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1 Introduction

Among nonlinear hyperbolic equations, the Klein-Gordon equation has significant theo-
retical and practical importance. The nonlinear Klein-Gordon equation arises in the study
of various problems in mathematical physics. For example, this equation appears in gen-
eral relativity, nonlinear optics, plasma physics, fluid mechanics, radiation theory, and other
fields [1-3].

Cauchy problem for the wave equation

ugp — Au+mu+ug = f(u), t>0, € R", (1.1
with initial conditions
u(0,2) = up(z), w(0,x)=ui(z), =e€R" (1.2)

has been studied by various authors and the results obtained in this area are presented in
several monographs (see, for example, [4]). In particular, when m = 0, f(u) ~ |ulf
the existence or absence of global solutions to problem (1.1), (1.2) has been studied by
various authors (see, for example, [5,6]). In [7,8], problem (1.1), (1.2) was studied in the
case whenm = 0, f(u) ~ |ul’,1 < p < p. = 1+ 2 and it was proven that regardless
of how smooth and small the initial data are (ug,u1), there is no global solution to the
corresponding Cauchy problem. In [8,9], the Klein—Gordon equation was studied for m =
0, flu)~1uf,p>p.=1+ % And it was proved that for sufficiently small x initial
data (ug, uy), there is a global solution to problem (1.1), (1.2).

When m > 0 i.e. when there is mass in the system, posing the question this way loses
significance. The main question in this case, is to determine the stability of the potential
around standing waves [9-12].
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In [12], problem (1.1), (1.2) was studied for

p>1, n=2
and
2
lep< ™2 >3
n—2

In [12], by studying a family of potential wells, preliminary results were obtained about
the absence of a global solution to the corresponding Cauchy problem. An exponentially
decline in energy standarts has also been identified, consistent with global decisions. Re-
cently, there has been a growing interest in studying the Cauchy problem for the systems of
Klein - Gordon equations (see [13-16,23]).

In this article we study problems of this type for m the Klein - Gordon equations with
weak nonlinear dissipation and with different masses.

It should be noted that the term weak nonlinear connection refers to a case where the in-
teraction between the desired functions is determined by the right-hand side of the equation,
given as a product of functions.

In the domain [0, 00) x R™ for the system

m
Wiy — Aug + qiug + Yiug = N H g [P g P g, i =1, m (1.3)
J=1
JF#i

we consider the Cauchy problem with initial conditions
w;(0,z) = uio(x), wuy(0,z) =ui(z), x€R", i=1,..m. (1.4)

Here are uy, ..., u,, functions depending on real variables ¢t € R,z € R",

pj >0, n=2 (1.5)
and

d pi<ln>3. (1.6)

j=1

In this work, exploring potential wells, we study the problems of the existence and
nonexistance of global solutions.

As in [13], we will study the qualitative characteristics of the family of potential wells,
the existence and nonexistance of global solutions, the problem of unstable standing waves,
and the behavior of the energy norms of the solution at large time values. Similar problems
for Klein-Gordon systems consisting of two equations were studied in [15], and for systems
of m equations in the case p; = p, j=1,...,min[22].

In what follows ||, we denote the norm in Ly (R"). For simplicity of notation, in par-
ticular, |-|, we will denote by |. |. The product in Ly(R™) denote by (., .). Next, we denote

1
the norm in Sobolev space H! = W} (R") as follows ||u|| = H\VUIQ + ]u\ZH *, where V

gradient. Constants C' and ¢, used in this article, are positive general constants that may be
different in different cases.
For simplicity, let’s take g; = v; = A\; =1, j=1,...,m.
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2 Study of a potential well

Consider the following system of equations
m
—Au; +u; = H ‘Uj‘pj—H |u,;\pi_1 Uiy, T =1,...,m. 2.1
j=1
JF#i
Let us denote by (@1, ..., @y, ) solution of system (1.1). Then it is clear that
(ui(t,z), ..., um(t,x)) = (@1,..., pm) the solution to system (1.3) satisfying the initial
conditions u1(0,z) = @1(x), ..., um(0,2) = @m(x), = € R™. In this case (@1, ..., Om)
called standing solution of problem (1.3), (1.4).
We define the following functionals:

J(p1, s om) =
j=1

p +1
1(9017' 790m Z : ” JH
y=1 Pu F

Here G = G(¢1, ., 0m) = [pn [[/= 1|<p] (z)|P T d.

