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Abstract. In this paper, we study the boundedness of the Marcinkiewicz operator µΩ and its commutator
µb,Ω on mixed Morrey spaces Lp,λ(Rn).
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1 Introduction

The classical Morrey spaces Lp,λ were originally introduced by Morrey in [24] to study
the local behavior of solutions to second order elliptic partial differential equations. For the
properties and applications of classical Morrey spaces. In 2019, Nogayama [26] considered
a new Morrey space, with the Lp norm replaced by the mixed Lebesgue norm Lp(Rn),
which is call mixed Morrey spaces.

For x ∈ Rn, and r > 0, let B(x, r) be the open ball centered at x with the radius r,
and cB(x, r) be its complement. Let Sn−1 = {x ∈ Rn : |x| = 1} is the unit sphere of
Rn (n ≥ 2) equipped with the normalized Lebesgue measure. Suppose that Ω satisfies the
following conditions.

(i) Ω is a homogeneous function of degree zero on Rn. That is,

Ω(tx) = Ω(x) (1.1)

for all t > 0 and x ∈ Rn.
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(ii) Ω has mean zero on Sn−1. That is,∫
Sn−1

Ω(x′)dx′ = 0, (1.2)

where x′ = x/|x| for any x 6= 0.
The Marcinkiewicz integral operator of higher dimension µΩ is defined by

µΩ f(x) =

(∫ ∞
0
|FΩ,t f(x)|2dt

t3

)1/2

,

where

FΩ,t f(x) =

∫
B(x,t)

Ω(x− y)

|x− y|n−1
f(y)dy.

It is well known that the Littlewood-Paley g-function is a very important tool in har-
monic analysis and the Marcinkiewicz integral is essentially a Littlewood-Paley g-function.
In this paper, we will also consider the commutator µΩ,b which is given by the following
expression

µΩ,bf(x) =

(∫ ∞
0
|F bΩ,tf(x)|2dt

t3

)1/2

,

where

F bΩ,tf(x) =

∫
B(x,t)

Ω(x− y)

|x− y|n−1
[b(x)− b(y)]f(y)dy.

On the other hand, the study of Schrödinger operator L = −∆ + V recently attracted
much attention. In particular, Shen [28] considered Lp estimates for Schrödinger opera-
tors L with certain potentials which include Schrödinger Riesz transforms RLj = ∂

∂xj
L−

1
2 ,

j = 1, . . . , n. Then, Dziubanński and Zienkiewicz [12] introduced the Hardy type space
H1
L(Rn) associated with the Schrödinger operator L, which is larger than the classical

Hardy space H1(Rn), see also [1–4,7,15–20].
Similar to the classical Marcinkiewicz function, we define the Marcinkiewicz functions

µj,Ω associated with the Schrödinger operator L by

µLj,Ωf(x) =

∫ ∞
0

∣∣∣∣∣
∫
B(x,t)

|Ω(x− y)|KL
j (x, y)f(y)dy

∣∣∣∣∣
2
dt

t3

1/2

,

where KL
j (x, y) = K̃L

j (x, y)|x − y| and K̃L
j (x, y) is the kernel of Rj = ∂

∂xj
L−

1
2 , j =

1, . . . , n. In particular, when V = 0, K∆
j (x, y) = K̃∆

j (x, y)|x − y| =
(x−y)j/|x−y|
|x−y|n−1 and

K̃∆
j (x, y) is the kernel of Rj = ∂

∂xj
∆−

1
2 , j = 1, . . . , n. In this paper, we write Kj(x, y) =

K∆
j (x, y) and

µj,Ωf(x) =

∫ ∞
0

∣∣∣∣∣
∫
B(x,t)

|Ω(x− y)|Kj(x, y)f(y)dy

∣∣∣∣∣
2
dt

t3

1/2

.

Obviously, µj,Ω are classical Marcinkiewicz functions with rough kernel. Therefore, it
will be an interesting thing to study the property of µLj,Ω . The main purpose of this paper
is to show that Marcinkiewicz operators with rough kernel associated with Schrödinger
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operators µLj,Ω , j = 1, . . . , n are bounded on mixed Morrey space Lp,λ(Rn), 1 < p < ∞,
0 ≤ λ ≤ n.

The commutator of the classical Marcinkiewicz function with rough kernel is defined by

µj,Ω,bf(x) =

∫ ∞
0

∣∣∣∣∣
∫
B(x,t)

|Ω(x− y)|Kj(x, y)[b(x)− b(y)]f(y)dy

∣∣∣∣∣
2
dt

t3

1/2

.

