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Abstract. The paper considers a boundary value problem with an oblique derivative for the Laplace
equation in the unit ball D in the complex plane. The problem is firstly studied in weighted Hardy-type
classes of harmonic functions in D. Then, the weighted Sobolev space Wg; v (D) with the weight function
v: I =09D — [0,400), is introduced into consideration. The same problem is considered in another
setting in the spaces Wg; v (D). The solution is understood in a strong sense. It is proved that if the weight
belongs to the Mackenhoupt class Ay (I'), then this problem is Noetherian and the index is calculated.
Operator corresponding to this problem, generally speaking, is not a Fredholm operator.
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1 Introduction

The theory of boundary value problems for elliptic equations in classical formulations (i.e.,
with respect to Holder and Lebesgue spaces - L,-theory) is quite well developed and cov-
ered in various monographs by very famous mathematicians (see, for example, [1-8]). Due
to various reasons, new Banach functional spaces appear over time, and in parallel, with
respect to these spaces, one should study the problems of certain areas of mathematics such
as harmonic analysis, approximation theory, the theory of differential equations, etc. These
spaces include weighted Lebesgue spaces, Lebesgue spaces with variable summability ex-
ponent, Morrey spaces, grand Lebesgue spaces, Orlicz spaces, Marcinkiewicz spaces, etc. In
these spaces, in comparison with other areas, the problems of harmonic analysis are quite
well studied. And this, in turn, creates an acceptable opportunity to construct theories of
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approximation and partial differential equations with respect to these spaces. Significant re-
sults have also been obtained in this direction, and the number of such works increases with
time (see, for example, works [9-23] and their references). These spaces have their own
characteristics and in connection with this, the study of certain problems in these spaces
faces certain difficulties. For example, weighted Lebesgue spaces and Lebesgue spaces with
variable summability are not invariant with respect to the shift operator, Morrey and grand
Lebesgue spaces are not separable, and so on. Therefore, when studying certain problems,
many classical methods are not applicable and other research approaches should be in-
volved.

Our work is devoted precisely to the above-named special case both with respect to
space and with respect to the problem under consideration. This work considers a boundary
value problem with an oblique derivative for the Laplace equation in the unit ball D on
the complex plane. First the problem is solved in weighted Hardy-type classes of harmonic
functions in D. Then the weighted Sobolev space Wp%V (D) with the weight function v :
I' = 0D — [0, +0o0], is introduced into consideration. The same problem is considered
in another setting in the spaces W[iy (D). The solution is understood in a strong sense. It
is proved that if the weight belongs to the Mackenhoupt class A,, (I"), then this problem is
Noetherian and the index is calculated. Operator corresponding to this problem, generally
speaking, is not a Fredholmness.

2 Necessary information

First we give the following standard notation used in the work. NV will be se set of all positive
integers, Z = {0} |J V; Z will be a set of all integers, C' will stand for the field of complex
numbers; R—are real numbers. D = {z € C: |2| <1}, ' = 0D = {z € C: |z| =1}.
Denote by |E| the linear measure of a measurable (according to Lebesgue) set £ C I.
C§° [—m, m| is the space of infinitely differentiable functions with compact supportin (—m, ) ,
X* is a dual space to Xj 9;; is the Kronecker symbol, do is an element of length on 0D.
[X; Y] is a Banach space of linear bounded operators, acting from X to Y, [X] = [X; X].
Letv : I' — [0, +oc] be a weight function, i.e. measurable (according to Lebesgue) and
|v=1{0; +00} | = 0. We will say that v (-) belongs to the Mackenhoupt weight classA,, (I")
1 < p < 40, if the condition

s (i [ o) (g for ) <ox

is satisfied, where sup is taken over all measurable sets & C I'. The weights from class
A, (I") have the following properties.

Statement 2.1 Let v € A, (I') , 1 < p < +o0. Then:
i)3po € (1,p) : v e Ay (I);
ii) 36 > 0 such that the following inverse Hélder inequality holds

(P;’/EVM () d:c)lié < ,;[Ev(x) dz,

forVE C I', where C—is a constant independent of F.

