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Approximate solution of some classes of hypersingular integral
equations of the second kind
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Abstract. In this work, using regularization method, we reduce the hypersingular integral equations of
the exterior Neumann boundary value problem and the impedance exterior boundary value problem for
the Helmholtz equation to the weakly singular integral equations. Then, after having constructed quadra-
ture formulas for one class of curvilinear integrals, we replace the considered integral equations with the
system of algebraic equations. We prove that the obtained systems of algebraic equations are uniquely
solvable and the solutions of these systems converge to the solutions of the considered hypersingular
integral equations.
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1 Introduction and problem statement

As is known, in special cases (when the considered domain is a circle, a square etc.) it is
possible to find an exact solution of the exterior boundary value problems for the Helmholtz
equation in two-dimensional space. But, in many cases it is impossible to find an exact
solution of the exterior boundary value problems for the Helmholtz equation. This generates
interest for studying approximate solution of these problems. One of the methods to solve
exterior boundary value problems for the Helmholtz equation is to reduce it to an integral
equation of the second kind. Note that the main advantage of applying the integral equations
method to exterior boundary value problems is that this method allows reducing the problem
for an unbounded domain to the one for a bounded domain of lesser dimension.

Let D C R? be a bounded domain with twice continuously differentiable boundary L,
and f, g and A be the given continuous functions on L. Consider the following boundary
value problems for the Helmholtz equation:

Exterior Neumann boundary value problem. Find a function

ue C*(R*\D)nC (R*\D),
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which has a normal derivative in the sense of uniform convergence, i.e. the limit

v (1) = %%I(lg)(v (x),gradu(x + hv (z))), z €L,

exists uniformly in L, satisfies the Helmholtz equation Au+k?u = 0 in R?\ D, Sommerfeld
radiation condition

T ) 1
(m,gradu (m)) —iku(x) =0 <W> , T — 00,

uniformly in all directions z/|x| and the boundary condition

ou(x)
ov(x)
where v (z) is an outer unit normal at the point z € L, A is a Laplace operator, and & is a

wave number with Im k > 0.
Impedance exterior boundary value problem. Find a function

— f(x) on L,

ue C*(R*\D)nC (R*\D),
which has a normal derivative in the sense of uniform convergence, satisfies the Helmholtz
equation in R?\ D, Sommerfeld radiation condition at infinity and the boundary condition

ou ()
ov (z)

where Im (kX (z)) >0,z € L.

Let the function u (x) be a solution of the exterior Neumann boundary value problem
for the Helmholtz equation. It was shown in [3, p. 103] that the unknown boundary values
¥ (x) = u(x), z € L satisfy the second kind integral boundary condition

A (@) ulw) =g (&) on L,

Y —K¢p=-5f (1.D
and the hypersingular integral equation of the first kind
Ty =f+Kf, (1.2)

where
(S¢) (z) = 2 / Oy (2.y) () dly, v L,
L

o)) =2 [ FEED o) al,, st
(o) @ =2 [ e o), st
w0 =25 ([ 2D o) a,). wet,

&(x, y) is a fundamental solution of the Helmholtz equation, i.e.

% In |xiy‘ for k=0,

SHY (klx—yl)  for k#£0,

Py, (:Ev y) :{
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H(()l) is a zero degree Hankel function of the first kind defined by the formula H(()l) (2) =

= Jg (Z) +iN0 (Z),
= (=D)™ sz 2m
Jo(z) = Z ((m!>)2 (5)

m=0

is a Bessel function of zero degree,

No(z):% (n+C) o)+ > <§:;> (_(2:;1@%
m=1 '

is a Neumann function of zero degree, and C' = 0.57721... is an Euler’s constant.
Lyapunov’s counterexample shows ([4, p. 89-90]) that the derivative of the double-layer
potential with continuous density, in general, does not exist. Consequently, the operator 7'
is not defined in the space C'(L) of all functions continuous on the curve L with the norm
ol = max | (x)]. Besides, in spite of solvability of the integral equations (1.1) and
x

(1.2), the equation (1.1) has a unique solution if and only if the wave number k& does not
coincide with the eigenvalue of the interior Dirichlet problem, and the equation (1.2) has a
unique solution if and only if the wave number &k does not coincide with the eigenvalue of
the interior Neumann problem. But, it was shown in [3, p. 103] that if the function u (x)
has a normal derivative in the sense of uniform convergence, then the hypersingular integral
equation of the second kind

