
Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci.
Mathematics, 45 (4), 145-154 (2025).

Boundedness of the B–maximal operator in B–total Morrey-Guliyev
spaces

Ayhan Serbetci?

Received: 17.11.2024 / Revised: 24.08.2025 / Accepted: 27.09.2025

Abstract. In this paper we consider a new kind of B–Morrey spaces called total B–Morrey-Guliyev
spaces Lp,(λ,µ),γ(Rnk,+). We give basic properties of the spaces Lp,(λ,µ),γ(Rnk,+) and study some em-
beddings into the space Lp,(λ,µ),γ(Rnk,+). We prove that the B–maximal operator Mγ is bounded on the
B–total Morrey-Guliyev space Lp,(λ,µ),γ(Rnk,+).
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1 Introduction

Morrey spaces, introduced by Morrey [19], play important roles in the regularity theory of
PDE, including heat equations and Navier-Stokes equations. In harmonic analysis, Morrey
spaces are crucial for analyzing the behavior of integral operators and providing conditions
for the global existence of solutions to nonlinear PDEs, such as the Schrödinger equation.
The total Morrey-Guliyev spaces Lp,λ,µ(Rn), introduced by Guliyev [8], extend the Morrey
space Lp,λ(Rn) by including the second parameter µ, which can be seen as the intermediate
spaces between Lebesgue spaces and Morrey spaces. The norm in these spaces is defined
by a combination of the norms of Lp,λ(Rn) and Lp,µ(Rn), which allows a wider range of
behavior. Let 0 < p < ∞, λ ∈ R, µ ∈ R, [t]1 = min{1, t}, t > 0. The total Morrey-
Guliyev spaces Lp,λ,µ(Rn) are the set of all locally integrable functions f with the finite
(quasi-)norm

‖f‖Lp,λ,µ = sup
x∈Rn, t>0

[t]
−λ
p

1 [1/t]
µ
p

1 ‖f‖Lp(B(x,t)),

where B(x, t) denotes the ball centered at x with radius t > 0. Here the norm in the case
µ ≤ λ is equal to the maximum of the norms of Lp,λ(Rn) and Lp,µ(Rn). Total Morrey-
Guliyev spaces can be viewed as generalizations of both classical and modified Morrey
spaces. In particular, the case where λ = µ corresponds to classical Morrey space, and the
case where µ = 0 corresponds to modified Morrey space L̃p,λ(Rn), see [1,2,7,9–12,18,20,
21].
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Suppose that Rn is n-dimensional Euclidean space, x = (x1, . . . , xn) ∈ Rn, |x|2 =∑n
i=1 x

2
i , x

′ = (x1, . . . , xk) ∈ Rk, x′′ = (xk+1, . . . , xn) ∈ Rn−k, x = (x′, x′′) ∈ Rn,
n ≥ 2, Rnk,+ = {x = (x′, x′′) ∈ Rn; x1 > 0, . . . , xk > 0}, 1 ≤ k ≤ n, E(x, r) =

{y ∈ Rnk,+ ; |x − y| < r}, Er = E(0, r), γ = (γ1, . . . , γk), γ1 > 0, . . . , γk > 0,
|γ| = γ1 + . . .+ γk, (x′)γ = xγ11 · · ·x

γk
k .

For measurable E ⊂ Rnk,+ suppose |E|γ =
∫
E(x

′)γdx, then |Er|γ = ω(n, k, γ)rQ,
Q = n+ |γ|, where

ω(n, k, γ) =

∫
E1

(x′)γdx =
π
n−k
2

2k

k∏
i=1

Γ
(
γi+1
2

)
Γ
(γi
2

) .

Denote by T y the generalized shift operator (B–shift operator) acting according to the
law

T yf(x) = Cγ,k

∫ π

0
. . .

∫ π

0
f
(
(x′, y′)β, x

′′ − y′′
)
dν(β),

where (xi, yi)βi = (x2i − 2xiyi cosβi + y2i )
1
2 , 1 ≤ i ≤ k, (x′, y′)β =

((x1, y1)β1 , . . . , (xk, yk)βk), dν (β) =
k∏
i=1

sinγi−1 βi dβ1 . . . dβk, 1 ≤ k ≤ n and

Cγ,k = π−
k
2

k∏
i=1

Γ
(
γi+1
2

)
Γ
(γi
2

) =
2k

πk
ω(2k, k, γ).

We remark that the generalized shift operator T y is closely connected with the Bessel
differential operator B (for example, n = k = 1 see [16], n > 1, k = 1 see [15] and
n, k > 1 see [17] for details).