Everywhere in the future, the unit circle I" and the semi-interval [—7, 7) will be iden-
tified using the mapping €' : [—m,7) <> I'. Accordingly, the function f : I' — C will
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be identified with the function f : [-7,7) — C & f () = f (e). Also for the function
f:D — R, assume

fr®)=Ff(re"), 0<r<1, te[-mm).

Let us introduce into consideration the weighted Lebesgue space Ly, (I") = Ly, (—m, )
1 < p < +o0, defined with the norm

T ( / !f\pu\dﬂy _ ( [ f\pydt)p.

Assume L, (I') = ReLyy, (I'). Let a = (13 02) € Z3 —be a multi-index and |a| =
a1 + ag. Put 0% = &g‘f‘%. We define a weighted Sobolev space W2, (D) with the
norm |-y

lullyz, = D 0%l (p)-
jal<2

The following statement is true.

Statement 2.2 Ler v € A, (') ,1 < p < +oo. Then: i) the continuous embedding
Ly, (I') C Ly (I) is true; ii) C§° [—m, 7] = Ly, (—7,m) (the closure is taken in the
norm of the space Ly, (I') ).

In order to obtain the main results, we will also need the following well-known

Statement 2.3 The classical trigonometric system {1; cos nx;sinnx}, .\ forms a basis for
Ly, (—m,m) ,1<p<+oo, ifand only ifv € A, (I').

These and other facts can be found in detail in [24,25].
Denote by .7 (D) the class of all harmonic functions in D, i.e.

H(D)={u: D—R:Au=0, in D}.
Put
oy = {u e A (D): |ull,,, < +oo},
where

”uth;y = oiug [Jur (- )HLW(F) )
<r

is the norm in hy,,,.

(1)

Along with Ay, we also introduce into consideration the class hy,, of harmonic func-
tions in D: ou 9
1 u Ou
h,g;g_{ueh i g €l }
(1)

The norm in hy,.;, is defined by the expression

@
or

@
Oy hy

full gy =l + |
hp;w
We will also consider the weighted Hardy class of analytical in D functions. Denote the
class of analytical functions in D by <7 (D) . The weighted Hardy class H;;l, is defined as
follows

HY, = {F €/ (D): |[Flys, < +oo} ,
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where
1EW gz, = S 1 (O, -

It is obvious that /' € H;fl, & ReF & ImF' € hy,,. The following theorem is true.

Theorem 2.4 Let v € A, (I') ,1 < p < +oo. Then: i) VF € H,, has nontangential
boundary value F* € L,,, (I') and the Cauchy formula

Pl =L [ E

_Tm r 5—2

holds; ii) the system {z"},,c , ({7"} ) forms a basis for H.f, (for L}, (I') = H, /).

nezy

An analogue of the Riesz theorem is also true.

Theorem 2.5 Lerv € A, (I') , 1 <p < +oc, and F € H,, . Then:
i) 1imoff7r |F. (t) — FY ()P v (t) dt = 0; i) hrlmoflr B )P (t)dt = [T_|FT (@) v(t)dt.
r — r—1—

—1

More details about these and other results can be found, for example, in works [27-32].
From these theorems it immediately follows

Corollary 2.1 Letv € A, (I') , 1 < p < 4oc. Then:
1)Yu € hy,, has nontangential boundary value u* € L,, (I") and the Poisson formula

u(r; o) ! /WPr(cp—H)qu(G)dQ

:% .

holds, where P, (@) = %, is a Poisson kernel for a circle;
2) the following relations

™

lim |u(r; ) —u™ ()" v (p) dp = 0;

r—1-0 J__

m ™

lim lu(r; )P v (p)de = / ‘U—i_ (@)‘py (¢)de

r—1-0 J_~ -

hold.