=Ky —inTy = —Sf—in (f+Kf), (1.3)

obtained from the linear combinations of the equations (1.1) and (1.2), is uniquely solvable
in N (L), the linear space of of all continuous functions 1), whose double-layer potential
with the density 1) has continuous normal derivatives on both sides of L, where n # 0
is an arbitrary real number with 1 Rek > 0. Note that the exterior Neumann boundary
value problem for the Helmholtz equation can be reduced to various integral equations,
whose approximate solutions have been studied in [1, 5, 12, 18]. The equation (1.3) has
an advantage that its solution is a boundary value of the solution of the exterior Neumann
boundary value problem on L. Besides, the function

ww = [{ow) ZEED 5 oy} . w ez,

is a solution of the exterior Neumann boundary value problem if ¢» € N (L) is a solution
of the hypersingular integral equation (1.3). Also, it should be noted that the solution of the
equation (1.3) is a solution of the equation of the zero field method obtained by Waterman
[17] for acoustic wave scattering.

Further, in [3, p. 98] it was shown that the combination of the simple-layer and double-
layer potentials

- . an(x’y) N
u(z) = /L{@k(ﬂfay)+177w} ¢ (y) dly, = €R*\D,

where  # 0 is an arbitrary real number with n Rek > 0, is a solution of the impedance
exterior boundary value problem for the Helmholtz equation if the density ¢ is a solution
of the hypersingular integral equation

(1—7L77/\)go—<f(+inT+in)\K+)\S><p:—2g. (1.4)
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Note that in [11], the justification of the collocation method for the hypersingular in-
tegral equation of the exterior Neumann boundary value problem has been given, and in
[7], the justification of the collocation method for the hypersingular integral equation of the
impedance exterior boundary value problem for the Helmholtz equation has been provided
in three-dimensional space. But, it is known that the fundamental solution of the Helmholtz
equation in three-dimensional space has the form

exp (ik |z —y
Pi(z, y) = M

9 x? y E Rg? €T # y?

and therefore, the integral operators appearing in the equations (1.3) and (1.4) differ strictly
from those appearing in the integral equations of the exterior Neumann boundary value
problem and impedance exterior boundary value problem for the Helmholtz equation in
three-dimensional space.

Note that in [13], the approximate solution methods for one class of hypersingular inte-
gral equations of the exterior Neumann boundary value problem for the Helmholtz equation
have been studied. In that work, after discretization, the author obtains hypersingular inte-
gral equations with simpler kernels. And in our work, we explore the approximate solution
methods for the hypersingular integral equations (1.3) and (1.4) by reducing them to the
weakly singular integral equation, which allows to find the solution of the obtained equa-
tions in a larger space and to impose weaker conditions on the given function f.

2 Justification of collocation method for hypersingular integral equation (1.3).

As the operator 7' is unbounded in the space N (L) ([3, p. 62]), let’s perform a regularization
of the equation (1.3). Let the wave number kg not coincide with the eigenvalues of the
interior Dirichlet or Neumann problems (for this, it suffices to choose any value of kg with
Imky > 0). In the sequel, we will assign zero index to our notations if the parameter k,

involved in the operators .5, Kand T, is equal to kg. As the operator
-1 N\ -1
Ay = —Sp (I _ Ko) (I n KO) . C (L) — N(L)

is an inverse operator to Ty : N (L) — C (L) ([3, p. 93]), the equation (1.3) can be rewritten
in the following equivalent form:

¥+ Ay = BY. 2.1)

The last equation is considered in the space C' (L), where I is a unit operator in C' (L),

AlﬁzilnAO(K‘H??(T—To)—I) ¥,

Bf:ilnAo <S+in <I+f(>>f.

It should be noted that the operators S, K and T" — Tj are compact in the space C (L)
(see [3, p. 61-62]), and, therefore, the operator A is also compact in C (L) (see [3, p. 93]).

But despite the invertibility of the operators I + Ko and I — K, the explicit forms of the
1

N\ -1 N
inverse operators <I + Ko) and (I — K()) are unknown. Consequently, the explicit
forms of the operators A and B are also unknown.
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Remark 2.1 In [13], the solution of the equation obtained after discretization is considered
in the space C'® (L), and the given function f satisfies the condition f € C*# (L), where
CY8 (L) is a Holder space with index 3, and C' (L) is a space of continuously differ-
entiable functions whose derivative satisfies the Holder condition with exponent «, with
0 < a < B < 1. As we see, the solution of the equation (2.1) is considered in the space
C (L) and f € C (L). This is one of the advantages of our method.

