a nontrivial solution
h(-) of the Jacobi equation such that

T

/gi(t)h(t) dt=0,i=1,...,m, h(to) = h(r) = 0.

to

Definition 2.4 The Jacobi condition is satised on the extrema X if there are no points con-
Jugate to ty in the interval (to;t1), and the strong Jacobi condition is satised if in the semi
open interval (to; t1] there are no points conjugate to t.

We shall consider analytical approach to find conjugate points. Let hg(-) be the solu-
tion of the homogeneous Jacobi equation (y1 = ... = u,,, = 0) with boundary condi-
tion ho(to) = 0, ho(to) = 1 (ho(to) # 0); hi(-) is the solution of the non-homogeneous
Jacobi equation with p; = 1 (i; # 0), p; = 0, j # ¢ and boundary conditions h;(tg) =

hi(tg) = 0,4 =1,...,m. We’ll show that 7 is conjugate to tg if and only if matrix

ho(t) ... hn(t)
t ¢
fglhods fglhmds
Hit)y=|" o

t t
fgmhods R fgmhmds
0

to

has determinant which is equal to zero. The determinant of matrix H (¢) is equal to zero in

and only if columns of matrix are linearly dependent with non-zero coefficients g, a1, - - . , Q.
m m

Then function h = ) «a;h; satisfies boundary conditions h(7) = > a;hi(7) = 0;
i=0 i=0

m T T m T
ok [hwgi = [ Y o = [gihdt = 0, i = 1,...,m. Herewith h(ty) =
k=0 to to k=0 to

m
> a;hi(tg) = 0. Then h at point 7 satisfies definition of conjugate point.
i=0

3 Quadratic functional

Jo(z()) = / (A(0)@2(8) + B(t)a(t))dt — min;
iz () = /(aia‘c Fba)dt = o i=1,....m,
x(to) = 2o, l’(tl) =21. (P)

The main result of this paper is the following theorem about quadratic functional. Parts a)
and d) were formulated in [1] with no proof. The essential results are parts b) and ¢) where
necessary condition for extrema is satisfied (the Jacobi condition), but sufficient condition
for extrema is not satisfied (the strong Jacobi condition).
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Theorem 3.1 Let the functions A, ay, . ..,am € CY([to;t1]), B,b1,...,bm € C([to;t1]),
the strong Legendre condition for a minimum and regularity conditions be satisfied. Then

a) if the strong Jacobi condition is satisfied, then the feasible extrema exists, is unique
and I € absmin P;

b) if the Jacobi condition is satisfied but the strong Jacobi condition is not satisfied and
feasible extrema exists, & € absmin P;

¢) if the Jacobi condition is satisfied, but the strong Jacobi condition is not satisfied and
the feasible extrema does not exist and

m
G = Ah(tl)xl — Ah(to)xo — Z(Ioai(to) — xlai(tl) + Oéi) 75 0,
=1
then Sapsmin = —00;
d) if the Jacobi condition is not satisfied, then Sapsmin = — 0.

Proof. a) We suppose that the strong Jacobi condition is satisfied. We shall prove that fea-
sible extrema exists and is unique.
Existence. Let’s consider case m = 1. We can find the extrema in the form of

7 = Coho(t) + C1h1(t) + Cah'(t), here ho(t) is the solution of the homogeneous Jacobi
t1 t1

equation such that ho(to) = 0, ho(to) = 1. Note /ho(—a1 + by)dt = /hogldt = I.

to to
As hq(t) we take the solution of the non-homogeneous Jacobi equation (with 11 = 1)

such that hy(to) = hi(to) = 0 (such solution exists by Existence and Uniqueness Theo-

rem (EUT) for the second-order differential equations). Notice that either hq(¢;) # 0 or
t1

/ h1gidt := I; # 0 or both are satisfied simultaneously as the strong Jacobi condition is

to
satisfied. The strong Jacobi condition implies that

ho(t)  ha(?)
o t t
detH(t) = det [ guhods [ gihuds #0  Vte (to,t1]
to to
Then ho(tl) . Il 75 hl(tl) . [0.

