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Abstract. In this paper we consider the boundary value problem for fourth-order ordinary differential
equations with spectral parameter contained in the two of boundary conditions. We completely study
the oscillation properties of solutions of the corresponding initial-boundary value problem for negative
values of the spectral parameter, whence can be easily found the number of zeros of the eigenfunctions
corresponding to negative eigenvalues of this problem.
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1 Introduction

We consider the following eigenvalue problem:

y W (@) = (g(x)y (2)) = My(@), z € (0,1), (1.1)
y'(0) =y"(1) =0, (12)
Ty(0) — a\y(0) =0, (1.3)
Ty(1) — cAy(1l) =0, (1.4)

where \ € C is a spectral parameter, T'y = y"'—qy/’, q(x) is a positive absolutely continuous
function on [0, 1], @ and c are real constants such that a < 0 and ¢ > 0.

Problem (1.1)-(1.4) describes free bending vibrations of a homogeneous Euler-Bernoulli
beam of constant rigidity, in the cross sections of which a longitudinal force acts, and the
masses are concentrated at both ends (see [6, p. 152-154]).

The spectral properties of problem (1.1)-(1.4), including the oscillatory properties of
eigenfunctions and the basis properties of root functions in L,, 1 < p < oo, were studied
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in [3]. However, it should be noted that the number of zeros contained in the interval (0, 1)
of the eigenfunctions corresponding to the negative eigenvalues of the problem (1.1)-(1.4)
found there is not exact.

The purpose of this paper is to clarify the number of zeros contained in the interval (0, 1)
of eigenfunctions corresponding to the negative eigenvalues of problem (1.1)-(1.4).

2 Preliminary

When studying the oscillatory properties of eigenfunctions of spectral problems for or-
dinary differential equations of the fourth order, the following statement plays an essential
role.

Lemma 2.1 (see [5, Lemma 2.1 ]) Let y(x, \) be a nontrivial solution of differential equa-
tion (1.1) for X\ > 0. If y, o/, y", T'y are nonnegative at x = a (but not all zero), then they
are positive for all x > a. If y, —v/', y", — Ty are nonnegative at x = a (but not all zero),
then they are positive for x < a.

Along with problem (1.1)-(1.4) we consider the eigenvalue problem (1.1)-(1.3) and
y(1)cosd — Ty(1)sind = 0, (2.1)
where ¢ € [0, 7/2]. For this problem we have the following result.

Theorem 2.1 [3, Theorems 4 and 5] (see also [2]). The eigenvalues of problem (1.1)-(1.3),
(2.1) for 6 = 0 are real, simple and form an infinitely increasing sequence {1 }3> ,, for
d = 7/2 are real and simple, and, except the case a = —1, where A = 0 is a double
eigenvalue, form an infinitely nondecreasing sequence {vy}7° | such that

p < <0=wvm<pup<ry<us< ... ifa>-1,
M <0=vi=m<u<ryy<u<... if a=—1, 2.2)
pm<0=r<wm<pmp<ry<us< ... ifa<-—1

Moreover, the eigenfunction v (x), corresponding to the eigenvalue g, for k > 2 has
exactly k — 1 simple zeros in (0, 1); the number of zeros belonging to the interval (0,1) of
eigenfunction vy (x) can be arbitrary.

Now we consider initial-boundary value problem (1.1)-(1.3).

Theorem 2.2 [3, Theorem 6] For each fixed \ € C there exists a nontrivial solution y(x, \)
of the problem (1.1)-(1.3) which is unique up to a constant factor.

Remark 2.1 From the proof of Theorem 2.2 it follows that the solution y(x, \) of problem
(1.1)-(1.3) have the following representation:

y(x’ )‘) = @/2,(17 >‘) {301(337 )‘) + a)\<p4(1:, )‘)} - {@/ll(lv )‘) + a)\(pZ(l, )‘)} @2($’ )‘)7

where o (x,\), k = 1,4, are solutions of Eq. (1.1), normalized for x = 0 by the Cauchy
conditions (s-1)
. _
9014; (07 )\) = 5’657 S = 1737 T(pk‘(ov A) = 5k47 (23)

ks is the Kronecker delta. Then the function y(x, \) is an entire function of the parameter A
for each fixed = € [0, 1], since the functions ¢ (z, A), k = 1, 2, 3, 4, and their derivatives
are entire function of the parameter A for each fixed = € [0, 1] (see [7, Ch. L, §2.1]).
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Remark 2.2 It is obvious that the eigenvalues p and v of the spectral problem (1.1)-
(1.3), (2.1) for § = 0 and 6 = m/2 are zeros of the entire functions y(1,A\) and T'y(1, ),
respectively.

