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Abstract. In this paper we consider stochastic additive functionals of critical multitype age-dependent
branching processes with and without immigration. We prove that under mild conditions, those processes
have same limit distributions as total progeny.
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1 Introduction and description of the processes

We will begin with a brief overview of the multi-type age-dependent process, with a more
comprehensive description available in [3].

The system under investigation involves n types of particles, each denoted as 1, 75, . .., T},.
Each type of particle, T}, exhibits a random lifespan represented by 7;, with a distribution
function described as:

P(r; <t)=G'(t),G'(0+) = 0.
We will assume that G*(¢) are absolutely continuous.

Upon completing their lifespan, particles of any type can transform into an arbitrary
number of particles of any type. The conditional probability of such a transformation, given
that the age attained by the original particle was w, is denoted as p! (u), where « is an
n-dimensional vector representing the number of particles of each type T in the set.

The evolution of particles in this process is defined by the joint distribution of the random
variable 7; and the random vector v* = (v}, ..., v},), which characterizes the progeny of
each particle:

P(r; € B,v' =a) = /Bpfx(u)dGi(u).
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We use the vector p'(t) = (u}(t), ..., ut (t)) to represent the number of particles of types
11,15, ...,T, at time ¢, assuming that initially, there existed one 7;-type particle.

While we won’t delve into the description of the probability space in this introduction,
we will note that it can be constructed analogically to [1, Chapter 6].

We also define generating functions as follows:

hi(u,s)=E <s“i(”)|n = u) = ZPZ( s% and F'(t, s) ZP e

— — (o7
i =1,n, where s = (s1, ..., 8), 8% = s{* - - - son.

Addltlonally, we define vectors F'(t, s) and h(t s) as:
F(t,s) = (F'(t,s),...., F"(t,s)), h(t,s) = (h'(t,s),...,h"(t,s)).

2 Stochastic additive functionals

Suppose that each individual during its lifetime, denoted as 7, generates some product. Let
&(t),t < 7, represent the amount of product produced by an individual over time ¢.

A stochastic additive functional from the branching process, denoted as 7)(t), can be
defined as the sum of the product generated by all individuals that existed before time ¢.
Additionally, the processes £(t),t < 7, corresponding to different individuals, are indepen-
dent, and for the same type, they are also identically distributed.

The strict definition is given as follows. We can enumerate all individuals that ever ex-

isted in chronological order. Denote by i, 7%, Iiij, and p(t) the type of particle, duration of
the particle’s life, number of j-th type descendants, and the age of the particle before time
t, respectively.
Let
&n(i,0,k,t),t €[0;0],k=1,2,...

with fixed 7,0, k = (ml, oy K™, kK’ =0,1,...bea sequence of measurable, jointly indepen-
dent stochastic processes. These processes are also independent from the branching process,
and they satisfy the initial condition

£n<Z7 97 R, 0) - 0
Then
t) = Z gk(zkv Tk Rk, Pk(t))
k=1

A more detailed description of 7)(t) is provided in [4].
Sometimes, it is more convinient to split 7(¢) into vector (71 (t), ..., n,(t)), where each
component of the vector counts only product generated by specific type of individuals,

n;(t) = Z Ek(Js Ty s Bkey > P, (T))-
k=1
3 Preliminary results

During the paper we will use following notations:

i Oh' (u, s i i i = i
aj(u, so) = (9(Sj)|sso’ aj(u) = aj(u,l), Al = /0 aj(u)dG (u),
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) 8hi(u, s) , . . 0o ,
b;’k(ua s0) = W\s:soa 3k(“) = b;‘k;(ua 1), ]Zk = /0 ék(u)dGz(U)-
Consider matrix A = || A%||. ij—To - We assume that this matrix is irreducible with pos-

itive entries. In this case, the matrix A has the largest eigenvalue in magnitude, denoted
as p, which equals to 1 in critical case we consider. By v = (u1,usg,...,u,) and v =
(v1, v2, ..., vy, ) denote right and left eigenvectors of matrix A, corresponding to p. For these

n n
vectors, normalization conditions hold (u,1) = Y ux = 1, (u,v) = > upvg = 1.
Let -
o0 oo
M= / wdGF(u), M = / ual () dG (w),
0

0

n n
l Ik
E B, 0itt,, Mg = E M vjug.
1km=1 Lk=1

We also define

/ E (ni(u)|r = u) dG'(u), &= Z sup |nm(t)