Lemma 2.1 Let’s (¢1,..., om) € H! x ... x H'\ {(0,...,0)}, then
(i) ImJ(Ap1,...; Apm) =0,  lLm J(Ae1, ..., Apm) = —00;
A—0 A—400
(ii) There is a point \* = X*(p1, ..., ©m) in the interval such 0 < A < +oc that
d
o J(A@1, ooy Apm) [y oy = 0;
(iii) J(Ap1, ..., Apm) in the interval 0 < X < \* it does not decrease, in the interval \* <
1
EZL:l putm ZZL:lP,uJFm*?

A < 400 itdoes not increase, and at the point A = \* = | =t———
i1 (i +Dllesl

it takes on the maximum value;
(iv) I(Ap1,...; A\pm) > 0 in the interval 0 < X < X*, but I(Ap1, ..., \pm) < 0 and
I(N* @1, .oy X* ) = 0 in the interval \* < X\ < 400, and

1
TV @1, ey Noom) = ZLHA* / H\)\* ()7 da.

u=1 pu +m
Allow us denote by N the followmg set

N = {(@1,...,<pm) 2 (P1y ey om) € H' x ... x Hl\{(O,...,0)},](@1,...,@m) = O}.
Let’s (¢1, ..., pm) € N then

2 pi+1
J(@1, s tpom) = | 1— L JlgslI* >0
m Z?:lpﬂij jz; 2 J

a J function bounded below.
Consider the following variation problem

d= inf J(P1, ey Om).
(15--spm )EN (%01 v )
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Lemma 2.2 There is (¢1, ..., m) € N such a thing that

1 J(@l,,(ﬁm) = inf J(gOl,...,QDm) =d > 0;
(@155pm)EN
2 (@1, ..y Pm) there is a standing solution to problem (1.3), (1.4).

For 6 > 0 let’s define the following functionality:

pj+1
I5(p1, -y Pm) —6 = llesll* - Hlso )P de
— >

p=1 pu +m
Through r(4) let’s denote the following

2
1) > 2 pptm—2

—1Putm

7"(5) — 7“(5,]917 ...,pm) = <Cz

|u|Lz'm71 pu+m(Rn)

Here C' = sup “‘”u”
[lull#0

(2.2)

2.3)

Lemma 2.3 Let (uy,...,un) € H' x ... x H'\ {(0, ...,0)} it be I5(u1, ..., un) > 0, then

Z S <L P < o).

u= 1pu+m

Lemma 2.4 Let (uy,...,un) € H' x ... x H then Is(u1, ..., up) < 0,

pj+1
Z i llyl* > r(9).

1p#+m

Lemma 2.5 Let (uq, ..., uy) € HY x ... x H\ {(0,...,0)} then Is(uy, ..., um)

pj+1
Z i llyl* = ().

1p#+m

Lemma 2.6 Let conditions (1.5), (1.6) be satisfied. Then
d(0) >a(d) r(9).

Here m
D1 Pyt m—26

=1 Putm =2

2 et Pt m(s
¢

d(8) = 6% o

a(d) =

It’s clear that

(2.5)

(2.6)

Q2.7)

(2.8)

(2.9)
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d (6) > 0,6 € (0,1), (2.10)
d (5) <0, € (1,W>. @2.11)

Let us denote by E () the following energy functional:

m
pj+1
B =",
j=1

ul. . 2 Us . 2| _ o Wi T pi+1 .
[t ) + lfus )] A;;p]@>| d

We should introduce the following sets:

Ws = {(u1, ..., um) € HY x .ox HY : Is(ug, ooy ttn) > 0, J(ug, .oy ty) <

<d(®)}J{(0,...0)}, 0 <5 < ro;
Vs = {(u,...,um) € HY x .ox Hb : Is(ug, ooy tty) < 0, J(Ug, .oy ) < d(é)}, 0 <6 <ro.

From (2.9) and (2.10) we have that for anyone e € (0,d) equation d (6) = e has two
different &1, 09 roots such that 61 < 1 < ds.