We introduce the notation: Dy, = (ug—1, pg), k = 1,2, ..., where ug = —oo.
Note that the function F'(\) = 7;%(11;3) is defined in the domain Dp = (C\R) U

o
( U Dk> for which in [3] established the following statements.
k=1

Lemma 2.2 [3, Lemmas 3-5] The following relations hold:
l

dF(A) 1 2 2

= A d 0, A rxebD 2.4
d\ yQ(l,)\) /y (l’, ) :U—I-ay(, ) ) € Dp, ( )

0
lim F()) = — oo, 2.5)

A——o00
F(\) = i # (2.6)
— (A — ) '
where cj, = res F\),keN andcy >0, ¢, <0, k> 2.
=

Remark 2.3 From (2.6) we obtain

o
F” =2
Zl A= ug)?

which implies that F”'(\) < 0 for A € Dy = (u1, p2), i.e., the function F(\) is convex in
Ds.

Lemma 2.3 One has the following relations:

F(\) <0 for A e (—o0, 1), _l}lﬂm OF()\) — 00,
1

lim F(\) =400, F(A\) >0 for A € (p1,11),
A—p1+0
F(\) <0 for XA € (11,0) in the case a > —1.
Proof . Since (11 is a smallest root of the function y(1, \), by (2.2), Remark 2.2 and (2.5),
we have

F(\) <0 for A€ Dy = (—00, u11). (2.7)
Since p; is a simple pole of the function F'(\) it follows from (2.7) that
lim F(A\)=-o00, and lim F()\)=+o0. (2.8)
A—up1—0 A—=p1+0

In view of (2.2) we have 1y < v1 < 0 for a > —1 and p; < vy =0 for a < —1.
Then by Remark 2.3 and (2.8) we get

F(A) >0 for A € (u1,v1) and F(N\) <0 for X € (11,0) in the case a > —1, (2.9)
F(\) >0 for A € (u1,0) in the case a < — 1. (2.10)

The proof of this lemma is complete.
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3 Oscillation properties of solutions of the initial-boundary value problem (1.1)-(1.3)

Consider the equation
y(x,\) =0, z€[0,1], A € R. 3.1

Obviously, the zeros Eq. (3.1) are functions of \. For these zeros, in [3] the following lemma
was formulated and proved.

Lemma 3.1 The zeros in (0, 1] of function y(x, \) are simple and C! function of A € R.

The proof of this lemma for A > 0 is based on Lemma 2.1. But for A < 0 the proof of
this lemma given in [3] contains a gap (see the proof of Lemma 6 there).

Now we will give a complete proof of this lemma for A < 0.
Proof of Lemma 3.1 for A < 0. Let y(xo, \) = y'(x0,\) = 0 for some A < 0 and zp €
(0,1). Then y(z, ) is a solution of the initial-boundary value problem

yW(@) — (g(2)y () = My(x), € (w0, 1), (3.2)

y(zo) =y (z0) =y"(1) = 0. (3.3)
It follows from the proof of [3, Lemma 6] that y” (xo, A)T'y(xo, A) # 0. Integrating (3.2) in
the range from x( to 1, using the formula for integration by parts and taking into account
conditions (3.3) we obtain

fl {y”Q(:c, A) + q(2)y?(x, )\)} dr + Ty(1, N)y(1,\) = X fl y2(z, \)d. (3.4)

o

1
Since A < 0 and [ y%(z,\)dx > 0 the left hand of (3.4) takes a nonzero value. If \ €

xo
(t1,v1), then by Lemma 2.3 we have T'y(1, \)y(1,A) > 0, and if A\ = 3 (A = vy for
a > —1), then Ty(1, p1)y(1,u1) = 0 (Ty(1,v1)y(1,v1) = 0). Consequently, the left
hand of (3.4) is positive. Therefore, it follows from (3.4) that A > 0 which contradicts the
condition A < 0.

By Lemma 2.3 we have

Ty(1,N)y(1,X) <0 for A < py.

Since the left hand of (3.4) is positive for A = p; it follows from continuity of the left hand
of (3.4) on the parameter )\ that

/ {y(2, ) + q(@)y(z,\) } dz + Ty(1, )y(1, ) > 0 (3-5)

for A < p; and close enough to . Despite the fact that Ty (1, \)y(1, ) < 0 for A < 1,
relation (3.5) will hold for all such \. Indeed, otherwise for some A = \*, the left-hand side
of equality (3.4) will be equal to zero, but the right-hand side will be different from zero.
Then by (3.5) it follows from (3.4) that A > 0 in contradiction with the condition A < 0.
If A € (11,0) for a > — 1, repeating the above reasoning we arrive at a contradiction.
It follows from Theorem 2.1 that y(1, A) # 0 for A € (— o0, 0), A # p1. If ¢/ (1, 1) =
0, then p is an eigenvalue of problem

W () — (a(2)y'(2)) = Ay(z), 2 € (0,1),
(O) cosa — y"(0)sina = Ty(0) — aly(0) = 0,

y/
y
y(1) =y"(1 )—0,
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both for & = 0 and o = 7/2. It follows from [1, Theorem 4.1, statement (i)] that the eigen-
values of this problem are real, simple and form infinitely increasing sequence {(j(c)}22 .
Moreover, by [2, Theorem 2.3] for this eigenvalues the following relation holds:

G1(0) < Ci(m/2) <0 < (o(m/2) < (2(0) < (3(m/2) < (3(0) < ...,
which leads to a contradiction to the fact that X is an eigenvalue of this problem both for
a=0and a = 7/2.