Let h'(t) be the solution of the non-homogeneous Jacobi equation such that

h'(tg) = h'(tg) = 1 (such solution exists by Existence and Uniqueness Theorem (EUT)
t1

for the second-order differential equations). Note / htgidt := I'. We’ll study two follow-

to
ing cases (the third case is proven similarly):

1) hl(tl) =0= ho(tl) -1 7& 0=1 7& 0, ho(tl) ?é 0.
Let’s take values of Z at points tg and ¢1:
f(t()) = Coh()(t[)) + C1h (t()) + Cghl(t()) =Cy =9

Z(t1) = Coho(t1) + Crha(t1) + Cohl(t) = 21 =
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r1 — xohl(tl)

Coh()(tl) =T — Czhl(tl) = C() = h R ho(t1> 7& 0.
o(t1)
We can find constant C':
t t
/(alm biF)dt = Co /(a1h0 + buho)dt
to to
t1 t1
+C1 /(alhl + brhy)dt + Cy /(alhl + blhl)dt
to to
t1
=Cy | arhg : + /ho(—dl + bl)dt
to
t1
+C | artht : + /h1(—d1 + by)dt
to
t1
t1
+Cy alhl o + /hl(—dl + bl)dt
to

= Co(a1(t1)ho(t1) + Io) + C1I; + Ca(ay(t1)h (t1) — ax(to) + I') = a.

xr1 — .CL‘(]hl (tl)

Now use that Cy = , Cy=x0=>
0 ho(t1) S
1 Iy 1
(1'1 — xoh (tl)) . al(tl) + (1‘1 — xoh (tl)) +Cv 14
ho(t1)

+$0(a1(t1)h1(t1) — al(to) + Il) = o] =

I
o1 — xlal(tl) + xoal(t()) — .’L‘()Il — 0
_ ho(t1)
C = 7
1

(z1 — zoh!(t1))

As Iy # 0, ho(t1) # 0 then can define Z(t)

)L =0= 1y #0, hi(t1) # 0.

Take values of Z at points o and ¢1:

Z(tg) = Coho(to) + Cihi(to) + Caht(ty) = Ca = x9
Z(t1) = Coho(t1) + Crhi(t1) + Cohl(t) = 21 =
Cihi(t1) = z1 — zoh' (t1) — Coho(t1) =

Cl _ xr1 — xohl(tl) — C()ho(tl)
hi(t1)

3 hl(tl) 7& 0.
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We can find constant Cj:

t1 t1
/(a1§ + blf)dt = () /(alho + blho)dt
to to
t1 t1
+C1 /(alhl + brhy)dt + Cy /(alhl + blhl)dt
to to

t1 1
. —I-I1> + Cy <a1h
0

t1 t1 1
= Cp <a1h0 . + Io) +C <a1h1 t +1 >
0 0

= C’O(al(tl)hO(tl) + IU) + Clal(tl)hl(tl)
+x0(a1h1(t1) — al(to) =+ Il) =

Coay (t1)ho(t1) + Colp + ai(t1)(z1 — xohl (t1) — Coho(t1))
—I—xoalhl (t1> — a1 (to) =+ .%'0[1 = C()I(] + al(tl)xl — al(tl)xohl(tl)
“+xoa1 (tl)hl (tl) — Toaq (to) + .ToIl
= Colo + a1(t1)z1 — woa1(to) + wol' =

a1 + xoaq (to) — xlal(tl) — :L'o[l

I 0
IO ) 07'é

= Cy=

so we can define Z(t).

We can use the similar idea to find feasible extrema in a case of m isoperimetric constraints:
2(t) = Coho(t) + ... + Cphm(t) + CThi(t), here ho(t) is the solution of the homoge-
neous Jacobi equation such that hq(to) = 0, hg(to) = 1; hi(t) is the solution of the non-
homogeneous Jacobi equation with ; = 1 (u; = 0, i # j) such that h;(to) = hi(tg) = 0,
1=1,...,m.

Uniqueness. Let T be different feasible extrema. Then h = T — T is non-trivial solution
of the Jacobi equation such that h(ty) = h(t;) = 0,

t t
/gihdt:/(—dﬂrbi)hdt
to to
t1 t1
:/(aih—l—bih)dt:/(ai(f—fn)+bi(§—az))dt
to to
t1 t1
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here i = 1,...,m. Then 7 = t; is conjugate point to ¢y and it contradicts the strong Jacobi
condition.