Thus, we can conditionally write hy,, = ReH;gV =1 mH;V. The last relation fol-
lows from the obvious fact that f € H;V Saf e H;l,. Hence and by Theorem 2.4
it immediately follows that the system {%7 Rez™; I mz”}n cn 18 complete in Ay, if v €
A, (I') ;1 < p < +oc. Denoted by h.}, the restriction of the space hy,,, to I (i.e., we
associate each function u € hy,,, with its boundary values ut € h;:,,). Therefore, we have

ht, = ReL}, = ImL} . This directly implies that the relation

1
(T) = {2;cosncp;sinng0} C hty,
neN

is true and moreover, an arbitrary function u™ € h;;l, can be expanded in the system (7°) in
the norm of the space Lf;l, (I") . On the other hand, it is known that the system (7") forms a
basis for Lﬁ;y (I") and as a result we get h.f,, = Lfﬂ, (I"). The operator that assigns to each

function u € hy,, its nontangential boundary values u™* € h.},, will be denoted by 7. As
a result, we obtain that the following theorem is true.
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Theorem 2.6 Let v € A,(I') ,1 < p < +oo. Then for Vf € Lﬁw (I') the Dirichlet

problem
Au=0, in D,
2.1)
Yru=f, on I,
is uniquely solvable in class hy,.,, moreover, the estimate
lully,, <cllfllL,., (2.2)

is valid, where A > 0 is a constant independent of f.
Indeed, the fact that the problem (2.1) is uniquely solvable is obvious. Further, from
Corollary 2.1, 2) it follows
s

lim | (rn; ) — u™ (9)|" v (¢) dp = 0,

n—oo |

where r,, — 1 — 0, n — oo, is some sequence. Hence it follows that 3{n; < ny < ...} :
u (o) = ut (@), k— oo, ae.. ¢ € (—m, ). Consequently

u (rn; @) P v (0) = |ut ()" v (p) , n— o0, ae. ¢ e (—mm),
and as a result, by the Fatou theorem, we obtain
ot (@) v(p) < sup [T u(r;o)lPv(e)de,
0<r<1
I, oy < lully,, < I ully, o < llully, ., -

Itis quite obvious that K'er v+ = 0. Then it follows from Banach’s theorem that 3 (v+) ™' €
[Lpw (I') 5 by ], i.e. estimate (2.2) is proved.

It follows directly from this theorem that the operator v+ € [hp.,; Ly, (I')] is an iso-
morphism between the spaces hy,, and L., (I). As aresult, the following corollary is true.

Corollary 2.2 Letv € A, (I') , 1 < p < +o0. Then the system

1 1
{;Rez”;[mz"} = {;r”cosmp; r" sinngp} ,
2 neN 2 neN

forms a basis for hy,,,. In this case, the biorthogonal system is determined by the functionals

L (u) = £ lim 5 [T u(r; @) cosnpdp , Vn € Zy

Ly (w)=1 lim L [ w(rjp)sinnedy , Vn e N.

n n
o7

(2.3)

Proof. It is sufficient to prove the minimality of the system {4; Rez"; I'mz"} _ . in hyp,.
Consider the following functional

1 1 (™
IV (u) == lim / u (r; p) cosnpdp , Yn € Z,.

It is clear that

I+ (Rezk> = S, Vnsk € Zy; I (Imzk) —0,VneZy, VkeN
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holds, where z* = rke? %  We also have

1 1 4
17 ()] < L lim / fu (r; )] dp <

Tr—1-07r"

1
1 1 4 P ™ P
< 1 — . p
s ol s </W|U(m0) u(so)dso) (/ P(so)dso>

1
1 4 P
< const lim [ sup </ lu (r;0)|P v () dgp) p] = const |[ul, -

r=1-0 [ " o<cr<1 \J—r

It follows that {/;} C (hp,,)". Similar calculations are valid for the expression u,, . There-
fore, the system {1f: I }n€Z+ is biorthogonal to the basis { ;7" cos ne; 7™ sinnep}

in the space h,,,.
Corollary is proved.