The commutator µLj,Ω,b formed by b ∈ BMO(Rn) and the Marcinkiewicz function with
rough kernel µLj,Ω is defined by

µLj,Ω,bf(x) =

∫ ∞
0

∣∣∣∣∣
∫
B(x,t)

|Ω(x− y)|KL
j (x, y)[b(x)− b(y)]f(y)dy

∣∣∣∣∣
2
dt

t3

1/2

.

The well-known classical Hardy-Littlewood maximal operator M is defined by

Mf(x) = sup
r>0

1

|B(x, r)|

∫
B(x,r)

|f(y)|dy,

where f ∈ L1
loc(Rn) and |B(x, r)| is the Lebesgue measure of the ball B(x, r) .

Let T is a sublinear operator, and satisfies that for any f ∈ L1(Rn) with compact support
and x 6∈ suppf ,

|Tf(x)| .
∫
Rn

|f(y)|
|x− y|n

dy. (1.3)

We point out that the condition (1.3) was first introduced by Soria and Weiss [27]. The
condition (1.3) are satisfied by many interesting operators in harmonic analysis, such as
the Calderón-Zygmund operators, the Carleson’s maximal operators, the Hardy-Littlewood
maximal operators, the Fefferman’s singular multipliers, the Fefferman’s singular integrals,
the Ricci-Stein’s oscillatory singular integrals, the Bochner-Riesz means and so on (see [23,
27] for details).

As is well known, the commutator is also an important operator and it plays a key role
in harmonic analysis. Recall that for a locally integrable function b and a integral oper-
ator T , the commutator formed by b and T is defined by [b, T ]f = b Tf − T (bf). The
commutators of the fractional maximal operator, the fractional integral operator and the
Calderón-Zygmund singular integral operator have been intensively studied, see [13] for
more details. In this paper, the maximal commutator operator Mb under consideration is of
the form

Mbf(x) = sup
r>0

1

|B(x, r)|

∫
B(x,r)

|b(x)− b(y)||f(y)|dy

for f ∈ L1
loc(Rn).

To study a class of commutators uniformly, one can also introduce some sublinear op-
erators with additional size conditions as before. For a function b, suppose that the com-
mutator operator Tb represents a linear or a sublinear operator, which satisfies that for any
f ∈ L1(Rn) with compact support and x 6∈ supp f ,

|Tbf(x)| .
∫
Rn

|b(x)− b(y)|
|x− y|n

|f(y)|dy. (1.4)
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The operator Tb has been studied in [14,23].
In this paper, we study the boundedness of the Marcinkiewicz operator µΩ and its

commutator µΩ,b on mixed Morrey spaces Lp,λ(Rn). We find the conditions with b ∈
BMO(Rn) which ensures the boundedness of the operators µLj,Ω,b, j = 1, . . . , n on mixed
Morrey space Lp,λ(Rn), 1 < p <∞, 0 ≤ λ ≤ n.

By A . B, we mean that A ≤ CB for some constant C > 0, and A ≈ B means that
A . B and B . A.

2 Definitions and preliminaries

For any r > 0 and x ∈ Rn, let B(x, r) = {y : |y − x| < r} be the ball centered at x
with radius r. Let B = {B(x, r) : x ∈ Rn, r > 0} be the set of all such balls. We also use
χE and |E| to denote the characteristic function and the Lebesgue measure of a measurable
set E.

Let M(Rn) and L1
loc(Rn) denote the class of Lebesgue measurable functions and lo-

cally integrable functions on Rn, respectively. We also use C to represent all the complex
numbers, and N to represent the collection of all integers.

Definition 2.1 For 1 < p < ∞, a non-negative function w ∈ Lloc(Rn) is said to be an
Ap(Rn) weight if

[w]Ap = sup
B∈B

( 1

|B|

∫
B
w(x)dx

)( 1

|B|

∫
B
w(x)

− p
′
p dx

) p
p′
<∞.

A non-negative local integrable function w is said to be an A1 weight if

1

|B|

∫
B
w(y)dy ≤ Cw(x) , a.e. x ∈ B

for some constant C > 0. The infimum of all such C is denoted by [w]A1 . We denote A∞ by
the union of all Ap (1 ≤ p <∞) functions.

Theorem 2.1 [9] Suppose thatΩ be satisfies the conditions (1.1), (1.2) andΩ ∈ L∞(Sn−1).
Then for every 1 < p < ∞ and w ∈ Ap(Rn), there is a constant C independent of f such
that

‖µΩ f‖Lp,w ≤ C‖f‖Lp,w .