To justify the collocation method, let’s first construct the quadrature formulas for (A1) )(z)
and (Bf)(x), x € L. Assume that the curve L is defined by the parametric equation
x(t) = (z1(t) ,x2(t)) , t € [a,b]. Let’s divide the interval [a, b] into n > 2My (b — a) /d

equal parts: £, = a + =22

, p = 0,n, where

My = i /(& () + (55 (1) < +o0

([14, p. 560]) and d is a standard radius ([16, p. 400]). As control points, we consider x (7,),
p = 1,n, where 7, = a+%
L=\ Lp,where L, = {z(t): t,—1 <t <tp}.
p=1
It is known ([2]) that
(HVpe{l,2,...,n}:rp(n) ~ Ry(n), where

. Then the curve L is divided into elementary parts:

rp (n) = min{|z (7p) —z (tp-1)| , [z (tp) — 2 ()|},

Ry (n) = max{[z (7p) =z (tp-1)| , [2 (tp) =z ()]},
and a (n) ~ b(n) means
a(n)

T
where C] and Cj are positive constants independent of n;

@ Vpe{l,2,...,n}: Ry, (n) <d/2;

B)Vp,j€{1,2,....,n} :rj(n) ~ 1y (n);

@7 (n) ~ R(n)~ L where R(n) = max R, (n),r (n) = min r,(n).

p=1,n p=1,n

In the sequel, we will call this kind of division a division of the curve L into “regular”
elementary parts.

Let L;(x) and I'y(z) be parts of the curve L and tangent line I" () at the point
x € L, respectively, contained inside the circle By (x) of radius d with centre at the point
x. Besides, let § € I'" (x) be a projection of the point y € L. Then

< Oy,

e —g| <l|z—y| <Ci1(L)|zr—g| and mesLg(z) < Cy (L) mesly(x),

where C (L) and C5 (L) are positive constants, depending only on L (if L is a circumfer-
ence, then C; (L) = v/2 and Cs (L) = 2).

Proceeding as in the proof of Lemma 2.1 of [8], we can prove the validity of the follow-
ing lemma.

Lemma 2.1 There exist the constants C, > 0 and C| > 0, independent of n, such that the
inequalities

Co ly =z ()| < |z (75) — 2 (1) < O ly — 2 (7)]
hold for¥p,j € {1, 2,...,n}, j # p, andVy € L;.
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Let .
(e, y) = 7Hy,) (klz—yl), =y e La#y,
where
(1) ; Dz
Hg, (2) = Jon (2) +iNow (2), Jon (2) =) (m!)? (2>
m=0 :
and 5 n m 1 (_1)m+1 Z\ 2m
Non (2) = - <ln§+0) Jon (2) + Z <Zl> (m!)? (2)
m=1 \l=1 '
It was proved in [9] and [10] that the expressions
(Snf) (@ (7p))
=20 S g a () )V ()P @ )P ), @)
Jn
(Knt) (z (7p))
=20 2 = éi(&pi;ﬁf”” VE @+ @) e @ m),  ed)
i#p
(£uf) @ (7))
-2 a)zl %Zéi(@@f)(m) VE @)+ @ )P f ) el
J#p
and

=

_2(b-a) ¢ 9 (3%‘ (x (1), 2 (3)) 0Py, (2 () vx(Tj))>
J#p

n Z; v (x (7)) o (x (74)) v (z (15))

(@ (7)) + (@ (1)) ¥ (2 (7)) 2.5)

are the quadrature formulas for the integrals (Sf)(z), (Kv)(x), (Kf) (x) and
((T — Tp) ¢) (x) at the control points z (7,), p = 1, n, respectively, with

mas [(51) (@ () = (Su) (@ ()] < M (w0 (£, ) + 171 ™2 ).

p=1,n

ma |(K0) & (7)) = (o) (o ()] <1 (w0 1) + ol 220 )

max
p=1,n

(Kf) (z (7)) — (an> (z (Tp))‘ <M (w (f: 1/n) + 1l lﬂnn>

! Hereinafter M denotes a positive constant which can be different in different inequalities.
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and

max |((T' = To) ¢) (x (1)) — (T = To),, ¥) (z (7))]

p=1,n

Inn
<81 (w0 1)+l 20
where w (¢, ) denotes the modulus of continuity of the function ¢ € C' (L), i.e.