The smoothness of x(\) follows from the well-known implicit function theorem. The
proof of Lemma 3.1 is complete.

Lemma 3.2 [3, Lemma 7]. As A < pj or X € (u1,0) varies the function y(x, \) can lose
or gain zeros only by these zeros leaving or entering the interval [0, 1] through its endpoint
z=0.

Now we find the number of zeros of the function y(x, \) contained in the interval (0, 1)
for A < 0.

Lemma 3.3 [3, Lemma 10]. Let Ay € (—o0, 1) U (u1,0) and y(0,\g) # 0. Then there
exists €9 > 0 such that for any A € (Ao — €o, Ao + €0) the number of zeros of the function
y(x, A) in the interval (0, 1) coincide with that for the function y(x, \o).

Let 7(\) be the number of zeros of the function y(x, A) contained in the interval (0, 1).

Corollary 3.1 [3, Corollary 1]. Let i, v € (—00, 1) or p,v € (p11,0), pp < v and 7(p) #
7(v). Then the interval (u,v) contain an eigenvalue of the boundary value problem

y(4) (z) — (Q(x)y/(x»/ = Ay(z), = € (0,1), (3.6)
y(0) = y"(0) = Ty(0) = y"(1) = 0.

Lemma 3.4 The real eigenvalues of problem (3.6) are negative.

Proof. Let y be the eigenvalue of problem (3.6) and v(x) be the corresponding eigen-
function. If x> 0, then in view of condition v(0) = v”(0) = Tw(0) = 0, by Lemma
2.1, we get v""(1) # 0 which contradicts the condition v”(1) = 0. If u = 0, then we have
v(x) = kpa(x,0), where k # 0 is some constant. By Lemma 2.1 for any A > 0 we have

o5(x,A) >0, Tpa(z,\) >0 for z € (0,1] and 5(x, \) > 1 for z € [0,1].
Then we get
b (2,0) >0, Tpa(x,0) >0 and ph(z,\) > 1 for z € [0,1].
From the relation
Tpa(w,0) = ¢4/ (2,0) — q(x)¢h(x,0) > 0 for z € [0,1],
we obtain ¢} (z,0) > g(z) ¢4(x,0) > 0 for z € [0, 1], whence, by ¢45(0,0) = 0, implies
that ©4(1,0) > 0. Consequently, v”(1) # 0 which contradicts the condition v”(1) = 0.

The proof of this corollary is complete.

Lemma 3.5 The real eigenvalues of problem (3.6) are contained in (— oo, i1).
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Proof. Let A € [u1, 0) be the eigenvalue of problem (3.6). Then integrating the equation
in (3.6) in the range from 0 to 1, using the formula for integration by parts and taking into
account boundary conditions in (3.6) we obtain

1

of {y(z, \) + q(z)y?(z, ) } do + Ty(1,\) y(1,\) = A({lgﬁ(:p, A)dz. 3.7

If A = p, then y(1, 1) = 0, and if A € (p1,v1), then Ty(1, A) y(1, A) > 0. Consequently,
the left hand-side of (3.7) is positive. If @ > — 1 and A\ = vy, then Ty(1,v;) = 0, and if
a > —1and A € (11,0), then Ty(1,\) y(1,A) < 0. Since the left-hand side of (3.7) is
positive for A\ = v in the case a > — 1, it follows from the continuity of the left-hand side
of (3.7) with respect to the parameter A that it remains positive for all A € (v1,0) in this
same case. Then from (3.7) we obtain A > 0 in contradiction with the condition A < 0. The
proof of this lemma is complete.

Corollary 3.2 If A € [i11,0), then 7(\) = 0.

Proof. In view of y(z,0) = 1 we have 7(\) = 0 forall A < 0 near 0, which by Lemma
3.5 and Corollary 3.1 implies that 7(A) = 0 for all A € [u1,0). The proof of this corollary
is complete.

Remark 3.1 Since y; is a simple zero of the function (1, \) by Lemma 3.5 and Corollary
3.2 it follows that there exists sufficiently small ¢; > 0 such that 7(u; — €) = 1 for any
e € (0,€1).

Let 1 be a real eigenvalue of the problem (3.6). The oscillation index of this eigenvalue
which denoted by (1) is the difference between the number of zeros of the function y(z, \)
for A = ;1—0 belonging to the interval (0, 1) and the number of the same zeros for A = ;1+0
(see [4]).

Theorem 3.1 The eigenvalues &, .k = 1, 2, ..., of problem (3.6) are real and simple,
contained in (— oo, 1), are numbered in descending order and allow asymptotics

& = —4(k + 1/4)7* + o(k),
and have oscillation index 1.

Proof. The proof of this theorem is similar to that of [4, Theorem 4.1] with the use of
Lemma 3.5.

From the above definition, Corollary 3.2 and Remark 3.1 it follows that for A < 0 the
number of zeros of function y(z, A) belonging to the interval (0, 1) is defined as follows:

0 if A€ [p1,0)
() = {1+ S i(6) i A€ (— o0 m). (38)
Ese(/\#"l)
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