Theorem 2.1 Let (U10, ...,umo) € H'x..x Hl,(uu, ...,uml) S LQ(R”) X ..o X Lz(Rn),
conditions (1.5), (1.6) be satisfied, and for 0 < e < d, 1 < d2 are the roots of the equation
d(0) = e, then the following statements are true:

a) If I(uio, ..., umo) > 0 or ||uol|| # 0, i = 1,...,m, then the solution to problem (1.3),
(1.4) with the initial energy 0 < E (0) < e included in the set Wy, those (u1(t, "), ..., um(t,+)) €
Ws.
b) If I(ui0, ..., umo) < 0, then the solution to problem (1.3), (1.4) with the initial energy
0 < E(0) < eforanyd; <6 < 8y included in the set Vs, i.e. (ui(t,-),...,um(t,-)) €
V.

Proof. a) Let (u1g, ..., Umo) € H' X ... x HY, (11, ..oy 1) € La(R") X ... x La(R™) and

0<E(0)<e. (2.12)
Assume that
I(u10y ooy ump) >0 or |upl #0, i =1,...,m. (2.13)
From (1.3), (1.4) we have
E(t)+ ) b / lu;(s,)|* ds = E(0). (2.14)
= 2D

Taking into account (2.13) and (2.14) we have J (u; (¢, -), ..., um(t, -)) < e. On the other
hand for §; < § < d2 we have e < d(¢). That’s why

J(ui(t, ), ooy uml(t, ) < d(5). (2.15)

Let’s a) is not fulfilled. Then taking into account (2.13) and (2.14) there is such ¢ €
(0, 00), what
I(S(ul(ta ')7--'7um(ta')) >0,t€e (Oaav (2.16)

Id(ul(fa')w-'aum(ﬂ')) =0. (2.17)
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Thus, (u1(t,), ..., um(t,)) € Ny, therefore, based on the definition d(d) we have
d(0) < J(ui(t, ), ..., um(t,-))

and this contradicts (2.4).

Now prove the statement b).

Let (ulo,...,umo) € H' x ... x Hl, (ull,...,uml) S LQ(R”) X .o X LQ(R”), 0 <
E(0) < e and I(ujg,...,ump) < 0. Similar to the proof of statement a) there is such
¢ € [0, T that for anyone ¢ € [0,7) the inequalities are satisfied I (u1 (t,-), ..., um(t,-)) < 0
and I(uq(t,), ..., um(t,-)) = 0.

We again have the following contradiction
d(0) < J(ui(ty ), oy um(t,-)) < e < d(9).
From Theorem 2.1 we have the following statement.

Theorem 2.2 Let (u10, -, Umo) € H X .. x HY, (11, ooy Um1) € La(R™) X ... x Ly(R™)

and conditions (1.5), (1.6) are satisfied. If 0 < E (0) < e, a each 01, d5 there are solutions

to the equation d(8) = e, then W55, = |J Wsand Vs;5, = U Vs are invariant
§1<6<d2 01<6<d2

along the entire trajectory with respect to the solution of problem (1.3), (1.4).

From Theorem 2.2 we have the following result showing that between two invariant sets
there is a vacuum zone (empty area).

Theorem 2.3 Let the conditions of Theorem 2.2 be satisfied, then each solution to problem
(1.3), (1.4) satisfies the condition (u1(t,-), ..., um(t,)) & Ns, 5, = Us, <55, Ns-

Now consider the cases £(0) < 0.

Theorem 2.4 Let (u10, -, Umo) € HY X ... x HY (w11, ey Um1) € La(R™) X ... x Ly(R™)
and conditions (1.5), (1.6) are satisfied.

IfE(0) =0, , .-, M, then the solution to problem (1.3), (1.4) satisfies
the inequality

m
Z t, ) = ro. (2.18)
Here
"2::1 pPut+m
m m
> putm | I
pn=1

2C?

Proof. Let (ui(t,-), ..., un(t,-)) solution to problem (1.3), (1.4) satisfying E (0) = 0 the
condition so that ||U10H #0,i=1,...,m.