1 t€[0;7]
where 7 is a moment of death of first individual.
Theorem 3.1 ([5]). Let M(dy) = Hmij(dy)H” r
nents of which are finite non-negative measures on [O +00). Let vector function g(z) =
(g1(x), ..., gr(x)) be such that for some v > 0 it holds sup ————— 9(z)

zer max{l,z7}
¢ = (c1, ..., ). If the Perron root of M[0,400) equals to 1 and [ umj(du) < oo, then

1 r T—+00 Cc ;o
_dH iy
xlﬂ/o g(z —y)dH (y) (1+7)a}|u v

where H (y) is the renewal matrix, which corresponds to matrix M (dy), u and v are right
and left eigenvectors of M [0, +00), a = (v, fooo yM(dy)u).

be an r*r square matrix, compo-

_)
<ooand% Lotoo,

ij=1r’

Lemma 3.1 (/2]). If for random variables X (t) and Y (t) following conditions are satis-
fied:

a) X (t) L2420 X in distribution,

b)limy o0 B (X(t) = Y (1))* =0,

then Y (t) 2%, X in distribution.

4 Main results

In order to prove next theorem we will compare processes 7(t) with processes N () - total
number of particles born by the moment of time ¢.
Let N; (t) denote number of particles of type T, born by ¢, assuming that initially, there

existed one T;-type particle. Analogously, nj (t) = (ni(t),...,n% (t)) denote stochastic addi-
tive functional, under the same condition. It is known [2], that if lim;_, o t2 too af (u)dG (u) =
0, limy,o0 2 (1 — GU(t)) = 0, M7, MJ¥, Bi; are finite, then
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n n
E emp{ Z JNZ th |Z,u m
i—1 =
1

'}
2anij /Mg | sh ( Bj /Ma
j=1
p-

Furthermore, as indicated in [2] (see also ([8, p. 464-465]), we can establish asymptotic
behavior of the moments E(NZ( )) and E(N] )N (t)):

4.1)

BVI() ~ "t BN N (1) ~ B “2)
M, 3(M,)

Theorem 4.1 [f the followmg conditions are satisfied:
i) integrals M7 Mg ,B’k are finite;
ii) M = M,, 0 < |M,| < oo, E(£?) < +o0;
iii) imy o0 12 [ af (u)dG' (u) = limy—oo t* (1 — G1(1)) = 0, Lk, j

= 1,n, then
E | exp { iy B () /Myt } S iy >0 =
j=1 -
7j=1
. 1/2 " 1/2
2B Z B /M, | | sh| | 2B Z B /M, (4.3)
— -

forallk =1,n.

Proof. Let N'(t) = Y7, Ni(t). Processes N*(t) we will consider as stochastic additive

functionals from b.p., where the amount of product produced by one particle - £(t) equals
to 1 on (0;7],£(0) = 0.

Let
Fi(t,z,x,s) = E (ezNi(t)exni(t)sui(t)) 7
hi(u,z,s) = E (eﬂfﬁi(fi)sui(n)m _ u) 7
F(t, z,8) = (F(t, z,5),..., Fi(t, 2, 5))
where V' (1) = ekzijl ZkN’i(t)7 () ki 2k ()

= ek=1 yx, 21 < 0,1 =1,n.
Additionally, define the following derivatives

OF(t,z,x,s)

; O?Fi(t,z,x,5)
Di(t —0.2—0.5— )= —— 0 05—
( ) 8xj ‘x—0,2—075—17 ly( ) axlax] ’:z:—07z_0,s_17
O*Fi(t,z,z,5)
DOy = 2~ \n =)y
lg( ) 82:;8% ‘:E—O,zfo,sfh
where 1 = (1,...,1),0 = (0, ...,0). By ex we denote vector (0, ...,0,1,0,...,0).
—— —— —— N —
n n

k—1 n—k
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Note that h(u, 1, 5) = h'(u, s).
Similarly to [4], using law of total probability, we can derive formula

F'(t,z,z,s) = €* <5iE (eml(t),t < Ti> —|—/ h' (u,x, F(t —u, z,x,5)) dG%u))
0
4.4)
Let 6 denote the point (z, z, s) = (0,0,1).
Differentiating (4.4) with respect to x; at the point 6 we get

D;-(t) = 5;- (E (n}(t),t < Ti) + /0 E (T];(u)m = u) dGi(u)>

+Z/ DA (t — w)al (u)dG (u).