We will also need the following
Lemma 2.1 Letv € A, (I') , 1 < p < 400, and u € hy,,. Then, if
o0
u(r;p) =ug + Z (u;t cosnp + u,, sinng) r"
n=1

is the expansion of the function u (r; @) on the system {%, Rez"™; Imz"}neN in hy.,, then
the non-tangential boundary value u" (@) € Ly, (I") has the expansion on the system (T'):

oo
ut (o) = ug + Z (u;} cosng + u,, sinnp) .

n=1

Indeed, it suffices to show that

1 ™
/ ut (@) cosnpdp =ut, Yne Z,
™ —T

holds. Expressions for {u,, } are proved similarly. So, by formula (2.3) we have

Lol 1
Uy — — u" () cosnpdp| = —

T J_x m

lim 1/7r [u(r;p) —u™ ()] CosmpdsO‘

r—=1-07r" J__

< = lim /7r lu(r; o) —u™ (¢)| dp

D=

< const lim (/7r lu (r; ) — ut (cp)‘pu(go)dg0> 0.

r—1-07r" .
Lemma is proved.
We will also use the following well-known notions and facts. Consider the following
Hardy-Littlewood maximum operator

(Mrf) (€)= sup / o)l Nl
By (1)

EEBT(T) r

where sup is taken over all balls B, (7) with center 7 € I and radius > 0. The following
well-known theorem is true (see, e.g., [34])
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Theorem 2.7 Operator M is bounded in Ly, (I') , 1 < p < +oo,i.e. Mp € [Lp,, (I')] &
veA, (D).

Denote by 6y (7) a non-tangential angle of 6y € (0, 7) and with a vertex at the point
7 € I'. Itis known that (see e.g., [33, p. 237]) there exists a constant Cy, that depends only
on the angle 6y (but independent of 7 € I"), for which the inequality

sup ‘u (reit)‘ < CpM f(r), ae. 7€’ 2.4)
rettelo(r)
holds, where u (z) is the Poisson-Lebesgue integral of the function f (-):

u(re’) = o [ Pet- ) £0) de

—Tr

3 Main results

We will consider the same problem in two settings. First, we will solve the formulated prob-
lem in the weighted class of harmonic functions in D. In this case, the boundary condition is
given by the operator t. Then the same problem is solved in the weighted Sobolev space.
In this case, the boundary condition is defined using the trace operator.

3.1 héll), setting.

Let (r;¢0) , 0 <7 <1, —7 < ¢ < 7 be polar coordinates in D. Consider the following
oblique derivative problem

A =0, in D; 3.1)
*{ cos @—l—sin Jul _ cos @+sin 9u = f(p) €[—m,m)
’7 Soar (pagp — ()0874 Spacp 1 - ()0 ’ ()0 ) )
3.2)

where A,.., = % + %% + %2 g%jé, is the Laplace operator in polar coordinates. It is known
that this boundary value problem is elliptic (see, for example, [26]). Problem (3.1), (3.2)

will be solved in the space hg,), .So letu € hg,l be the solution of this problem, where
f € Ly, (I') is some given function. Let us expand these functions in the corresponding
bases

F@0)= [+ (fif cosnp+ f, sinng),

n=1
oo

u(r;p) = ua' + Z (u: cos ny + u,, sin ngp) r', 3.3)
n=1

where and {f'} are the corresponding biorthogonal coefficients, which are defined by the
expressions

1 .
fa == | flplcosnpdp; fii=— [ f(p)sinnpdp,

L1 1T
u, = — lim — u (r; ) cosnpdyp ;
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1 1 [7
u, = — lim / u (r; ) sinnedp . (3.4

Represent u (r; ¢) in the form

+oo .
u(r;p) = Z Anrln‘em“",

n=—oo
where
ud ., m=0
An — 9'_7 L )
uy —iu, , n#0.
We have

ou . OJu -

o = Z In| A,rlnl=teime, 35 = ZinAnT|”|em‘P.
" n#0 ¥ n#0

B (@)Jr and (2 " we denote the nontangential boundary values of the functions 2%: 2% ¢

Y\or Op g y ar? O

hp. , respectively, i.e.