Let’s assume that Tax is the length of the solution existence
interval (ui(¢,-), ..., um(t,-)). Using purpose E (t) we have

m

Et):zp”

P+ Tt ), um(t, ) = 0. (2.19)
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From here we get
J(ur(t, ), o, um(t,)) <0< d(d), tel0,Tmax) (2.20)

and

S P e ) < [ TL e op de,
=1 R j=1

On the other hand, taking into account Holder’s inequality we have

= / T st )P dae <
RM

_ P+l pm+1

Z Putm > pu+m Z Putm s pu+m
/|u1 (t,x)|#=1 dx)r=! /|um (t,z)|=1 dx)r=! . (2.21)
Using the embedding theorem we obtain

22%2 [t )]°
j=1

ey putm

m 2 2
< C2op=1 Putm
(sa)

Z/T:l Put+m
m 2

1
Y ) . (2.22)

If (410, Umo) € H' X ... x HY, (u11,...,um1) € Lo(R"™) X ... x Ly(R"™) and
|luio|| # 0, ¢ = 1,...,m, then there is such a half-interval [0,¢;), what is in this half-
interval Hu,( Il # 0 i =1, ..., m. Taking this fact into account, from (2.9) we obtain the
following inequality

ZL”:l putm

m m o +m\ Spe etz
Z )H22<Z“1p“ ' =1y, tel0,t1). (2.23)

2C?

From here we have ||u;(t, )| # 0, ¢ = 1,...,m, therefore (2.21) is true in the half-
interval [tq, 2t1) etc.
Thus, (2.17) is satisfied for half - interval [0, Tiyax)-

Theorem 2.5 Let (u10, ..., Umo) € H' x ... x H\ {0, ...,0}, (u11, ..., um1) € La(R™) x
.. X La(R™) and conditions (1.5), (1.6) are satisfied. If E(0) < 0 or E(0) = 0 and

(u10y +vy Umo) 7 (0, ..., 0), then for anyone t € [0, Tiax) and 0 < § < Ljim Putm

we have
(1 (t, ), s (£, ) € V5. ’
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Proof. If £(0) < 0 from (2.9) we have
J(ui(t, ), ., um(t, ) < E(0) <0 < d(9). (2.24)
On the other side

Do Pu T m =20 CN pi 41
s > g g P+ It ) (£,).

J(ul(t, ‘), ...,um(t, )) =

Z:tn:l Putm j=1
Therefore, if 0 < § < M, then
Is(ui(t, )y .oy um(t,+)) <0, t€[0,Tmax) - (2.25)
If £(0) = 0, then taking into account Theorem 2.4 from (2.22), (2.23) we have that
(2.24) is also true for the values ¢ such that 0 < § < M.
D=1 Putm

Thus, if 0 < § < ,then Is(uqi(t, ), ..., um(t,-)) € V.
From Theorems 2.3-2.5 we obtain the following result.

Theorem 2.6 Let E(0) < d then and Wy and Vi invariant with respect to the dynamic
system generated by the problem (1.3), (1.4).

3 Existence and asymptotic behavior of the global solution

From Theorem 2.6 we obtain the following theorem on the global solvability of solutions.

Theorem 3.1 Let (10, .., Umo) € H* X ... x HY, (U1, ooy um1) € La(R™) X ... x La(R"),
E(0) < d conditions (1.5) and (1.6) be satisfied.

If at any time ty € [0, Tmax) (u1(to,), ..., um(to,*)) € Wi, then Tyax = +00 and
(ui(t, ), ..., um(t,-)) the following a priori estimate is true:

2d(3_ 1 pu +m)
ZZL:l pu+m—2

S 0+ 1) [[eft. ) + g2, )] <
=1

J

Proof. From Theorem 2.6 we have (ui(t, ), ..., um(t,)) € Wit € [0, Timax) - Therefore,
I(ui(t, ), ...,um(t,+)) >0, 0<t<Thax-

Thus, from (2.18) we obtain that 0 < t < Ty, the a priori estimate (3.1) is correct in
the domain. Therefore T}, = +00, i.e. problem (1.3), (1.4) has a global solution.

t €0, Tmax). (3.1

From Theorem 3.1 we obtain the following statement.
Theorem 3.2 Let

a) (ulo,...,umo) e H' x ... x Hl, (ull, ...,uml) S LQ(R”) X ... X LQ(R”);
b) conditions (1.5), (1.6) are satisfied;

c) 0< E(0) <d;

d) 152(u10,...,um0) > 0or HUZOH =0,2=1,...,m.

