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Abstract. In this paper we consider a new kind of B—Morrey spaces called total B—Morrey-Guliyev
spaces Ly, (x u),~(Ry ;). We give basic properties of the spaces Ly, (x ) ~(Ry; 1) and study some em-

beddings into the space L, u),v(RZ, ). We prove that the B—maximal operator M~ is bounded on the
B-total Morrey-Guliyev space Ly, (5 ,,) Ry ;).
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1 Introduction

Morrey spaces, introduced by Morrey [19], play important roles in the regularity theory of
PDE, including heat equations and Navier-Stokes equations. In harmonic analysis, Morrey
spaces are crucial for analyzing the behavior of integral operators and providing conditions
for the global existence of solutions to nonlinear PDEs, such as the Schrodinger equation.
The total Morrey-Guliyev spaces L, » ,(R™), introduced by Guliyev [8], extend the Morrey
space L, x(R™) by including the second parameter 1, which can be seen as the intermediate
spaces between Lebesgue spaces and Morrey spaces. The norm in these spaces is defined
by a combination of the norms of L, y(R") and L,, ,(R"™), which allows a wider range of
behavior. Let 0 < p < oo, A € R, u € R, [t]; = min{1,¢}, ¢ > 0. The total Morrey-
Guliyev spaces L, » ,(R™) are the set of all locally integrable functions f with the finite
(quasi-)norm

_2 I
1fllzy 5, = m6§g§>0[t]1 YL VA PRG-TETONE

where B(z,t) denotes the ball centered at = with radius ¢ > 0. Here the norm in the case
i < Xis equal to the maximum of the norms of L, y(R™) and L, ,(R"). Total Morrey-
Guliyev spaces can be viewed as generalizations of both classical and modified Morrey
spaces. In particular, the case where A =  corresponds to classical Morrey space, and the

case where 1 = 0 corresponds to modified Morrey space Ep’ A(R™), see [1,2,7,9-12,18,20,
21].
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Suppose that R™ is n-dimensional Euclidean space, z = (x1,...,2,) € R", |2? =
St a2 2 = (z1,...,2k) € RE 2" = (2p41,...,2,) € R"F 2 = (2/,2") € R,
n>2RE, ={z=(2") e R 21 >0,...,2p >0}, 1 <k <n, B(,r) =
{yERZ,+7|$_ ’<T} E = (Oﬂr)’ry:(r)/lu"'?’yk)?’}/l>07"'7 k>0a

W =n+...+m (@) =2 xZ’“-

For measurable £ C Ry, suppose |E|, = [p(@)Vdz, then |E,|, = w(n,k,v)r?
Q = n+ |v|, where

2

wn k) = [ e =" TT oy

=1 2

n—k k p(%‘H)

Denote by T the generalized shift operator (B—shift operator) acting according to the
law

T f(a cw/ / (@, 9)5, 2" — ") dv(B),

where (z4,yi)5, = (%2 — 2x;y;c08 B + yi)%, 1 < ¢ < k (@) =

k
((xla yl)ﬁla EE) (xka yk)ﬁk)’ dv (ﬁ) = H Sinwil ﬁl dﬁl o dﬁk? 1 < k <n and
i=1

w\?r

ﬁ (%H> iw@kz,k,’y).

=1

We remark that the generalized shift operator 7" is closely connected with the Bessel
differential operator B (for example, n = k = 1 see [16],n > 1, k = 1 see [15] and
n, k > 1 see [17] for details).

Let f : Rf, — R be a locally integrable function, the B-maximal function M, f
associated with the Laplace-Bessel differential operator

n 92 k - 9
Ap = — L, >0,...,7 >0
B= L gy2 + Z x; O, m gt
i=1 ? i=1
is given by

M, f(z) = sup| B, ]! / V| f(2)|(4/)dy.
r>0

E

The B-maximal operator M., introduced and studied by Guliyev in [3]. In [3] the strong
(me Lpﬁ), 1 < p < oo and weak (Llﬁ, Llﬂ)—boundedness of B—maximal operator M,
were proved (see also [4,5]). The boundedness of the B—maximal operator M., on the B—
Morrey spaces Ly » (RZ ) is proved in [6]. In this paper we study the bundedness of the
B-maximal operator )M, on the total B-Morrey-Guliyev spaces Ly, (x ) (R ).