Theorem 2.2 [10] Suppose thatΩ be satisfies the conditions (1.1), (1.2) andΩ ∈ L∞(Sn−1).
Let also b ∈ BMO(Rn). Then for every 1 < p < ∞ and w ∈ Ap(Rn), there is a constant
C > 0 independent of f such that∥∥µΩ,b f∥∥Lp,w ≤ C‖f‖Lp,w .

Note that a nonnegative locally Lq integrable function V (x) on Rn is said to belong to
Bq (1 < q <∞) if there exists C > 0 such that the reverse Hölder inequality(

1

|B(x, r)|

∫
B(x,r)

V q(y)dy

)1/q

≤ C

(
1

|B(x, r)|

∫
B(x,r)

V (y)dy

)
(2.1)

holds for every ball x ∈ Rn and r > 0, where B(x, r) denotes the open ball centered at x
with radius r; see [28]. It is worth pointing out that the Bq class is that, if V ∈ Bq for some
q > 1, then there exists ε > 0, which depends only n and the constant C in (2.1), such that
V ∈ Bq+ε. Throughout this paper, we always assume that 0 6= V ∈ Bn.
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Theorem 2.3 [3,15] Suppose that Ω satisfies (1.1), (1.2) and V ∈ Bn. If Ω ∈ L∞(Sn−1),
then the operators µLj,Ω , j = 1, . . . , n are bounded on Lp,w(Rn) for 1 < p < ∞ and
w ∈ Ap(Rn).

Theorem 2.4 [3,15] Suppose that Ω satisfies (1.1), (1.2) and V ∈ Bn. If Ω ∈ L∞(Sn−1)
and b ∈ BMO(Rn), then the operators µLj,Ω,b, j = 1, . . . , n are bounded on Lp,w(Rn) for
1 < p <∞ and w ∈ Ap(Rn).

We first recall the definition of mixed Lebesgue space defined in [6].
Let p = (p1, · · · , pn) ∈ (0, ∞]n. Then the mixed Lebesgue norm ‖ · ‖Lp or ‖ ·

‖L(p1,...,pn) is defined by

‖f‖Lp = ‖f‖L(p1,...,pn)

=
(∫

R
· · ·
(∫

R

(∫
R
|f(x1, x2, . . . , xn)|p1dx1

) p2
p1 dx2

) p3
p2 . . . dxn

) 1
pn

where f : Rn → C is a measurable function. If pj = ∞ for some j = 1, n, then we
have to make appropriate modifications. We define the mixed Lebesgue space Lp(Rn) =

L(p1,··· ,pn)(Rn) to be the set of all locally integrable functions f with ‖f‖Lp <∞.
Let 1 ≤ p < ∞ and 0 ≤ λ ≤ n. We denote by Lp,λ(Rn) the mixed Morrey space the

set of all classes of locally integrable functions f with the finite norm

‖f‖Lp,λ = sup
x∈Rn, t>0

t
−λ
n

∑n
i=1

1
pi ‖f‖Lp(B(x,t))

Obviously, we recover the classical Morrey space Lp,λ(Rn) when p = p. We point out
that in [25,26], the author used the cubes to define the mixed Morrey spaces. It is not hard
to verify that the two definitions are equivalent.

As we know, the Hardy-Littlewood maximal operator M is bounded on Lp(Rn), 1 <
p <∞ (see [26]), but there is no complete boundedness results for some other operators on
the mixed Lebesgue spaces. To prove the boundedness of some important operators on the
mixed Lebesgue space in a uniform way, we will give the extrapolation theorems on mixed
Lebesgue spaces, which have their own interest.

The extrapolation theory on mixed Lebesgue spaces relies on the classical Ap weight
(see [13]).

We also need the boundedness of M on mixed norm space Lp(Rn) [26].

Lemma 2.1 [26] For 1 < p <∞, there holds

‖Mf‖Lp(Rn) . ‖f‖Lp(Rn). (2.2)

By F, we mean a family of pair (f, g) of non-negative measurable functions that are not
identical to zero. For such a family S, p > 0 and a weight w ∈ Ap, the expression∫

Rn
f(x)pw(x)dx .

∫
Rn
g(x)pw(x)dx, (f, g) ∈ F

means that this inequality holds for all pair (f, g) ∈ F if the left hand side is finite, and the
implicated constant depends only on p and Ap.

Now we give the extrapolation theorems on the mixed Lebesgue spaces. The first one is
the diagonal extrapolation theorem.
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Theorem 2.5 Let 0 < p0 < ∞ and p = (p1, · · · , pn) ∈ (0, ∞)n. Let f, g ∈ M(Rn) .
Suppose for every w ∈ A1, we have∫

Rn
f(x)p0w(x)dx .