Differentiating (4.4) first with respect to x;, then with respect to x; at the point 6 we get

Dij(t) = 816 B ()i (8) — 8),t < =)
<555 [ B (i) o) = )l = ) dGw
+; 3 /O DF(t — u)E (g} (w)pi (w)) i = ) G (u)

4 Z/Dkt—qu(t—u)bmk )AG (u +Z/ D (t — w)al, (u)dG? (u).
k,m=1
4.5)

And calculating successive derivatives of F'(t, z, z, s) first with respect to x;, then with
respect to z; at the point 6 we get

OB (D;‘(t) + /0 E (Nf(t =) B () (w)r: = u) da%u))
k=1

4—§:t/lﬁt—u (NJ™(t — ) by, (u)dG (u +§:/“D (t — w)ap (u)dG* (u).

k,m=1
(4.6)
Condition ii) implies that
t
E (nf-(t),t < Ti) +/ E (77Z(u)]7'z = u) dG*(u) LmascN M,;,
0
and by Theorem 3.1 we can establish that
, w;v; Mt
D4 (t) ~ ——1, 4.7

By utilizing (4.2), (4.7) and condition ii) of the theorem, we see that first three summands
of (4.5) and first two summands of (4.6) are at most O(t). Expressions (4.2) and (4.7) also
imply that

M2t?
Z / Dk t —w) D" (t — u)bly (w)dG (1) ~ vjuy Z B!ty (M 2k

m,k=1 m,k=1
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. M,t?
/ Dk t —u)E (N (t — u)) bl (W)dG* (u) ~ vjuy Z B! umuy, .
km=1 m,k=1 (Ma)
Using Theorem 3.1 again, we see that
243 3
A u,v]let uvu Myt
(¢ NBi DP(t) ~ B 4.8
jl( ) 3(Ma) ( ) 3<Ma)3 ( )
Define
n
@i(t,27ﬂf) —E ( le(t) CET]Z(t)’ZM;C(t) = O) ,
k=1
: Obi(t, z, ) O?Pi(t, 2, ) 0 0?di(t, z, )
Ki(t) = — 2/ K L e, KO(4) = —— 2
]( ) axj |:c 0,2=0, l]( ) 89@'1895] ‘x70,2707 l]( ) 8Zla$j |x70,z707
- oD (t, z,x) « 0D (t, z,x)
NZ t = 7’ ? — — Z t p— 7’ ’ — —()-
(1) oz, |=0,2=0, N (%) 92,07 |=0,2=0

Plugging s = 0 to (4.4), we get (see Weiner [7] for derivation of this formula and formulas
for conditional moments in one-dimensional case)

@i(t, z,x) = e” </0 % (u,z,P(t — u,z,x)) dGi(u)> , 4.9)
b(t,z,x) = (@1(75, z,x), ..., P"(t,z, x)) )

Denote @s(t) = P(3 1 (1) > 0) =1 = P(32 (1) = 0). Q1) = (@u(0).. Qu(1).

Differentiating (4._9) with respect to z; at the point (0, 0) yield

50 =5 ([ £ (st - @ =) @i =) a6

+Z/ Kf(t —w)ak(u, 1 — Q(t —u))dG" (u).
k=10

Expanding a,(u, 1 — Q(t — u)) into Taylor series at point 1 yields

Kj(t) =9 ( /0 B (1)1 = QU — ) O, = ) dGi<u>)
+Z/ KF(t — u)aj,(u)dG' (u 2 1/ KAt (W)Qu(t — w)dG (u)

5 / K (¢~ u)ela (0. Q) QU — )G u), @.10)

k=1

where €}, (u, Q(t)) — 0,Q(t) — 0

Condition iii) allows us to claim [6], that

L IM '
P L (¢ ~t 4.11
(S =0) - 2 @i
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Obviously, K(t) < D(t), and therefore K(t)/t is bounded sequence. Suppose that
KjZ (t) = o(t). Then (4.11) gives

Ki(t) = 8M, + o(1 +Z/Kkt—u) t(u)dGE (u) + o(1).

Thus, Theorem 3.1 yield K;(t) = w;v; Myt /M,, which contradicts our assumption.
Let K7 be a limit (maybe partial) of K7(t)/t. Then Kj(t) ~ Kjt and from relations
(4.11) and (4.10) we get

2M, ,
Kit ~ 610 +Z/ -t~ u)af ()G (w) ~ 25 S wKEBY o). @.12)
fl=1

. n .
Comparing coefficients near ¢, we get K = YK J]?Ai’ and by definiton of matrix A, it
k=1
must be the case, that K} = u’K;. Then, premultiplying (4.12) by v; and summing over i

(recall Y ) _; upvg = 1), yield
0 ~ v, M, — 3M,K; + o(1),

which, in return gives KJZ = uivan/SMa and

, u;vi M,
Ki(t) ~ —2 ¢, 4.13
Analogical arguments show that
~ UiV s
NYt) ~ —L¢. 4.14
HORS 372 4.14)