The paper is organized as follows. In Section 2 we present some basic properties of
the B-total Morrey-Guliyev spaces L, ( /\,u)m(RZ, ) and embeddings into these spaces. In
Section 3 we prove the boundedness of the B—maximal operator M, on B—total Morrey-
Guliyev space Ly, (» ) (R}, | ). We obtain that the operator M, is bounded on Ly, (5 ,,) o (R , ),
1 < p < oo and from LL(A’HM(RQ#) to weak WLL(,\#),,Y(RZHF).
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2 Some embeddings into the B—total Morrey-Guliyev spaces

Definition 2.1 Let Lp;y(]R% ) be the space of measurable functions on R;; 4 with finite

norm
Iz = 1Az, @y ) = </R

For p = oo the space L(XW(RZ +) is defined by means of the usual modification

1/p
|f(1:)|P(x/)’Yd$> , 1< p<oo.

n
k,+

[ lzeey = [[fllzoc = ess sup | f(2)].

IERZ,Jr

Let 1 < p < co. We denote by W Ly, (R} | ) the weak Ly, , space defined as the set of
locally integrable functions f(x), x € Ry; , with the finite norms

1/
HfHWLM =supr Hx € RZ7+ s f()] > 7“}‘7 P
r>0
The translation operator 7Y generates the corresponding B—convolution

(f@g)(x) = FWITg(@)](y') dy,

n
Ry +

for which the Young inequality

1 1 1
Hf®gHLM < ”f”L,m HgHquv 1<p,g<r<oo, 5+5: ;4‘1

holds.

Definition 2.2 Let 0 < p < oo, \,p € R, [t} = min{l,t}, ¢ > 0. We denote by
L, /\7M)7’Y(RZ, ) the total Morrey space (= total B-Morrey-Guliyev space), associated

with the Laplace-Bessel differential operator as the set of locally integrable functions f(z),

x € Ry ., with the finite norm

_A 1/p
P

flli = sup [t
H ” P (Xm)y t>0,x€Rz’+[]1

UM?(A}WN@PWW@)

We denote by W L, (, u)ﬂ/(RZ, +) the weak total B—Morrey-Guliyev space the set of all
classes of locally integrable functions [ with the finite norm

_2
p

PNy sup [t] 1

1/p
2
1w [umwwr</ @W@) .
>0, z€R} >0 {yeEy:TY|f(x)|P>r}

We note that

Lpry(Ri ) CWLpao(Ry y) and (|fllwe, ., < [1flz, .-
Let us note that if A = p, then Ly, \ (R} ) = L (3 4), (R} ) is the B-Morrey space,
WLyxn(RE ) =WLp xu~(RE ) is the weak B-Morrey space, see [4,6] and if p = 0,

then Ep’ Ay (R L) = Ly (x0),, (R} ) is the modified B-Morrey space, Wzn A (RE L) =
WL, )\70)77(RZ7 ) is the weak modified B-Morrey space, see [14].
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‘We note that
LILO»’Y( 75+) = Lpry( Z,-‘r)’

and if A < O or A > @, then L, (R} ) = O, where © = O(R]. ) is the set of all
functions equivalent to 0 on Ry , .
Note that

Lp)(oyo)y’y( Z/,"‘) = Lpzo( Zﬁ‘!‘) = LP»O:’Y( Z7+) = Lp:’?( Zl,"‘)’
WLP:(070)7’Y(RZ,+) = WLRO( 1125+) = WLnOﬁ( Z+) = WL}W( 11?:,+)v

Lp,(/\,k)n(RZnL) = Lp,/\,"/(RZHr)v LP7(>\70)7’Y(RZ,+) = Lp,/\n(RZnL),
WLy 3y < Iz, 0, , and therefore Ly, oy o (RE ) © WLy, (3 4 (RE L)

and

Ly oy RE ) Co Lpay(RE 1), < Xand (| fllz,, s < (Fllz, 000 2.1)

Lp,(/\vu)ﬂ(RZHr) Co Lp Z,+)7 p<Aand || fllL,,., < ||f||Lp,<A,u),77 (2.2)
and if A < 0 or A > @, then

Lp,/\,v(RZ,Jr) = Lp)\ry( Z+) = WLIJ,)\N( Z+) = WLpr( Z+) =0.
Lemma 2.1 If0<p<ooand 0 < pu <\ <Q, then

LP:()\#),’Y( Z,Jr) = Lp)wy( Z+) N me( Z+)

and
Hf||LP»(NH)y’Y(RZ,+) = max {HfHLp,A,77 ”fHLp,u,'y} :

Proof. Let f € va()‘vﬂ)fy(RZ,"r) and 0 < o < A < @. Then from (2.1) and (2.2) we have

that f € Ly (R}, ) N Lp s (RE ) and max {[|fllz, s 1|2y b < IFL, 00
Now let f € Ly » o (R} 1) N Lp 7 (RE ;). Then

_2 B 1/p
1Az = _Sup [t], * [1/t]} </E T f ()| (y’)Wdy>

>0

wa{ s (17 [ o@p @ya)

vERY | 0<t<1

K TY P (\Vd p <
sup (¢ F@P () dy) "} < max {0 s}
t>1 Ey

n
zeRk&,

Therefore, f € Ly (nu),(Rf ) and the embedding Ly x (R} ) N Ly, (RE ) C
LP,(A,;L),'y (RZ,+) is valid.