∫
Rn
g(x)p0w(x)dx, (f, g) ∈ F. (2.3)

Then if p > p0, we have

‖f‖Lp(Rn) . ‖g‖Lp(Rn), (f, g) ∈ F. (2.4)

Proof. Without loss of generality, one may assume f is a non-negative function. We use the
Rubio de Francia iteration algorithm presented in [8].

Let p̄ = p/p0 and p̄′ = p′/p0. By the assumptions and Lemma 2.1, the maximal
operator is bounded on Lp̄′

(Rn) , so there exists a positive constant B such that

‖Mf‖
L

¯
p′

(Rn)
≤ B‖f‖

L
¯
p′

(Rn)
.

For any non-negative function h, define a new operator Rh by

Rh(x) =
∞∑
k=0

Mkh(x)

2kBk
,

where for k ≥ 1,Mk denotes k iterations of the maximal operator, and M0 is the identity
operator. The operator R satisfies

h(x) ≤ Rh(x) , (2.5)

‖Rh‖
L

¯
p′ ≤ 2‖h‖

L
¯
p′ , (2.6)

‖Rh‖A1 ≤ 2B. (2.7)

The inequality (2.5) is straight-forward. Since

M(Rh) ≤
∞∑
k=0

Mk+1h

2kBk
≤ 2B

∞∑
k=1

Mkh

2kBk
≤ 2BRh,

the properties (2.6) and (2.7) are consequences of Lemma 2.1 and the definition of A1.

Since the dual of Lp̄(Rn) is Lp̄′(Rn) , we get

‖f‖p0

Lp = ‖fp0‖Lp (2.8)

. sup
{∫

Rn
|f(x)|p0h(x)dx : ‖h‖

L
¯
p′ ≤ 1, h ≥ 0

}
.

By Hölder’s inequality on the mixed Lebesgue spaces and (2.5), we have∫
Rn
f(x)p0h(x)dx .

∫
Rn
f(x)p0Rh(x)dx (2.9)

. ‖fp0‖Lp̄‖h‖
L

¯
p′ <∞.

In view of (2.5) and Rh ∈ A1, we use (2.3) with w = Rh(x) to obtain∫
Rn
f(x)p0h(x)dx .

∫
Rn
f(x)p0 Rh(x)dx .

∫
Rn
g(x)p0 [Rh(x)] dx.
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Combining (2.6) with (2.9) and using Hölder’s inequality on the mixed Lebesgue spaces
again, we arrive at ∫

Rn
f(x)p0h(x)dx . ‖gp0‖Lp̄‖Rh‖

L
¯
p′ (2.10)

≈ ‖g‖p0

Lp̄‖Rh‖L ¯
p′ .

Therefore

‖Rh‖
L

¯
p′ . ‖h‖Lp̄′ . (2.11)

By taking supremum over all h ∈ Lp̄(Rn) with ‖h‖Lp̄ ≤ 1, (2.8) , (2.10) and (2.11) give
us the desired conclusion (2.4) .

We point out that when n = 2, there are different versions of the diagonal extrapolation
theorem [21] and the off-diagonal extrapolation theorem [29] on mixed Lebesgue spaces,
which are different form Theorem 2.5.

By the density of smooth functions with compact supportC∞c (Rn) in the mixed Lebesgue
space Lp(Rn), 1 < p < ∞ (see [6]), one can apply Theorem 2.5 to the mapping property
of some sublinear operators.

Theorem 2.6 Suppose 0 < p0 < p <∞ and T is a sublinear operator such that for every
w ∈ A1, ∫

Rn
|Tf(z)|p0w(z)dz .

∫
Rn
|f(z)|p0w(z)dz, f ∈ C∞c (Rn) .

Then T can be extended to be a bounded operator on Lp(Rn) .

Proof. By Theorem 2.5, for any f ∈ C∞c (Rn) , we have

‖Tf‖Lp . ‖f‖Lp .

Since T is a sublinear operator, we have |T (f) − T (g)| ≤ |T (f − g)|, and hence, for any
f, g ∈ C∞c (Rn) , we have

‖Tf − Tg‖Lp ≤ ‖T (f − g)‖Lp . ‖f − g‖Lp .

SinceC∞c (Rn) is dense inLp(Rn) , the above inequalities guarantee that T can be extended
to be a bounded operator on Lp(Rn) .

The following corollary is a consequence of Theorem 2.6 and the weighted boundedness of
the corresponding operators.

Corollary 2.1 Let 1 < p < ∞, b ∈ BMO, then M,µΩ, µ
L
j,Ω , Mb, µΩ,b, µ

L
j,Ω,b are all

bounded on Lp(Rn) .