w (Soa 5) = ax ’(p(x) - go(y)| ) 6 >0.
lz—y|<é

r,yei

Using the quadrature formulas (2.2), (2.3), (2.4) and (2.5), we obtain the expressions

n

(Cot)) (2 (1)) = D cpj ¥ (2 (7)) (2.6)

J=1
and

(Guf) (x (1)) = Y gpj | (2 (7))
j=1

are the quadrature formulas for the integrals

(CY) (z) = (K9) (z) +in (T - Tv) ¥) (x) — ¢ (z)
and

(GF) (@) = (SF) (@) +in (Kf) @) +inf (@),

at the control points x (7,) , p = 1, n, respectively, and the following estimates hold:

max [(C9) (x (1)) — (Cut)) (z (7)) < M (w (W, 1/n) + 9]l lnnn> ’

max |(GF) (z (1)) = (Gaf) (& (7)) < M (w (F: 1/m) + 1o lnn> |

p=1,n
where
cpp = —1 for p=1,n,
200, 0 (00,5 m) % @), ()
P n Tov (x (7)) v (z (7))
oD% (x (1), = (75
qjk((%((;)(;j )< J”) V@ )+ @ () for p, j =T, 7, p# 3,
and

gpp =1 for p=1,n,

9pj = - (bn_ - (de (@ (), x (7)) +in 8@Zéxu

(1p), @ (Tj)))
(@ (7p))

X\ () + (et ())? forp, j =T, 7, p#J,
Denote by I™ the unit matrix of order n, and by C" the space of n—dimensional vec-

tors 2" = (27, 2%, ...,zﬁ)T

, 2z € C,1 = 1,n, with the norm ||2"| = max |2},
=1,n
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where “aT” means the transposition of the vector a. Consider the n —dimensional matrix
n

K, 0= KO, with the elements
P1) pj=1

- 0 for p=yj,
k. = _gq) 9P} (x(7p), z(7; )
w7\ 2 PREIIE) o () 4 (@ () for p £

Proceeding as in [6], it is not difficult to prove the following two lemmas.

-1
Lemma 2.2 If Imky > 0, then there exists an inverse matrix (I n 4 K{}) such that

_ o\l
M; =sup H (I" + K{;) < +00
n

and

max <<I + ffo) B g) (z(n)) — ilzﬁ g (z ()
j=1

I=1mn

Inn
<01 (wlo1/m) + gl ™).

- o\ -1
where g € C (L), and k;; is an element of the matrix (I "+ K{)L) in the [—th row and
J—th column.

.|
Lemma 2.3 If Imky > 0, then there exists an inverse matrix (I L Kg) such that

-1
My = sup H <I” —K{)l) < 400

and
n

max ((1 &) g) (z (m) = Y iy 9 ( (m)

I=1n j=1

Inn
<01 (wlg1/m) + gl ™).

where g € C (L), and El; is an element of the matrix (I” - f(g}) in the l—th row and

J—th column.

Let

0 0 for p=y, 2.7
= ey ), o) et )P+ @2 for ps 7

1 n n - n B '
ajj = —— fl% Z kpm Z k;rltctj , lLj=1,n.
L p=1 m=1 t=1

and
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Theorem 2.1 The expression

(Ant)) (2 () = Y aij ¥ ( (7)) 2.8)
j=1
is a quadrature formula for (A1) (x) at the points x (1), 1 = 1,n, with

maX!(Aw)x(Tz)—(Anw)w(Tz)léM( (6. 1/m) + [ 9] 1“”)

I=1,n

Proof. As

(i) a () = L (f;;- ( 5 (35 (3 cwvieton) ) )) ,
N j=1 p=1 m=1 t=1

the representation

((I—i— K()) - C'w) (x(1p)) — zn: if;m (CY) (= (Tm))] )

s (S (S L))

is true. Then, taking into account the error estimates for the quadrature formulas (2.2), (2.6)
and Lemmas 2.2 and 2.3, we have

| (A9) (z (1)) = (Ant)) (2 (7)) |

M[H(I—Ko) (I+K0 C¢H lnn+

+w <<I—f(0)_ (I+f(0) C@b,l/n)}

Inn

[H I+K0 CwH +w(<l+ﬂo)_10¢,1/n)]2\f8\
j=1
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In o |5
M [H Ol —”+w(0w,1/n ] > (If{} Z‘%p‘)
p=1

j=1

O [0 P2 (02171

Xi (}fu Z (!’%p\ 2 ’fm)) (2.9)