Qu\NT o (Qu (OuNT i (Ou
ar) ~ 7 \ar ) \op) 7 \op)-
Then from Lemma 2.1 we directly obtain

+ +
(5) =S miawere (24) = Y in et
n#0

n#0

Taking into account these expressions in the boundary condition (3.2), we have

P 4 emip , ip _ =i ‘ +o0 ‘
n#0 n#0 n=-—00
where
1 (" .
enlf) = 5= | @)™, ez,
-
Consequently

400
> An(In] +n) e LN A, (In] —n) TP =2 3 o (f) €7

n#0 n#0 n=-—00

By making the appropriate changes, as a result we have

[e’e] —2 +00
S n-1DAp 1™ = Y (n+1)Appe™ = D e (f)em. (35)
n=2 n=-—00 n=-—00

This immediately implies that for the solvability of problem (3.1), (3.2), the fulfillment of
the conditions

co1(f)=co(f)=c1(f) =0, (3.6)
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is necessary. Further, the coefficient Ay is not included in the left side of relation (3.5), and
hence it remains an arbitrary constant. For the remaining coefficients { A, } from (3.5) we

obtain 1
An: Ecn—&-l(f) ) nZ 1;

and )
A, = —ﬁcn,l (f), n<-—1.

As a result, for the solution u (7;¢) € hp,, of problem (3.1), (3.2), we obtain the formal
expression

—1 00
u(r;e) = Ao + Z cn_|;|(f)r|"|eiw + Z CnJr;(f) rhem?. (3.7)
n=1

n=—0oo

Let us show that the function u (r; ¢) defined by expression (3.7) is indeed a solution
of problem (3.1), (3.2). It is quite obvious that A,.,u (r;¢0) = 0, Vre’® € D. Let us

show that u € h]()lg. For this, it is enough to prove that %; g—f; € hypy. It is clear that

u (0; ) = ug = const. Then from the formula

" ou (p;
u (r; @) =/ Oulpi¢) SO)deru(O;sO),
0 dp

we get that if % € hp., then u € hy,,. Thus, differentiating the expression (3.7) term by
term with respect to r, we have

-1

0 . s .
a—:f = Z cn—1 (f) plnl—1eine 4 ch+1 (f)r"Letne,

n=—o0o n=1

Assume
-1

up (rip) = > e (f) riMTte?,
n=—o0

o0

ug (r;0) = Y ens1 (f) ¥ e,

n=1
Let us show that uy, € hy,, , k = 1, 2. It suffices to show that the inclusion us € h,,, (the
inclusion u; € hy,,, is proved similarly). It is clear that Auy = 0. We have

uz (ryp) = e r20 (ry ),
where

9 (r;@) = Z cn (f) re™?,
n=2

It is easy to see that the function wuy (7; ) tends uniformly to the function ¢ (f) €' as
r — +0 on I'. Therefore, the following relation

sup |luz (r; ')HLP»U(I“) < +oo & sup |9 (r; ')HLp»u(F) < +o0, (3.8)
0<r<1 ’ 0<r<1 ’

is true. Let

9@ =3 ca(f) €™, p e (—m ).
n=2
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From the basicity of the system of exponents { ¢#} _ in L, (I') , 1 <p < +o0, and

f € Ly, (I') it follows that g € Ly, (I'). For ¥ (r; ¢) the following Poisson-Lebesgue
formula is valid

I (r;¢) : /7r P (p—0) g (6) do.