Proof. It is well known that M,µΩ, µ
L
j,Ω , Mb, µΩ,b, µ

L
j,Ω,b are all sublinear operators, and

bounded on Lp0,w(Rn) for arbitrary 1 < p0 < ∞ and w ∈ Ap0 (see [13] for example).
Since A1 ⊂ Ap, Theorem 2.6 implies that M,µΩ, µ

L
j,Ω , Mb, µΩ,b, µ

L
j,Ω,b are all bounded on

Lp(Rn) for all p0 < p < ∞. In view of the arbitrariness of 1 < p0 < ∞, M,µΩ, µ
L
j,Ω ,

Mb, µΩ,b, µ
L
j,Ω,b are also bounded on Lp(Rn) for all < p <∞.
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3 Marcinkiewicz operator µΩ in mixed Morrey spaces

In this section, we investigate the boundedness of µΩ satisfies the conditions (1.1), (1.2)
and Ω ∈ L∞(Sn−1) on the mixed Morrey space Lp,λ.

We first prove one lemma, which give us the explicit estimates for the Lp(Rn) norm of
µΩ on a given ball B(x0, r).

Lemma 3.1 Let Ω be satisfies the conditions (1.1), (1.2) and Ω ∈ L∞(Sn−1).
Then for 1 < p <∞, the inequality

‖µΩf‖Lp(B(x0,r)) . r
∑n
i=1

1
pi

∫ ∞
2r

t
−1−

∑n
i=1

1
pi ‖f‖Lp(B(x0,t)) dt (3.1)

holds for any ball B(x0, r) and all f ∈ Lp
loc(R

n) .

Proof. For any ball B = B(x0, r) , Let 2B = B(x0, 2r) be the ball centered at x0, with
the radius 2r. we represent f as f = f1 + f2, where

f1(y) = fχ2B(y) , f2(y) = fχc(2B)(y) , r > 0.

Since T is a sublinear operator, we have

‖µΩf‖Lp(B) ≤ ‖µΩf1‖Lp(B) + ‖µΩf2‖Lp(B).

Noting that f1 ∈ Lp(Rn) and µΩ is bounded in Lp(Rn) (see Corollary 2.1), we have

‖µΩf1‖Lp(B) ≤ ‖µΩf1‖Lp(Rn) . ‖f1‖Lp(Rn) = ‖f‖Lp(2B).

It is clear that x ∈ B, y ∈ c(2B) imply
1

2
|x0− y| ≤ |x− y| ≤

3

2
|x0− y|, which further

yields

|µΩf2(x)| .
∫
c(2B)

|f(y)|
|x0 − y|n

dy.

By Fubini’s theorem, we have∫
c(2B)

|f(y)|
|x0 − y|n

dy ≈
∫
c(2B)

|f(y)|
∫ ∞
|x0−y|

dt

tn+1
dy

≈
∫ ∞

2r

∫
2r≤|x0−y|<t

|f(y)|dy dt

tn+1

.
∫ ∞

2r

∫
B(x0,t)

|f(y)|dy dt

tn+1
.

Applying Hölder’s inequality on the mixed Lebesgue spaces (see [6]), we obtain∫
c(2B)

|f(y)|
|x0 − y|n

dy .
∫ ∞

2r
‖f‖Lp(B(x0,t))

dt

t
1+

∑n
i=1

1
pi

. (3.2)

Moreover, for all 1 < p <∞, we have

‖µΩf2‖Lp(B(x0,r)) . r
∑n
i=1

1
pi

∫ ∞
2r
‖f‖Lp(B(x0,t))

dt

t
1+

∑n
i=1

1
pi

.
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Therefore, one gets

‖µΩf‖Lp(B(x0,r)) . ‖f‖Lp(2B) + r
∑n
i=1

1
pi

∫ ∞
2r
‖f‖Lp(B(x0,t))

dt

t
1+

∑n
i=1

1
pi

.

On the other hand,

‖f‖Lp(2B) ≈ r
∑n
i=1

1
pi ‖f‖Lp(2B)

∫ ∞
2r

dt

t
1+

∑n
i=1

1
pi

. r
∑n
i=1

1
pi

∫ ∞
2r
‖f‖Lp(B(x0,t))

dt

t
1+

∑n
i=1

1
pi

. (3.3)

Thus

‖µΩf‖Lp(B(x0,r)) . r
∑n
i=1

1
pi

∫ ∞
2r
‖f‖Lp(B(x0,t))

dt

t
1+

∑n
i=1

1
pi

.