Then problem (1.3), (1.4) has a unique solution
(1 (), ooy um(+)) € € ([0,00) s HY x ... x H') [ C ([0,00) ; La(R™) % ... x Lo(R™)),

such that (u1(t,-), ..., um(t, ) € W5, 01 < < d2, 0 <t < +4o00.Here dy < g roots of
the equation d (6) = E (0).



Shafiyeva G.Kh. 131

Proof. From the conditions of the theorem it is clear I(u1q, ..., umo) > 0. That indeed, in
otherwise there is I5(u1o, ..., umo) = 0, such as § € [1,d2). In that case J(ujo, ..., Ump) <
d(0). This is for 6; < § < J2 contradicts the condition J(u1q, ..., umo) < E(0) < d(9).

If (U10, oy Umo) € H? X .. x H?, (u11, .oy Um1) € H' x ... x H', then for solutions
(ui(t, ), ..., um(t, x)) of problem (1.3), (1.4) we have

2
T t) = (St ) S O+ D e =
— A oy ) [(ug ), w80 )+ S0P
and the following inequality is true
pj+1 9
I(ug,...,u (1—01) i(t, ). (3.3)
( ZZ P )]

Here 0; smallest root of equation d () = E (0).
From Theorem 3.2 it follows
Theorem 3.3 Let
a) (ulo,...,umo) €eH' x..x Hl, (un, ...,uml) € LQ(RTL) X ... X LQ(R"),
b) 0 < E(0) < d;
c) I(ulo,...,’u,mo) >0 or Hul()H =0,2=1,....m
d) conditions (1.5), (1.6) are satisfied.

Then there are such K > 0 and k > 0 that

E(t) < Ke ™ t>0.

4 Existence of a global solution and instability of stagnant waves

Let us prove the following theorems on the absence of global solutions.

Theorem 4.1 Lets > 5, (u10, ..., Umo) € H®x...x H®, conditions (1.5), (1.6) are satisfied
and one of the following conditions is satisfied:

a) E(0) < 0;

b) 0 < E(0) <d, I(u10, -, Umo) < 0and 0 <y < A1 3500 py.

Here \| = -, a cg is the norm of the embedding operator W3(R™) C La(R™).
Then

Tmax < +00 and hm Z Juj(t,-)||* = +oo.

>rnax.

Proof.

a) If £(0) < 0, then, similar to the proof from [22], we can obtain the required result.
b) Let 0 < E(0) < d, I(u10, -, umo) < 0and 0 <% < M (30, pu+m—2), A = .
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Let’s denote

m
Z pj+1 ”U,] )‘27 te [Ovaax)7
7=1

we get
m

F,(t) = 22 (pj + 1) <uj(t7 ')7u;t(ta )> , te [Ovaax) .

j=1

Let us assume that the statement of Theorem 4.1 is false, i.e. Tiax = +00.

4.1)

If (410, ..., Umo) € H® x ... x H* and (u11, ..., um1) € H P x ... x H*1 s > ¥ that
2

(ur(t, @), ...,um(t,z)) € C([0,00); H* x ... x H*)(C* ([0,00) ; H*™1 x ... x H*1)
and it’s clear that F(t) € C'[0,00) .
Using simple operations, taking into account (1.3), we obtain
Sl
m
2
=2ve"" Y (pj + 1) (uy(t, ),y (¢ >+2th2 (7 + 1) [y (&, )] = Il (t, )]
j=1 j=1

— (u(t, ), uly (L, )] + 2 Zp +m) e'y/ H\ujtx\pﬁldw

m m
S (g + 1) [y (8, )P+ 206 = DD (py + 1) [luy ()1
j:

j=1
—2eM Is(uy (t, ), ooy (2, 7).
From E(0) < d we have these 1, d2, 91 < 1 < 02 as
d(6;) = E(0), i=1,2.
In (3.2) we take 6 = 9. Based on Theorem 2.5
Is, (ui(t, ), ...,um(t,-)) <0.
Therefore, from (4.1), (4.2) we have

L F (0] 2 2065 DD oy + 1) g1, )P

4.2)

(4.3)

“4.4)

4.5)

(4.6)
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Here .
c(82) = 2(82 = )r(82)(Y_ py +m).

pn=1
From (4.6) for sufficiently large ¢y we have
C(d2)
F'(t) > t > to.
( ) = 9 ) = U0