Taking into account estimate (2.4) and applying Theorem 2.7 to the expression ¢ (r; ) we
obtain

19 (r; ')HLP;V(F) <c HMFQHLW(F) B C||9HL,,;U(F) )
where ¢ > 0 is a constant independent of g . Hence it directly follows that ¥ € hy,,, as a

result uy € hy,,,. Similarly, it is established that ua € hy,,,. Thus, the inclusion % € hpyy is
valid.
We also have

%:—z Z en_1 (f)rl"e SD—FZX:CHJA(]")TG ®.
n=—00 n=1

From the same considerations it follows that g—“ € hp,y. So, it is established that u € hél,l
And now we turn to calculating the index of problem (3.1), (3.2). Consider the operator
v hz(,%l), — Ly, (I') defined by the expression

o) () =conp (30) s (24) 7 e (mm),

We have
< ou\ " . ou\ "
Il ry < [leosio ( o0 +[sing (5
Lps(T') Lpsu ()
+ +
< Ou + ou < /Theorem 2.3/
or Jy
Ly (D) Lps ()
<o |2+ ) <epul
- or o Op hw ) b

Hence it follows that v € {h}(,}l),; Ly, (I’ )} . Let us calculate the index of this operator. So,

letu € h,(,}g & u € Kervy,ie. yu = 0.1Itis clear that u (r; ) has the representation

+o00 4
u(r;p) = Z Ayr™eime,

n=—oo

‘We have

oo -2
1 n n _
Tu=g [Z (n—1)A,—1€"% — Z (n+1)A,1e™?| =0.

n=2 n=—o00

From the basicity of the system {e”¢} _ in Ly, (I") we obtain A, = 0,Vn # 0.
Consequently
u(r;p) = Ag = const = dim Ker~y = 1.
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On the other hand, for the solvability of the equation v« = f, the right side f must sat-
isfy three conditions of the form (3.6), where ¢ € (L., (I'))* , k = —1;0; 1 are concrete
nonzero functional. Hence it follows that, codim v = 3 and as a result the index & () of the
operator +y (in other words, of problems (3.1), (3.2)) is equal to & (y) = dim~y — codim vy =
—2. As aresult, the following main theorem is proved.

Theorem 3.1 Let v € A,(I'),1 < p < 4oc. Then the oblique derivative problem

(3.1),(3.2), with the boundary function f € Ly, (I") is Noetherian in the class hfg},l and
its index & (y) = —2.

3.2. Wg;l, (D) setting.

Let us now consider the same problem in a different setting, namely, we will look for the
solution of problem (3.1), (3.2) in the weighted Sobolev space Wp%,, (D), 1< p< +o0.

As before, we will assume that v € A, (") ,1 < p < +oo0. First we define the trace
operator and the trace space with respect to the space W;};u (D). Letv € A,(I') ,1 <
p < 4o0. Itis clear that a continuous embedding Wpl;l, (D) € Wi (D) is true. Denote by
Tr € [W{ (D) ; Ly (I')] the trace operator in the sense of the space W} (D). Assume

0
Wy (D) ={ueW,, (D) : Tru=0} .

0 0
W ;. (D) is a subspace of W\, (D). Indeed, let {un},.y C W, (D) be a Cauchy
sequence and let limu,, = u € W, (D). We have

I ;

0
I Trullp, oy =Y | Trun|l, ry) = 0 = w € Wy, (D).
Consider a factor space .7, (D) = W, (D) / % ) with factor norm
) ) Wp;u
1El 21, 0) = inf 1w, o) -

It is a Banach space.
Let us also set Tp (W, (D)) = WL, (I'; do). Quite similarly to [16], the following
statement is proved.