Now we can present the first main result in this section.

Theorem 3.1 Let Ω be satisfies the conditions (1.1), (1.2) and Ω ∈ L∞(Sn−1). Let also
1 < p <∞, and 0 ≤ λ ≤ n. Then the operator µΩ is bounded on Lp,λ. Moreover,

‖µΩf‖Lp,λ . ‖f‖Lp,λ .

Proof. From the inequality (3.1) we get

‖µΩf‖Lp,λ . sup
x∈Rn,r>0

r
−λ
n

∑n
i=1

1
pi r

∑n
i=1

1
pi

∫ ∞
2r

t
−1−

∑n
i=1

1
pi ‖f‖Lp(B(x0,t)) dt

. ‖f‖Lp,λ sup
x∈Rn,r>0

r
−λ
n

∑n
i=1

1
pi r

∑n
i=1

1
pi

∫ ∞
r

t
−1−

∑n
i=1

1
pi t

λ
n

∑n
i=1

1
pi dt

= ‖f‖Lp,λ

∫ ∞
1

t
−1−(1−λ

n
)
∑n
i=1

1
pi dt

. ‖f‖Lp,λ .

By taking p = (p, . . . , p) in Theorem 3.1, we obtain the boundedness of µΩ on the Morrey
spaces.

4 Commutator of Marcinkiewicz operator µΩ,b in mixed Morrey spaces

In this section, we investigate the boundedness of µΩ,b conditions (1.1), (1.2) and Ω ∈
L∞(Sn−1) on the mixed Morrey space Lp,λ. First, we review the definition of BMO(Rn),
the bounded mean oscillation space. A function f ∈ L1

loc(Rn) belongs to the bounded mean
oscillation space BMO(Rn) if

‖f‖BMO = sup
x∈Rn,r>0

1

|B(x, r)|

∫
B(x,r)

|f(y)− fB(x,r)|dy <∞. (4.1)

If one regards two functions whose difference is a constant as one, then the spaceBMO(Rn)
is a Banach space with respect to norm ‖.‖BMO. The John-Nirenberg ineuqalitiy for BMO
yields that for any 1 < q <∞ and f ∈ BMO(Rn) , the BMO norm of f is equivalent to

‖f‖BMOq = sup
x∈Rn,r>0

( 1

|B(x, r)|

∫
B(x,r)

|f(y)− fB(x,r)|qdy
) 1
q
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Recall that for any p = (p1, · · · , pn) ∈ (1, ∞)n, the John-Nirenberg inequality for mixed
norm space [22] shows that the BMO norm of all f ∈ BMO(Rn) is also equivalent to

‖f‖BMOp = sup
x∈Rn,r>0

‖(f − fB(x,r))χB(x,r)‖Lp

‖χB(x,r)‖Lp
. (4.2)

The following property for BMO functions is valid.

Lemma 4.1 Let f ∈ BMO(Rn) . Then for all 0 < 2r < t, we have

|fB(x,r) − fB(x,t)| . ‖f‖BMO ln
t

r
. (4.3)

We first prove one lemma, which give us the explicit estimates for the Lp(Rn) norm of
µΩ,b on a given ball B(x0, r).

Lemma 4.2 Let Ω be satisfies the conditions (1.1), (1.2) and Ω ∈ L∞(Sn−1). Let also
1 < p <∞ and b ∈ BMO(Rn). Then the inequality

‖µΩ,bf‖Lp(B(x0,r)) (4.4)

. ‖b‖BMO r
∑n
i=1

1
pi

∫ ∞
2r

(
1 + ln

t

r

)
t
−1−

∑n
i=1

1
pi ‖f‖Lp(B(x0,t))dt

holds for any ball B(x0, r) and all f ∈ Lp
loc(R

n) .

Proof. For any ball B = B(x0, r) , Let 2B = B(x0, 2r) . Write f as f = f1 + f2, where
f1 = fχ2B and f2 = fχc(2B).

Since µΩ,b is a sublinear operator, we have

‖µΩ,bf‖Lp(B) ≤ ‖µΩ,bf1‖Lp(B) + ‖µΩ,bf2‖Lp(B).

Noting that f1 ∈ Lp(Rn) and µΩ,b is bounded in Lp(Rn) (see Corollary 2.1), we have

‖µΩ,bf1‖Lp(B) ≤ ‖µΩ,bf1‖Lp(Rn) . ‖b‖BMO‖f1‖Lp(Rn) = ‖b‖BMO‖f‖Lp(2B).