By strong Legendre and Jacobi condition feasible extrema can be imbedded in a central
field of extremals. Let € C([to; t1]) be arbitrary feasible function. Then by the formula
for the Weierstrass E-Function in quadratic case

t1
J(z) - J(@) = /A(j: —u)?dt >0,
to
here A(t) > 0Vt € [to; t1] as the strong Legendre condition is satisfied. Thus, € absmin P.
b) Let the Jacobi condition be satisfied, but the strong Jacobi condition isn’t satisfied

and a feasible extrema ¥ exists. The extrema () can be imbedded in a central field of

extremals that covers tg < t < t; — . Let . € C([tg,t; — €]) be arbitrary function such
t1—€ t1—e

that z.(tg) = xo, z(t1 —¢€) = Z(t; — ¢) and / (aite + bjzs)dt = / (ai:?} + biz)dt,

to to
i =1,...,m. Then the function h = z. — Z satisfies the following conditions:

h(to) = xg(t()) — i'(t()) = o — Xy — 0,
h(tl — 5) = xa(tl — 6) — ff(tl — 5) = 0,

t1—¢ t1—¢ t1—e
/ (aih + bih)dt = / (asie + bize)dt — / (a;i& + bi@)dt =0, i=1,...,m.
to to to

Hence h € II. — feasible space. Here
t1—e
. = {h € C§[to, t1 — €] : / (ah + bh)dt = 0}.
to
According to the formula for the Weierstrass E-Function in quadratic case
t1—e
Jo(we) — Jo(2) = / A(de —u)?dt > 0.
to

Taking limit ¢ — 0, we obtain that J(z) — J(Z) > 0. Thus, & € absmin P.

c¢) Assume that the Jacobi condition is satisfied, but the strong Jacobi condition is not
satisfied and feasible extrema doesn’t exist. Let’s suppose that the feasible space is non-
empty. Then we can take any feasible function Z such that Z(t9) = xo, (1) = z1 and

t1
/(aﬁ:—i—bii:)dt:ai, 1=1,...,m.

to

Using Taylor’s theorem we obtain that

J(Z +h)=J(&)+ J(2)[h] + %J”[h, h). 3.1
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Here h is the solution of the Jacobi equation such that h(tp) = h(t1) = 0 and
t t ty
/(aih—i- bih)dt = /aidh +/b,~hdt
to to to
t1 t1
— a4 /h(—ai +by)dt = /h(—ai +by)dt = 0, (32)
0 to to
i = 1,...,m. We can find solution that complies with these boundary conditions and

isoperimetric constraints as the Jacobi condition is satisfied, but the strong Jacobi condi-
tion is not satisfied. Now we shall calculate the second variation of the functional J(-) at

the point h.
t1

1 1
1 ; /
§J/,[h’ h) = /(Ah2 + Bh?)dt = /Ahdh+ /Btht
to
t1

" L aiy + Br?) at

to

- ]lh <_$(Ah) + Bh> dt,

to

= Ahh

here the first term after integration by parts is equal to zero as h(tg) = h(t1) = 0. Using the

fact that A is the solution of the Jacobi equation, we obtain that

m

d, . .
——-(Ah) + Bh = - ;(—al +b;).

Thus,

J”hh Z/ —a; + b;)hdt = Z/athrbh =0,

= lto i= 1t0

3.3)

by (3.2). Now we can rewrite (3.1) in the form of J(Z + h) — J(z) = J'(Z)[h]. We’ll use

integration by parts to obtain formula for J'(Z)[h]:
t1
J'(&)[h] =2 / (Azh + Bzh)dt
to
t1
—2 / Ahdz + 2 / Bihdt = 2(Ahz)|

to to

to

t1

+2 / <—jt(Ah)+Bh> Zdt = 2(Ah(ty)zy — Ah(to)o) —22 / —a; + b;)dt.

to i= 1t0
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The last formula is obtained by (3.3). Integrate by parts the following expression:

t1 t1 t1

zm: (—diii' + bii)dt = i /—:ﬁdai + /biidt

=1 to =1 to to

t1

Z xoai(to) — z1ai(t1) + /(aﬁ:+ b )dt

to

m
Z zoa;i(to) — r1ai(t1) + o;) = C.
Then J(Z + h) — J(Z) = 2(G — (). Consequently, J(Z + Ah) = J(Z) + 2\(G — C).
According to the condition of theorem 3.1 G # C'. Thus, J(Z + Ah) — —o0 as A — 400
or A\ — —oo.
d) Assume that the Jacobi condition isn’t satisfied. Then according to the necessary
conditions for weak local minimum function i = 0 ¢ absmin P” in the following problem:

t1 t1
/(Ah2 + Bh?)dt — min; /(aih +bih)dt=0,i=1,...,m,
to to
h(to) = h(t1) = 0.(P")
Hence, Sapsmin p7 < 0. Consequently, there exists function h € IT such that J(h) < 0 and
we obtain that

J(Z + Ah) = J(Z) + J(Ah) = J(Z) + A\2J(h) = —oc0

as A — 400, i.e. Sapsmin P = —00.
Theorem 3.1 is proved.
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