By the inequalities
In Inn

w(Ky,1/n) < M |9l

lnn

w (T =To) ¥,1/n) < M [[9]|
we have
w(CY,1/n) <w (K, 1/n) + n| w (T = To) ¥, 1/n) + w (¢, 1/n)

lnn

w (¥, 1/n) + M |9
It is known ([3, p. 81]) that for every g € C (L) the equatlon

p+Kop=g
has a unique solution p, € C' (L). Then we obtain

w <(I+ f(o)ilg, 1/n> = w(ps,1/n)

=w (g — Kopx, 1/n> <w(g,1/n)+w (f(op*,l/n>

Inn ~ \ 1 Inn
<l 1)) + Ml P =01 /) 40 | (14 o) o

o

~ \—1 Inn
<wlt/m+ 1| (14 Ro) | ol

Similarly we can show that

lnn

o ((1-R0) " Foun) <w(fr/m + 0 fL

Hence we derive a chain of inequalities

W (([ - f('())_l (I+ f{o)_l o, 1/n> <

<w<<I+Ko) C’z/z,l/n>+MH I+ Ko) csz mn

lnn

w (Cip, 1/n) + M ||C¥] MH I+K0 csz nn _
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( W 1/m) + 9l “‘”)

Proceeding as in [

‘ is a quadrature
J=1
formula for the integral

at the points x (1) , [ = 1, n, with

Consequently,
Inn
maxZ\fl]y<2max I% (2, )] dly + M= (2.10)
Besides, Lemmas 2.2 and 2.3 imply the inequalities

n n
max l;:*‘<M,maX ‘I;:._‘<M. 2.11
jl,n;‘]_l'g”}_z e
So, considering the above obtained inequalities in (2.9), we get the validity of the theo-
rem.

Similarly we can prove the following one:

Theorem 2.2 The expression

(Buf) (@ () =D by f (2 (75)) (2.12)
j=1
is a quadrature formula for (Bf) (z) at the points x (1) , | = 1,n, with

maxI(Bf)w(n)—(an)w(Tz)l§M< (Fo1/m) + ]l “‘“)

l=1,n

o E (B () e

Now let’s give the justiﬁcation of the collocation method for the equation (2.1). Using
the quadrature formulas (2.8) and (2.12), we replace the equation (2.1) with the system of
algebraic equations with respect to z;*, approximate values of ¢ (z (7)), [ = 1,n, stated
as

where

(I" 4 A™) 2" = B"f", (2.13)
where A" = (ay;);’;_y, B" = (bij);';y» f* = p"f,and p" : C(L) — C™ is a linear
bounded operator defined by the formula

P =(f@(m), fz(r), o f ()’

and called a simple restriction operator.
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Theorem 2.3 The equations (2.1) and (2.13) have the unique solutions 1, € C (L) and

2t € C™, respectively, with || zi! — p™,|| — 0 as n — oo and the convergence rate

estimate

| 22 = p || < M <w (f,1/n) + mﬂ") .

Proof. Note that here we will use Vainikko’s convergence theorem for linear operator equa-
tions ([15]), and we will use notations, definitions and statements from [15]. Let’s ver-
ify the fulfilment of conditions of Theorem 4.2 of [15]. It was shown in [3, p.104] that
Ker (I + A) = {0}. Obviously, the operators I"™ + A™ are Fredholm operators of in-
dex 0 and the system of simple restriction operators P = {p"} is a connecting system for
the spaces C' (L) and C™ ([15, p. 676]). Then, by Definition 1.1 of [15] and Theorem 2.2,

we obtain B™ f" Ly’ f. Now let’s show that "™ + A" Poraa Taking into account the
way the curve L has been divided into “regular” elementary parts and Lemma 2.1, it is not
difficult to show that the expression

n
F™ (2 (1m)) = Y lemel
i
is a quadrature formula for the weakly singular integral

B 0Py (z,y) ; 0 0 (D, (2,y) — Py, (2,9)) "
F(x)—2/L o) ow (@) < v (y) )‘dl?” < b

at the points z (7,,,) , m = 1, n, with

1
max |F (¢ (7)) = F" (& (7)) < M—".
m=1,n n
Consequently,
n
max 3 Jemd = 1+ max F" (2 (r)) <
m=1,n i—1 m=1,n
<14+ max |F(x(rm))—F"(x(ry))] +max F (z) < M. (2.14)
m=1,n x€L

Taking into account the inequalities (2.10), (2.11) and (2.14), we arrive at the estimate

n

|A™ 2" = max |y a2 | < M|z"||, V2" €™
I=1,n |%
El le

Let 1y, £> 1. Then, by Theorem 2.1, we obtain
(I + A" = 7 (T + AV ) < b — 576 [+ M |6 — 70 | +
+ || A" (p") — p" (AY)|| — 0 as n — oo.