Since x ∈ B, y ∈c (2B) imply
1

2
|x0 − y| ≤ |x− y| ≤

3

2
|x0 − y|, we get

|µΩ,bf2(x)| .
∫
Rn

|b(x)− b(y)|
|x− y|n

|f(y)|dy

≈
∫
c(2B)

|b(x)− b(y)|
|x0 − y|n

|f(y)|dy.

By the generalized Minkowski’s inequality on mixed Lebesgue spaces (see [6]), we have

‖µΩ,bf2‖Lp(B)) .
∥∥∥∫

c(2B)

|b(·)− b(y)|
|x0 − y|n

|f(y)|dy
∥∥∥
Lp(B(x0,r))

.
∥∥∥∫

c(2B)

|bB − b(y)|
|x0 − y|n

|f(y)|dy
∥∥∥
Lp(B(x0,r)

+
∥∥∥∫

c(2B)

|b(·)− bB|
|x0 − y|n

|f(y)|dy
∥∥∥
Lp(B(x0,r)

= I1 + I2.
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For the term I1, we have

I1 ≈ r
∑n
i=1

1
pi

∫
c(2B)

|bB − b(y)|
|x0 − y|n

|f(y)|dy

≈ r
∑n
i=1

1
pi

∫
c(2B)

|b(y)− bB||f(y)|
∫ ∞
|x0−y|

dt

tn+1
dy

≈ r
∑n
i=1

1
pi

∫ ∞
2r

∫
2r≤|x0−y|<t

|b(y)− bB||f(y)|dy dt

tn+1

. r
∑n
i=1

1
pi

∫ ∞
2r

∫
B(x0,t)

|b(y)− bB||f(y)|dy dt

tn+1
.

Applying Hölder’s inequality and by (4.2), (4.3), we get

I1 . r
∑n
i=1

1
pi

∫ ∞
2r

∫
B(x0,t)

|b(y)− bB(x0,t)||f(y)|dy dt

tn+1

+ r
∑n
i=1

1
pi

∫ ∞
2r

∫
B(x0,t)

|bB(x0,r) − bB(x0,t)||f(y)|dy dt

tn+1

. r
∑n
i=1

1
pi

∫ ∞
2r

∫
B(x0,t)

‖(b(·)− bB(x0,t))χB(x0,t)‖Lp′‖f‖Lp(B(x0,t)dy
dt

tn+1

+ r
∑n
i=1

1
pi

∫ ∞
2r
|bB(x0,r) − bB(x0,t)|‖f‖Lp(B(x0,t)

dt

t
1+

∑n
i=1

1
pi

. ‖b‖BMO r
∑n
i=1

1
pi

∫ ∞
2r

(
1 + ln

t

r

)
‖f‖Lp(B(x0,t)

dt

t
1+

∑n
i=1

1
pi

.

In order to estimate I2, note that

I2 =

∫
c(2B)

|f(y)|
|x0 − y|n

dy · ‖b(·)− bB‖Lp(B(x0,r).

It follows from (4.2) that

I2 . ‖b‖BMO r
∑n
i=1

1
pi

∫
c(2B)

|f(y)|
|x0 − y|n

dy.

Thus by (3.2), we get

I2 . ‖b‖BMO r
∑n
i=1

1
pi

∫ ∞
2r
‖f‖Lp(B(x0,t))

dt

t
1+

∑n
i=1

1
pi

.

Summing up I1 and I2, we get

‖µΩ,bf2‖Lp(B) ≤ ‖b‖BMO r
∑n
i=1

1
pi

∫ ∞
2r

(
1 + ln

t

r

)
‖f‖Lp(B(x0,t))

dt

t
1+

∑n
i=1

1
pi

.

Therefore, by (3.3), there holds

‖µΩ,bf2‖Lp(B) . ‖b‖BMO‖f‖Lp(2B)

+ ‖b‖BMO r
∑n
i=1

1
pi

∫ ∞
2r

(
1 + ln

t

r

)
t
−1−

∑n
i=1

1
pi ‖f‖Lp(B(x0,t))dt

. ‖b‖BMO r
∑n
i=1

1
pi

∫ ∞
2r

(
1 + ln

t

r

)
t
−1−

∑n
i=1

1
pi ‖f‖Lp(B(x0,t))dt.

We are done.
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Now we give the boundedness of µΩ,b on the mixed Morrey space.

Theorem 4.1 Let Ω be satisfies the conditions (1.1), (1.2) and Ω ∈ L∞(Sn−1). Let also
1 < p <∞, b ∈ BMO(Rn), and 0 ≤ λ ≤ n. Then the operator µΩ,b is bounded on Lp,λ.
Moreover,

‖µΩ,bf‖Lp,λ . ‖b‖BMO ‖f‖Lp,λ .