Statement 3.2 Ler 2 C R"™ be a bounded domain with boundary 82 € CY). Then the
trace operator Tr establishes an isomorphism between the linear spaces %, (D) and

piv

Wy, (Iydo) : Tr : Z,., (D) < Wp,, (I'; do).
Based on this statement, we define the norm in the space Wpl;,/ (I'; do) by the expression
”gHWl};V(F;dU) = HTI:l-gHﬂ‘I}W(D) ) v!] € W]};V (F; dg) . (39)

It is clear that the space W]};V (I'; do) is a Banach space with respect to the norm (3.9). For

the function u € Wpl;y (D), denote by F, the class F, € ﬁplw (D), containing the element
u:u € F,. So we have

-1 .
ITrullws, (rae) = T (TFU)H%W(D) = 1Full 21,0y = ﬁlélFfu 1w, o) < llellwy, o) -

Hence it immediately follows that T € [W,,, (D) ; W, (I'; do)]. Therefore, the follow-
ing statement is true.
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Statement 3.3 Letv € A, (I') , 1 < p < +o00. Then the trace operator Tr acts boundedly
from W, (D) to the trace space W}, (I'; do).

So let us consider the problem

Apou=0, in D, (3.10)

cospTp <g > +sinpTr (g::) = f(QO) y P E (_7T77T)7 (3.11)

where f € W), (I';do) is a given function. Assume that u € W, (D) is a solution to
problem (3. 10) (3 11). As in the previous case, the function has the followmg representation

> Aprltlee ret e D, (3.12)

n=—0oo

Let us assume that the series (3.12) converges in the space Wplw (D) . Considering that
Tr (r'"'em@) = €™, ¥n € Z, in exactly the same way as in the previous case, from the
boundary condition (3.11) we obtain the relation

0o —2

S -1 A1e™ = 3 (4 1) A = f(9) o € (—m7),

n=2 n=-—oo

in which the series on the left side converge in Ly, (I"). Multiplying both sides by e~y
and integrating over (—, ), we get

co1(f)=c(f)=c(f)=0, (3.13)

where
A = %Cl’n-‘rl(f)anzla
" —=cp-1(f), n< -1

Therefore, as before, we have

( — Ao+ Z Cn—11J) 1 |n|€in<p + Z CnJr;L(f) Tneimp’ (3.14)

n=—0oo

where Ap € R is an arbitrary number. First, note that if f & LR (I') is a real function, the
series (3.14) represents a real-valued harmonic function in D . It follows directly from the
fact that in this case we have c_j, (f) = ¢x (f), Vk € Z.

Thus, let us consider the question of the convergence of the series (3.14) in Wpl;y (D).
We first prove the following lemma.

Lemma 3.1 Lerv € A, (I") , 1 < p < 400, and the series

Z Cp_1€"¥ + Z AnHe (3.15)

n=—oo

converges in Ly, (—, ). Then the series (3.14) converges in W, (D).
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Proof. Let all the conditions of the lemma be satisfied. Let

n m
E & k Lpke=ike 4 E Sl ik yp me N
k; ) ) M

k=1
We have
i — g | Z le=i] - 1 || + gl: [6a] 7] (3.16)
e (D) = Ly (D) k Lps( '
k=m
It is clear that |c;| < const < +oo, Vk € Z is true.
On the other hand
L kpt1 const
’ / / 1/ @) rdedr = const/ rPHldr =
Ly ( —r 0 k’p +2
Hrk‘ _ const < const Ve N.
Lpw(D)  (kp 4 2)2 kv
Taking into account this relation in (3.16), we obtain
ni 1 mi 1
||unm - ’Uzn1m1HLp;V(D) < const (Z ﬁ + Z 1+1> — 0, n,ny;m;mip — Q.
k=n k™' k=m k™'e

It follows from here that the series (3.14) converges in Ly, (D) , and as a result u €
Ly, (D) . Let us show that d“, g—Z € Ly, (D). For this purpose, we first consider the
following series

o
v (p;0) = Zpk (¢ sin kO + dj, cos k0) .
k=1
Obviously, if sup { |cx|; |dk|} < 400, then on any compact set in the unit ball this series
k

converges uniformly, and in particular, for Vp : 0 < p < 1, it converges uniformly on I'.
Let

o0

P (0) = Z (cx sin kO + dj, cos k0) .
k=1

It is clear that if ¢ € L,., (—m,7), then the function ¥ can be represented as a Poisson-

Lebesgue integral
1 ™
= 27r/ﬂPp(s—G)zp(s)als.