Thus lim F(t) = +oo.
t—4o00
On the other side

FU () =23 (py + 1) |[uu(t. )] = s ()P

—272 (pj +1) <“J ) ]t )>

Q(Zp#—km/ H]u (t,2) [P+ da
p=1 j=1

3

= putm+2)Y (py+ 1) [yt )|
pn=1 J=1

m m
2
+(Zpu+m 2 ij+1 ) lJui (¢, )
u=1 j=1

_272 (pj + 1) (uy(t, ), ufy(t Zp,me Z/ |y (s, ‘ ds

oY bt ME©) 2 (4493 (5 + D) [Jut ) + o)

J=1
where
m
0 :Zp#+m—2—sz t:v)‘2
p=1 j=1
m
+A\1 Zpu—f—m—Q)Z pj+1 ‘Ugt t,z)|
pn=1 j=1
m m
_272(p]+1)<u3( 7 ]t 22 pl"—i_m
j=1 p=1

Using the Holder and Young inequality we have

“.7

(4.8)

4.9)

m m
2'72 pj+1 <’LL] , ]t Zpu‘f'm—Q—é‘ Z<pj+1)‘u;t(t7x)‘2
j=1 Jj=1
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2 m

il 2
+ (t .
Zzlzlpqum—z_Ej;(Pg ) |y (t, )]

From (4.8) - (4.10) for a sufficiently large ¢y should

m
F'(t) > (4+e)> (pj+1) [uf(t,)
=1

t > to.

Hence from (4.1) and (4.9) we obtain

(4.10)

@.11)

F'"(t)F(t) — (1 + Z)F’2 (4+2))  (py+ 1) |uf(t, -)\QZ(pj +1) |t )]

j=1 i=1

0+ ) |20+ D g, 0| ez

Jj=1

Using Holder’s inequality we have the following inequality
FI(OF(t) — (1+ Z)F’Q(t) >0, t>t.

From inequalities (4.11) and (4.12) we obtain the following inequality:

(F—(”i)(t)) <0, t>t.

It follows

(F—(1+%)(t))// — (i;;r)(F)/() <0, t>t.

Taking (4.7) and (4.13) into account, there exists such t* € (0, ¢;) that thr? -
% *
ie. lim F(t) = +oo.
tt*
From the resulting contradiction we have T}, < 400.

Remark 4.1 From Theorem 4.1 it follows

m

lim Y [Jufe(t,2)* + Juy () I1P] =

t—>Tmax .
Jj=1

Theorem 4.2 Let the conditions (1.5), (1.6) be satisfied and
E (0) > 07[(u107 "'7um0) < 07

imel ‘ D=1 Putm =2
= 2 E;T:lpu+m

4.12)

4.13)

Ht) =

03

Then the solution to the Cauchy problem (1.3), (1.4) collapses in a finite period of time.

Remark 4.2 From theorems 4.1 and 4.2, taking into account conditions (1.5), (1.6), it fol-

lows that the stagnant waves corresponding to problem (1.3), (1.4) are not stable.
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5 Proof of auxiliary lemmas

Proof of Lemma 2.1. The proof of property (i) follows directly from the following equality:

)2 < pj+1 2 2
TJODB1, s ABp) = A ;2 (\WSJ\ + | @] )
j:

A=t pu+m/ H & ()PP da.
Rr 5

(i1) By elementary transformations it can be proven that

d m
TP M) =AY (5 +1) (\Vsﬁjy? + @jy?)
j=1
> putm Ail"lpﬁm—l/ 112" de. (5.1)
p=1 R j=1
It follows
1
m =M pptm—2
> + 1) |18 p=i ot

A=

S p m} S TIP3 ()P da

At the point A = \* the following equality holds:

%J(A@l, s AD ) . =0.
(iii) From (5.1) it is clear that when 0 < \ < \*
iJ()\qﬁl, ey ADpy) > 0,
d\
and when \* < A < +00
é%JQ@h“wA@m)<O,

those statement (iii) is true.
(iv) From the purposes of the functionals Jand Iand (5.1) we have

A d

IMAD1,.. . 0Pp) = —— —
()‘ 1y -0y ) Zlu 1pp,+md)\

JODy, ..., ADy).

Let us define the following set

N = {(Lpl,...,cpm) (01, ey om) € HY x oo x HN\{(0,...,0)}, (@1, oo o) = 0}.