Proof. From the inequality (4.4) we get

‖µΩ,bf‖Lp,λ . ‖b‖BMO

× sup
x∈Rn,r>0

r
(1−λ

n
)
∑n
i=1

1
pi

∫ ∞
2r

(
1 + ln

t

r

)
t
−1−

∑n
i=1

1
pi ‖f‖Lp(B(x0,t)) dt

. ‖b‖BMO ‖f‖Lp,λ sup
x∈Rn,r>0

r
(1−λ

n
)
∑n
i=1

1
pi

∫ ∞
r

(
1 + ln

t

r

)
t
−1−(1−λ

n
)
∑n
i=1

1
pi dt

= ‖b‖BMO ‖f‖Lp,λ sup
x∈Rn,r>0

∫ ∞
1

(1 + ln t) t
−1−(1−λ

n
)
∑n
i=1

1
pi dt

. ‖b‖BMO ‖f‖Lp,λ .

By taking p = (p, . . . , p) in Theorem 4.1, we obtain the boundedness of µΩ,b on the Morrey
spaces.

5 Marcinkiewicz operator µLj,Ω and its commutator µLj,Ω,b in mixed Morrey spaces

In this section, we prove the boundedness of the Marcinkiewicz operator µLj,Ω and its
commutator µLj,Ω,b on mixed Morrey space Lp,λ.

For x ∈ Rn, the function ρ(x) is defined by

ρ(x) = sup
r>0

{
r :

1

rn−2

∫
B(x,r)

V (y)dy ≤ 1

}
.

Lemma 5.1 [28] Let V ∈ Bq with q ≥ n/2. Then there exists l0 > 0 such that

l

C

(
1 +
|x− y|
ρ(x)

)−l0
≤ ρ(y)

ρ(x)
≤ C

(
1 +
|x− y|
ρ(x)

)l0/(l0+1)

.

In particular, ρ(x) ∼ ρ(y) if |x− y| < Cρ(x).

Lemma 5.2 [28] Let V ∈ Bq with q ≥ n/2. For any l > 0, there exists Cl > 0 such that∣∣∣∣KL
j (x, y)

∣∣∣∣ ≤ Cl(
1 + |x−y|

ρ(x)

)l 1

|x− y|n−1
,

and ∣∣∣∣KL
j (x, y)−Kj(x− y)

∣∣∣∣ ≤ C
ρ(x)

|x− y|n−2
.

Analogously proof of Lemma 3.1 and Theorem 3.1 the following results is valid.
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Lemma 5.3 Let Ω be satisfies the conditions (1.1), (1.2), Ω ∈ L∞(Sn−1) and V ∈ Bn.
Then for 1 < p <∞, the inequality

‖µLj,Ωf‖Lp(B(x0,r)) . r
∑n
i=1

1
pi

∫ ∞
2r

t
−1−

∑n
i=1

1
pi ‖f‖Lp(B(x0,t)) dt

holds for any ball B(x0, r) and all f ∈ Lp
loc(R

n) .

Theorem 5.1 Let Ω be satisfies the conditions (1.1), (1.2), Ω ∈ L∞(Sn−1) and V ∈ Bn.
Let also 1 < p < ∞, and 0 ≤ λ ≤ n. Then the operator µLj,Ω is bounded on Lp,λ.
Moreover,

‖µLj,Ωf‖Lp,λ . ‖f‖Lp,λ .

Analogously proof of Lemma 4.2 and Theorem 4.1 the following results is valid.

Lemma 5.4 Let Ω be satisfies the conditions (1.1), (1.2), Ω ∈ L∞(Sn−1) and V ∈ Bn.
Then for 1 < p <∞ and b ∈ BMO(Rn), the inequality

‖µLj,Ω,bf‖Lp(B(x0,r))

. ‖b‖BMO r
∑n
i=1

1
pi

∫ ∞
2r

(
1 + ln

t

r

)
t
−1−

∑n
i=1

1
pi ‖f‖Lp(B(x0,t)) dt

holds for any ball B(x0, r) and all f ∈ Lp
loc(R

n) .

Theorem 5.2 Let Ω be satisfies the conditions (1.1), (1.2), Ω ∈ L∞(Sn−1) and V ∈ Bn.
Let also 1 < p <∞, b ∈ BMO(Rn), and 0 ≤ λ ≤ n. Then the operator µLj,Ω,b is bounded
on Lp,λ. Moreover,

‖µLj,Ω,bf‖Lp,λ . ‖b‖BMO ‖f‖Lp,λ .
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