Consequently, by Definition 2.1 of [15] we have I + A™ e + A.

As I"™ — [ stably by Definition 3.2 of [15], then, by Proposition 3.5 and Definition 3.3
of [15], it remains to verify the compactness condition, which, due to Proposition 1.1 of
[15], is equivalent to the following condition: V {z"}, 2 € C", ||z"|| < M, there exists a
relatively compact sequence { A4,,z"} C C (L) such that

A" 2" —p" ( Apz") || — 0 as n — oo.
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As {A,, 2"}, we choose the sequence

where

<
I
—_

S

D=y 3 (0 (5 (She)))

fz?(x):2/ Py, (x,y) dly, z€L, p=1,n.

Ly

Taking into account the way the curve L has been divided into “regular” elementary
parts and Lemma 2.1, we have

Yo -rR@m)] <2 / Do (2 (1) 5 y) — Doy (2 (1), 2 (7))] dly+
p=1 p=1 Lyp

Pl
Inn
P, (2 (T1), )]dl <M—l_ (2.15)
L
Further, it is obvious that
S 1@ <2 [ 18 @)l <. o
L

p=1

As
(Ap2") () = —— Z 0 (@) Z ]%j_p (Z b (Z cmtzf> ) ,
j=1 p=1 m=1 t=1

taking into account the condition ||2"|| < M and the inequalities (2.11), (2.14) and (2.15),
we obtain
A" 2" —p" ( Apz") || — 0 as n — oo.

Consider arbitrary points 2/, z”” € L such that |z’ — z”| = § < d/2. Then, taking into
account the inequalities (2.11), (2.14) and proceeding as in [10], we can show that

[ (An2") (o) = (An2™) (") | < ML D2 (A (2) = £ ()] <

j=1
<Mww/@%ww %(JMﬂ<MVW/ [Pk, (+',) | dly+
5/2 z’)
+MWW/ \%Avwhﬂ+MW”/ B, (2", y)] i+
6/2 x!! 6/2 I

+me/‘ B, ()| dly+
L6/2 2!
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+M 12" [Pro (2/,) = Pr (2", )| dlyy <
L\(Ls /2 (&/)ULs )2 (2'))
< M ||2"| 6 In o], (2.17)
and, consequently, { A,2"} C C (L).

Relative compactness of the sequence {A,2"} follows from the Arzela theorem. In
fact, the uniform boundedness follows directly from the inequalities (2.11), (2.14), (2.16)
and the condition ||z"|| < M, and the equicontinuity follows from the estimate (2.17).
Then, applying Theorem 4.2 of [15], we see that the equations (2.1) and (2.13) have unique
solutions ¥, € C' (L) and z! € C™, respectively, with

m35n < || Z: *pn@b*H < M36na
where
mg = 1/sup ||[I" + A"| > 0, M3 = sup H (" —l—A”)_lH < 00,
n n

on = || (I" + A") (p"¢s) = B"f" ||
By Theorems 2.1 and 2.2, we obtain

I=1,n

O = max v (x (7)) + Y ar v (@ (1)) = Y byy f (2 (7)) | =
i=1 i=1

I=1,n

=max | [ (Bf) (z (7)) — Zblj Fm) |+
j=1
S v (@ (1) — (A (2 (7)) | | <
=1

n

|
<M (wl1/0) 40 0 1)+ (1 + 1010 ).
As ), = (I + A)"' Bf, we have
leudloe < | 2+ 27| 1BI 151

Besides, by the estimate
Inn
w (Fop, 1/m) <M |lpll g =2,
we have
Inn Inn

w(Bf1/n) <M |[fllo == w (A, 1/n) <M |[fllo =~

Consequently,
W (¢*) 1/”) =w (Bf - Aw*v 1/”) <
Inn
Sw(Bf1/n) +w (A 1/n) <M ||fllo =
which completes the proof of the theorem.