We should (1, ..., om) € N, then

m

J(01, s om) = [ 1 - 0, 52
<9017 7@ ) ( ZH 1pu+m>z HSOJH > ( )
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those JJ bounded below in N. Consider the following variation problem

d= inf J(@1y s Om)-
(@1,erom)EN (1, pm)

Proof of Lemma 2.2. If (u1, ..., u,,) € N, then from (5.2) we have

Y1 Pptm =2 p+1
= Z 2 |lu;|* > 0.

J(ula"'aum) - Z pL+m
p=1Lrpn

Let (u1y, ..., U, ) the sequence ensuring minimization, i.e.

Hm J(U1yy ooy Uy ) = inf J(Uug, ..oy ) = d.
=00 (U1seyum )€
Allow us denote uj) = ruj,j = 1,...,m and Schwartz symmetrization with respect to
the variable x, y;, = pruj, through v;, = (ujr) ur [17-19]. Here p,- it is chosen so that
(U1r7 sy Umr) € N.
Taking into account (5.2), we have

J(V1rs oy V) = [ 1= 2 (5.3)
( 2=t m) z;
On the other side ([17,18])
[ 1902 da = / V() | da
RTL
/ [(V () )*[2d < / |V (wjr) |2 d. (5.4)
From (5.3), (5.4) follows
J (V17 ooy Umr) < J((W1r) s -or (Ui ) oy )- (5.5
On the other hand, based on the choice u, we get
J((wir)pys oor Ume) ) < T (Uiry ooy Uy (5.6)
Thus,
7111_3;10:](2}17", vy Uy ) = d.
From here
Vo < e. (5.7)

Therefore, there is such an element (Vino, ..., Umoo) € H' x ... x H', what for its
subsequence at r — 400

Vir — Vjoo in H' weakly, j =1,...,m. (5.8)
Then for p < =5 from the compactness of the embedding H! C L,(R™)([20]) at 7 — +00
Vjr = Vjoo in Lp(R"™),j=1,...,m. (5.9)

Let’s prove that (v100, .-, Umoo) 7 (0, ..., 0). Let’s assume the opposite, i.e.

(V160 -y Umoo) = (0, ..., 0). (5.10)
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Then from (2.20), (5.9) and (5.10) at r — +00 we have
G(V1ry ooy Umyr) — 0.

On the other hand, since I(viy, ..., Umy) = 0, from (5.9) at r — +o0 we have

vjr — 0 in H! strong, j=1,...,m. (5.11)
Because (V1y, ..., Umy) € N, from Holder’s inequality and embedding H! C L,(R™) ([21])
we get
m
pj+1 2
> ol =
p=1 Z p'u +m
p=1
1 +1 m+1
H Joj ()P da < oy, [T (my X oo X ome 17 (&)
Rn j=1 ; Putm ; pu+m
p=1 p=1

Begining at multiplicative inequalities of the Gagliardo - Nirenberg type it follows

lesrlZ s, ey < A9l P07 gy | 270070 (20]), (5.12)

where

0 1 1 1

=n|l-——==—"—"1, Jj=1,..,m.
2 ZZL:MM‘H”

From (5.7) and (5.12) we have

1 418 .
pj . (R < C||V,Uj7'||(p]+ ) . j=1,...,m.

As aresult we get

S8 (S, putm—2)

p] +1 2 m L Putm - 2
Z st ol < >

p=1Dp T

Here

m
D lvell? = e1 > 0.
j=1

And this contradicts our assumption. Thus, d > 0.
Proof of Lemma 2.3. From inequality (2.20), H! C Lym p, +m(R™) and Young’s

inequalities we have

m 1 Pm+1
G < CXu=1Putm |y (pr¥ X oo X | |5 <
> ‘ 1|LEL":1 pu-l—m(Rn) | m|Lzm - tm(R?) =
Z[J. 1 Putm— 2

m j+1 2 2
< Oimmtm [ ]

+1

If
pj+1
Z (5 i lull* < r(3)

p= 1p,u,+m
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we get

pj+1 9
G<§ = ||u;||".
E:ZM ]