Paying attention to inequality (2.4) again, we obtain that 3¢ > 0 such that the estimate
@ (p;0)] < c(Mry)(0),ae. 0 € (—m, ), is true. Consequently
@ (p;0)Pv(0) <c(Mpy)Pv(0),ae 0 € (—mm).

By Theorem 2.7 we have

[ weorvease [ ororvoise [ worveo, e o).

—T —T —T

This directly implies the following estimate

1l L,y < AllYlL,., ) - (3.17)
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So, in polar coordinates, partial derivatives are expressed by the formulas

gu _ cosé’% _sinfou
ox dp p 00’
O _ gl cos00u
oy Op p 00
Let us represent u (p; 0) as
u(p;0) = 1a —i—il ¥ (ag cos k@ + by sin k6)
P; - 2 0 pa kP k k s
where
ar = ai (f) = Recy (f); bp = by (f) = Imeg (f) -
We have
ou > k .
9= 2P (ags1 coskl + byyqsinkf) .
k=0

It is quite obvious that g—g is also harmonic in D. By the condition of the lemma, the series
(3.15), as well as the series

©(0) = p" (aps1 coskb + by sinkh),

NE

i

0

converges in L., (I"). Then, by the above reasoning, we obtain that% has a Poisson-
Lebesgue representation
ou 1 [T

gv_ - P (s— .
e i (s —0) ¢ (s)ds

Since ¢ € Ly, (I'), it follows from here, as above, that % € Ly, (I') . It is proved in
exactly the same way that %Z € Ly, (IN).
Lemma is proved.

Further, we note that since the system {e™?} ¢ forms a basis for Ly, (—m,m), 1 <
p < 400, then the series (3.15) converges in Ly, (—m, ) if and only if the series

+o0 4
Fo)= D ene™,

n=—oo

converges in Ly, (—m,m),i.e. f € Ly, (—m, 7). As aresult, we obtain thatif f € L., (—m, ),
then the function u (p; ) defined by expression (3.14) belongs to the space Wpl;l, (D).
In a completely analogous way, it is proved that if the series

Z nepe™ (3.18)

converges in Ly, (—m, ), then the series (3.14) belongs to the space W, (D).
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Thus, let us consider the question of the convergence of the series (3.18) in Ly, (—, 7).
Let f € Wp,, (—m,m). We have

2 cn (f) = 7; £ () emtdt = ( eint / (t)emtdt> -

= i (f(—7r) — f(m) = 2me, (f’)) ,Vn e Z,

m

where [/ = %. It immediately follows from this that if f (—7) = f (7), then nc, (f) =
2¢n (), and as a result it is clear that the series (3.18) converges in Ly,, (=, 7). Assume

Wi ( ={feWy, (=m7): f(-m) = f(m)}.
Thus, summing up the obtained results, we come to the following conclusion.

Theorem 3.4 Letv € A, (I') , 1 < p < +o0. Then the oblique derivative problem (3.1),

(3.2) with the boundary function f € /I/IV/Z};V (—m,m) is Noetherian in the space W;?;u (D)
and its index is & = —2.

The fact that the index & = —2 follows from the same considerations as in Theorem
3.1, since in this case the coefficient Ay in expression (3.14) is arbitrary, and the functionals
(3.13) are also bounded in W,,,, (=, ) .

Consider the same problem with a boundary function f € VV1 , (—m, 7). Let &, be the
Dirac functional concentrated at the point a. Then the condltlon f (— ) = f(m) can be
written as 0 — 0_ (f) = 0. It is clear that the functional v = §, — J_ is also bounded in
WI};V (—m, ) . Taking this circumstance into account, we obtain the following theorem.

Theorem 3.5 Letv € A, (I') , 1 < p < 4o00. Then the oblique derivative problem (3.1),
(3.2) with the boundary function f € Wpl;y (—m, ) is Noetherian in the space W2, (D)
and its index is & = —3.
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