Remark 2.2 As seen, if f € C (L)\C? (L), then the method proposed in [13] does not
allow to treat the solution of the integral equation obtained after discretization of the initial
equation. Moreover, if f € C# (L), then the convergence rate of this method is w (f, 1/n)+
1“7” ~ n%, while in [13] the convergence rate of the method is nl};_”a, 1.e. in this case
the convergence rate of our method is higher than the one of the method in [13], where

0<a<p<l.
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3 Justification of collocation method for hypersingular integral equation (1.4).

Let’s first perform a regularization of the equation (1.4). Let the wave number kg not coin-
cide with the eigenvalues of the interior Dirichlet or Neumann problems (for this, it suffices
to choose any value of ky with I'm kg > 0). We will assign zero index to our notations if

the parameter k, involved in the operators .5, K and T, is equal to kg. As the operator
-1 -1
Ag = =S (1= Ko)  (I+FK)

is an inverse operator to 7, the equation (1.4) can be rewritten in the following equivalent
form ([3, p. 98]): B B
¢+ Ap = Bg. 3.1)

The last equation is considered in the space C' (L), where
1
in

Ap = —— A [(1— in\) I — (K+m(T—T0)+mAK+AS)] o,

~ 2
Bg = — Ayg.
n
To justify the collocation method, let’s first construct the quadrature formulas for the
integrals (fl(p) (z) and (B g) (x),z € L. Let’s divide L into “regular” elementary parts
n
L = |J L;. Taking into account the quadrature formulas (2.2), (2.3), (2.4) and (2.5) con-
j=1

structed for the integrals S, K, K and T —Ty, respectively, and the error estimates for them,
it is not difficult to show that the expression

(Cu) @(m) = Y @y ( (7))
j=1
is a quadrature formula for the integral
(C¢) @) = (1= inA(@) ¢ (@) -

~((K¢) @ +in (T=To)¢) @) +inA(@) (Kg) (2) + A (@) (S¢) (x))
at the control points x (1), | =1, n, where

cn=1—1inX(z(n)) for l=1n,
iy =20\l () 4 ot () (PP )

n ov (z (1))
0 (0%} (@ m).x ()~ B, (x(n) 7 (1))
0 (e () ( o (& (7)) ) i
FinA (e () S o () 0 (o (). (7))

forl,j =1,n,l # j, with

(Co) ol = (o) (] < 01 (w(o1/m) + ol 20 ).

max
I=1,n
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Let the elements lej, l,j = 1,n, be defined by the formula (2.7), l%l; be an element of

_ -1 -
the matrix (I " — K g}) in the [—th row and j —th column, k:g be an element of the matrix

N
(I“ + K(’)"‘) in the /—th row and j—th column, and

~ 1 n n - n B ~ .
=3 (1 (X B (S ke ) ) ) a1
p=1 m=1 t=1

7 2 ¢ 0 ~ L+ ;
blj:—mz<flp (Z kpmkmj>>, l,j=1,n.
p=1 m=1

Proceeding as in the proof of Theorem 2.1, we can show that the expressions

(Bug) (@ (m) = Y bijg (@ () (3.2)
=1
and
<;1”90) (@(m) =Y _aj ¢ (z (1)) (3.3)
=1

are the quadrature formulas for (Bg) (x) and (/Lp) (x) at the points z (17), | = 1,n,
respectively, with

(Bo) )~ (Bua) e | <30 (st0:1m) 1015 ).

max
l=1,n

max
l=1,n

(4¢) (@ () = (Aug) (@ () | <

<M (w (@ 1/n) + [l oo w A 1/0) + [l @l lnnn) '

Using the quadrature formulas (3.2) and (3.3), we replace the equation (3.1) with the
system of algebraic equations with respect to 2, approximate values of ¢ (z (77)) , 1 = 1,n,
stated as

(I” n [1") 2" = By, (3.4)

where A" = (dlj)?,j:l’ B" = (Blj)l _ and g" = p"g.

n
. . 7]: . . .
Proceeding as in the proof of Theorem 2.3, we can show the validity of the main result
of this section:

Theorem 3.1 The equations (3.1) and (3.4) have the unique solutions ¢, € C (L) and
zi} € C", respectively, with ||z —p™y«|| — 0 as n — oo and the convergence rate

estimate

Inn
||Z:r,} —anD*H <M (W(ga 1/”) +w(>‘7 1/”) + TL) .
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