Thus Lp,(A:H)»’Y(R;cL,-Q—) = Lp’)"V(RZ,—i-)mvaNv’Y(RZ,-i-) and max {||f”Lp’)\,—Y7 ||f”Lp,HW} _
11y
Corollary 2.1 If0 < p < 00, 0 < XA < Q, then

LpA,”/(RZ,Jr) = Lp«\w(RZ,nL) N sz( Z+)

and

1z, = max{flle,n, 11l )
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Lemma 22 I[fO0<p<ooand 0 < pu < \<Q,then

WLp,(A,u)n(RZ,Jr) = WLp,/\ry( Z,+) NWLp Z,+)

and

||f||WLp’(>‘aN):'Y(RZ,+) = maX{HfHWLp,)\,'y7 ||f”WLp,,u,'y} *

Lemma23 [f0<p <00, 0< <A <Qand0 < puy < s <Q, then

Llh()\hm)ﬂ (RZ;&-) C- LP,(AQ,M),V (RZ,-&-)

and

||f”Lp,(/\2,u2),'y < HfHLp,(/\l,M)ﬁ'

Proof. Let f S LP,()\l,Ml) 0<p<oo,0< <A <Q,0L w1 < pe < Q. Then

7’Y’

SV 1/p
1y 1y = sup (P [ rp@p yay)
t

zeRY |, 0<t<1

1/p
sup (e / 9@ (' dy) )
zERY | 11 E

< HfHLp,(Al,mm'

Lemma24 I[f0<p <00, 0< A< Qand0 < pu<Q, then

Lp,(Q,uM(RZ,Jr) C- LOO(RZ#) C Lpﬁ(/\,Q)ﬁ/( Z+)

and
1AL, o < @B PU fllLn < L, o0

Proof. Let f € Loo(R} | ). Thenforallz € R} , and 0 < ¢ <1

1/p

(t/\ /E Ty‘f(x)‘P(y’)vng <wn, k)Y | fllie, 0 A< Q

andforalleRZ+andt>1

1/p

(tQ /E Ty’f(flf)!p(y’)wdy> < w(n k)P | fllpe
t
Therefore f € Ly, (1 q)~(R; ;) and
171, s < 00 5,2

Let f € Ly (q.u)~(R} ;). By the Lebesgue’s Theorem we have

. —1 / _ n
tig 11" [ TU@PE)dy =@ aer e R,
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Then fora.e. x € Ry |
1 / e
BN EE - Y Py )Y
@l = (e [ 1arya)

1/p
wln k) V7% sup (t-Q / Tylf(x)lp(y’)”dy>

zeR k T 0<t<1

<w(n k) Pl

P,(Q,p)Y "

Therefore f € Loo(R} |

-1/p
[flliee € w0 ko) P F Ly 0y

Corollary 2.2 If0 < p < oo, then

) and

Lpg~(Ry ) Cr Loo(Ry 1) T Ly g (RE 1)
and

1z, < @k )2 [l < 1y 0

Lemma25 If0 <A< Q0 u<Q0<a<@Q—-Aand0 < 8 < Q — p, then for

Q- C{
= <p<=5t
n n
Lp7()‘7/*’/)7’y(Rk7+) C>- Ll?(Q_OﬁQ_ﬁ)fY(Rk:JF)
and for f € Ly, (x 1)~(R} ) the following inequality
1120 @aasn < @k P Nl 0
is valid, where 1/p+ 1/p' = 1.
Proof. Let 0 < o < Q0 < A< Q, f € Ly u,(RE ) and &2 < p < “24 By the

Holder’s inequality we have

1121 0-00-pr = _SUP 1379 /48" / TV f(2)|(y) dy

TERY >0 Eq

1/p
< s [0/ ( / <Tyrf<x>\>p<y'>wy) B
ERY >0 B

k) sup () YT

rERY 1, t>0

< (1w [ | T @) /)y

, Q=
(5, Dy 500 (11 1) 7
>

Q-p-L

1/p

Note that

Lu_pg -2 _Qa o-
su%) ([t]l fl) P [t](ll Po—= max{ sup t% " » ,Suptﬁ p“} <
>
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Therefore f € LL(Q_Q,Q_g),V(RZ,JF) and