Differentiating (4.4) first with respect to x; then with respect to z; at the point (0,0) we get

K} 0) = 50 K7(0) + / KE(t ) N (¢~ )b (1,1~ Q(t — u))dG ()
km=1

+6561 ) / Nf(t—uw)E (né(u)u%(u)(l — Q(t — ) k|7 = “) dG* (u)
k=1"0
+Z/ KOt — w)a(u,1 - Q(t — u))dG' (u). (4.15)

Similar reasoning to (4.10)-(4.12), relations (4.14) and (4.13), along with the binomial for-
mula, show that Kl’jo (t) ~ Kllj()t?) and

n n
k,m=1 a k,m=1

n n
+ D ALK =3 T KEPOMF + o(t?).
k=1 k=1
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Comparing coefficients near ¢* gives Kj; = u;K};. Then, after multiplying both sides by
v;, summing ovet ¢ and comparing coefficients near ¢2, we get K ;JO = wvv; BM, /45 M3
and

Kj9(t) ~ BES 0 8 4.16
Same reasoning as in (4.10)-(4.16) gives
, wvu; M2 . VIV
Kji(t) ~ BEC 03 N (1) ~ By, @.17)

45M3
Now relations (4.2), (4.8), (4.11), (4.16) and (4.17) yield

. 1 2 n
E ((M@?NZ t) <Ma>2”f“)) > w0 >0
k=1

’Ult2 UjMntQ

A5M3

. i 2
5 ((Ma)QNl (t) (Ma)2nj(t)> ot

Ult2 (% MntQ

ut? vj Myt?

S w0 =0 /Qu(t)

k=1

e <<Ma>2N;‘<t> <Ma>2n§<t>>27 :

1/3t —2/3t+1/3t +1/45t — 2/45t + 1/45t
S

2Maui/Bt

From here, (4.1), using Lemma 3.1, we get the result.

Corollary 4.1 If conditions of theorem (4.1) are satisfied, then distributions

it L . — C
P <M:11:J]EGZ)@) < z| kzzjl iy (t) > O) ,j,1 = 1,n converge to the degenerate distribution,

localized at the point 1.

Now consider a branching process with immigration. We assume that the process starts
with no individuals, and E° g*) denotes the conditional expectation, given that no particles
existed at the beginning (P"(x) is respective conditional probability). It is convenient to
consider a branching process with immigration as a decomposable branching process with
n + 1 types, with one extra type Tp. An individual of type Ty reproduces itself and some
number of individuals of other types. Let p? (u), where a = (aq, ..., o, ), be the probability
that o cells of the first type, as cells of the second type, ..., a, cells of the n-th type, all
of age 0, arrive at time u, according to the renewal process with distribution G°(u). Let’s
introduce generating functions

h(u,s) =) p(u)s®,

Fo(t, Z,T, 8) = E’O <€ZN(t)em7(t)$“(t)> :

where N(t),n(t), u(t) denote the same processes as above.
It is easy to check that similarly to (4.4) next integral equation holds

t
FOt,z,x,8) = 1—G0(t)—|—/ RO (u, F(t — u, z,x,8)) FO(t —u, z, z, s)dG°(u). (4.18)
0
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Also define

oo ah
My = / udG(u / \s 1dGO(u), A = ZAOUJ
0

From [2] we know that if conditions i), ii) of Theorem 4.1 holds, A, M are finite, then next
convergance takes place

o (p{ zﬁwmmﬂ}) totos,

]_

_2AM,
1/2 BM

ch | BY B /2M, : (4.19)

=1

Equivalent to branching processes without immigration, we can obtain similar results for
n(t) in processes with immigration.

Theorem 4.2 If conditions i), ii) of Theorem 4.1 holds, A, My are finite, then

5O (xp{ ; 0y (1) /M, t}) totoo,

_2AM,
1/2 BM),

B En: B’ /2M,
j=1

Proof. By differentiating (4.18) in a similar manner to what we did in Theorem 4.1, we can
establish the second and mixed moments of 7;(¢) and N;(t). Comparing these moments
using a lemma and (4.19) completes the proof.

This theorem also implies next corollary.

Corollary 4.2 If conditions of Theorem (4.2) are satisfied, then distributions

0 vn; (t) - e T .
P (W < :z:) , 4,1 = 1,n converge to the degenerate distribution, localized at

the point 1.

5 Conclusion

In this paper, we derived the limiting distributions for stochastic additive functionals, which
have finite, non-zero mathematical expectations for the product generated by a single parti-

cle, for both processes with and without immigration, under standard conditions of second
moment finiteness.
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