From the definition Is(u1, ..., uy,) it follows I5(u1, ..., wy,) > 0.
Proof of Lemma 2.4. If (u1,...,un,) € H' x ... x H, ||luj|| #0, j=1,...,mand
Is(uq, ..., um) < 0, then the following inequality is true:

pi+1
522 ’ g

u1#+

e ?’H+m_2+1

p]+1

u; p3+1d$<02 =1Putm 112
</ H\ ) ZEH el

This implies the required inequality.
Proof of Lemma 2.5. If ||u;|| # 0, j =1,...,m, then from I5(u1, ..., um) = 0 we get

2
[l =

5i pj+1

= 21 Putm—1

Zzlzl Pu+m—2+1

p]+]-

Us pJ+1dx<C’Z L1 Putm 12
-/ H\ ) ZEM el

Thus,

pj+1
j=1 21 P+ m — 1

2
o) ST pptm—2
2 p=1
lu 1”2 (9) <CEZ‘_1 pp+m> .

Proof of Lemma 2.6. From Lemma 2.5 for each (u1, ..., u,,) € N we have

DL
j:12#:1p“+m_1 ’
Therefore
D1 Putm pj+1
J (U1, ooy tn) = [ =E——— — J wil|? > a()r(s).
o1t = (B ) S5 P it

Here 0 < § < Ze=t2H™ o5y = Zumi Pt 505y > a(6)r(5).
Let’s say (a1, ..., Um) € N minimum element, i.e. d = J (U1, ..., Um,).

For anyone 6 > 0 let’s choose something like A = A\(d), this

pj+1 _ . .
522 ] M“jHQ:/RHH\MJ»(w)\““dx- (5.13)
j=1

p=1 ,u+m
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A(8) =

N S
55y + 1) [y ] K =)
- 1
(2=t Pu +m) Jrn 1520 |uy ()" dx

(5.14)
Because (A\(0)tq, ..., \(0)Uy,) € Ng, from the definition d (§) the following inequality

1s true
d(8) < J(A(8) a1, ooy N(O)Tin) =

m 1 1+ M patm—2
_ ST QZp”+ > — 6 / Hlu (@) de. (5.15)
On the other 51de,

(41, ..., Um) € N. (5.16)

Therefore

1
/H\u () [P+ dz = Zzpﬁnjn? (5.17)

1 lpu+m

From (5.13) and (5.17) we have

< SSM L putm—2 o J 2' .
d(6) < %= (1 s lpﬁm)Z [zl (5.18)

Therefore, if (1, ..., Uy, ) the minimum element, then

Yo P tm =2 p;+1 2
d=J(W1,...,Um) = —=, J ],
" > ey Pp+m ; 2 J

those
m

P+l o >yt Pptm

> 5 lwll” = S 5 (5.19)
. )u':l pu + m —

From (5.17) and (5.19) we obtain
mopptm—26 2
d(8) < 2ey=1 P STn= =2 g (5.20)

B 21 Pu

Let’s (01, ..., Um) € Ns an element that provides a minimum of functionality J (w1, ..., Up,),
i.e.
J(U1,...,Up) = min J(v1, .oy V) = d(0).
(’Ul,...,’l}m)eNg

We should choose the parameter ;o = 1 (0) so that (uvq, ..., pvy,) € N, those

I(pv1, ..oy p0p) = 0. (5.21)
Then
1
= (5) = S+ 1) 191 imapein <1) ST
(Z;T:l Pu+m) [pn | ’@j(ff)|pj+1 dx 0
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Considering the definition d we have

d < J(u1, ..., 10,

ZT 1 P,u,+’m

1\ Z)5 putm=—2 pu+ mp +1 S putm—2
()T R e ()T [ e

_ <1>Z# it Pt m =2 ¢ p1+1
) D1 Pyt m

On the other hand, from (5.21) and (5.22) we obtain

20 T pj+1 5
JO1, ) = |1 - = T |lI”.

9517 (5.22)
j=1

Therefore
ip]+1||ﬂ||2: Z,’T:lplt—i_m J(’L_) o ): ZT:lpM+m d((;)
2 S pptm =207 T TSy m =20
(5.23)
From (5.21) and (5.22) it follows
1\ ST Sy pu+m — 2
d < g m S s
ZMZI pu +m — 2
those s 25
— +m — ——r
d((S) > /—L—lpﬂ (52 L, Putm— 2d. (524)

T X Putm =2
If we compare (5.20) and (5.23) we get

Z'u 1pu+m 2(5

ST
Doy Pyt m =2

d(5) =
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