/
||f”L1,(Q7cx,Q7B),W < w(n, k77)1/p HfHLp,(A?M),“,'

From Lemma 2.5 we get the following
Corollary 2.3 [f0< <A< Q,0< < Q — A\ thenfor ©2 <p< &bt

Lp,(A,u),'y(RZ,Jr) C- Ll’Q*O‘fY(RZd—)

and for [ € Lp’(/\,#)ﬁ(RZ7+) the following inequality

/
||f||L1,Qfo¢,'y < w(an:'Y)l/p Hf”Lp,(,\,H),—Y

is valid.

Corollary 2.4 I[f0 < A< Qand 0 < o < Q — A, then forp = %

Lpay(Ri 1) C Lig-an(Bi () and ||flL, g o, < @ k) flL, .,

Corollary 2.5 [f0 < A< Qand 0 < a < Q — A, thenfor &2 <p < @

o
Lpra(REL) C Ligan(®Ey) and [fllig o, < wln k)71l | .

Remark 2.1 Note that in the case of the B-Morrey space Ly, x (R}, , ), Corollaries 2.2 and
2.4 were proved in [6, Lemmas 5 and 6] and in the case of the modified B—Morrey space

L, )\77(RZ, o), Corollaries 2.1 and 2.5 were proved in [14, Lemmas 5 and 6].

3L -boundedness of the B-maximal operator

Dy (A1) Y

In this section we study the L -boundedness of the B—maximal operator (see [3])

D, (A1) Y
M, f(a) = sup B |71 / TV () (') dy.
E,

The following theorem proves the (B—Morrey spaces) Ly, » ~-boundedness of the B—
maximal operator.

Theorem 3.1 [6, Theorem 1]
LI f€LinyRE ), 0<SA<Q, then My f € WLy (R} | ) and

My fllwey s, < Cray
where C ) ., depends only on \,y,k and n.
20 f € Lppa(REL), 1 <p <000 <A< Q then M. f € Ly (R, ) and

|’M7f‘|Lp,A,W S vaAv'YHfHLPv\,’y’

where C,, » ~ depends only on p,\,7y,k and n.

|f||L1,>\7A,>

The following theorem proves the (modified B—Morrey spaces) Ep’ A~ (R}, )-boundedness
of the B—maximal operator.
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Theorem 3.2 [14, Theorem 1]
LI feLinyRE,), 0<SA<Q, then My f € WLy (R ) and

HMWfHWZL)\’A, < Cl)\ﬁ ‘fHEL)\,77

where C1  ~ is independent of f.
2If f € szﬂ(Rﬁ#), 1<p<o0 0<A<Q, then M, f € Zp7,\,7(]13{27+) and

IM Az, < Conallfllz,

where C), ) ., depends only on p,\,v,k and n.

The following theorem is the main result of this paper. We prove the (B—total Morrey-
Guliyev spaces) Ly, (x, u),w(RZ, )-boundedness of the B-maximal operator

Theorem 3.3 1. If f € LL(,\#M(RZ#), 0<pu<AN<Q,then M, f € WL17(,\#M(RZ7+)
and

||M7f||WL1,A,~, < Cipy ||f||L1,(>\,u),'y’

where C1  , depends only on A, i, 7y, k and n.
2Iff € LIL(/\#)KY(RZ,—Q—)’ 1<p<oo,0<pu<A<Q, then M, f € Lp,(k,u),v(RZ,Jr)
and

||Mfyf||qu()\,M),’Y S Cp7>‘77‘|f||l’p7(>\,u)w’

where C), \ ~ depends only on p, \, i1, 7y, k and n.

Proof. Let f € Ly )\’HM(RZ’ 4)and 0 < g < A < Q. Then from Lemma 2.2 and Corollary
3.3 we obtain

1Ml o) = max (M, Flwey o 10 Flwe, )

S max {HfHLl,)\,'y7 ”fHLl,,u,'y} = HfHLla(Avl’«)’V(RZ,-&-)'

Letnow f € Ly (xR ), 1 <p<ooand 0 < p < A < Q. Then from Lemma 2.1
and Corollary 3.3 we obtain

1M, £l g ) = max {1, I 0 )

S max {HfHLp,)\,'y’ ||f”Lp,H,'y} = ||f||LPx(>\:H)x’Y(RZ,+)‘

Remark 3.1 Note that in the case of A = y and A = 0 from Theorem 3.3 we get Theorem
3.1 and Theorem 3.2, respectively.
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