Let f : Rnk,+ → R be a locally integrable function, the B–maximal function Mγf
associated with the Laplace-Bessel differential operator

∆B =
n∑
i=1

∂2

∂x2i
+

k∑
i=1

γi
xi

∂

∂xi
, γ1 > 0, . . . , γk > 0

is given by

Mγf(x) = sup
r>0
|Er|−1γ

∫
Er

T y|f(x)|(y′)γdy.

TheB–maximal operatorMγ introduced and studied by Guliyev in [3]. In [3] the strong(
Lp,γ , Lp,γ

)
, 1 < p ≤ ∞ and weak

(
L1,γ , L1,γ

)
–boundedness of B–maximal operator Mγ

were proved (see also [4,5]). The boundedness of the B–maximal operator Mγ on the B–
Morrey spaces Lp,λ,γ(Rnk,+) is proved in [6]. In this paper we study the bundedness of the
B–maximal operator Mγ on the total B–Morrey-Guliyev spaces Lp,(λ,µ),γ(Rnk,+).

The paper is organized as follows. In Section 2 we present some basic properties of
the B–total Morrey-Guliyev spaces Lp,(λ,µ),γ(Rnk,+) and embeddings into these spaces. In
Section 3 we prove the boundedness of the B–maximal operator Mγ on B–total Morrey-
Guliyev spaceLp,(λ,µ),γ(Rnk,+). We obtain that the operatorMγ is bounded onLp,(λ,µ),γ(Rnk,+),
1 < p <∞ and from L1,(λ,µ),γ(Rnk,+) to weak WL1,(λ,µ),γ(Rnk,+).
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2 Some embeddings into the B–total Morrey-Guliyev spaces

Definition 2.1 Let Lp,γ(Rnk,+) be the space of measurable functions on Rnk,+ with finite
norm

‖f‖Lp,γ = ‖f‖Lp,γ(Rnk,+) =

(∫
Rnk,+
|f(x)|p(x′)γdx

)1/p

, 1 ≤ p <∞.

For p =∞ the space L∞,γ(Rnk,+) is defined by means of the usual modification

‖f‖L∞,γ = ‖f‖L∞ = ess sup
x∈Rnk,+

|f(x)|.

Let 1 ≤ p < ∞. We denote by WLp,γ(Rnk,+) the weak Lp,γ space defined as the set of
locally integrable functions f(x), x ∈ Rnk,+ with the finite norms

‖f‖WLp,γ = sup
r>0

r
∣∣{x ∈ Rnk,+ : |f(x)| > r

}∣∣1/p
γ

.

The translation operator T y generates the corresponding B–convolution

(f ⊗ g)(x) =
∫
Rnk,+

f(y)[T yg(x)](y′)γdy,

for which the Young inequality

‖f ⊗ g‖Lr,γ ≤ ‖f‖Lp,γ ‖g‖Lq,γ , 1 ≤ p, q ≤ r ≤ ∞, 1

p
+

1

q
=

1

r
+ 1

holds.

Definition 2.2 Let 0 < p < ∞, λ, µ ∈ R, [t]1 = min{1, t}, t > 0. We denote by
Lp,(λ,µ),γ(Rnk,+) the total Morrey space (≡ total B–Morrey-Guliyev space), associated
with the Laplace-Bessel differential operator as the set of locally integrable functions f(x),
x ∈ Rnk,+, with the finite norm

‖f‖Lp,(λ,µ),γ = sup
t>0, x∈Rnk,+

[t]
−λ
p

1 [1/t]
µ
p

1

(∫
Et

T y|f(x)|p (y′)γdy
)1/p

.

We denote by WLp,(λ,µ),γ(Rnk,+) the weak total B–Morrey-Guliyev space the set of all
classes of locally integrable functions f with the finite norm

‖f‖WLp,(λ,µ),γ = sup
t>0, x∈Rnk,+

[t]
−λ
p

1 [1/t]
µ
p

1 sup
r>0

r

(∫
{y∈Et:T y |f(x)|p>r}

(y′)γdy

)1/p

.

We note that

Lp,λ,γ(Rnk,+) ⊂WLp,λ,γ(Rnk,+) and ‖f‖WLp,λ,γ ≤ ‖f‖Lp,λ,γ .

Let us note that if λ = µ, then Lp,λ,γ(Rnk,+) = Lp,(λ,µ),γ(Rnk,+) is the B–Morrey space,
WLp,λ,γ(Rnk,+) =WLp,(λ,µ),γ(Rnk,+) is the weak B–Morrey space, see [4,6] and if µ = 0,

then L̃p,λ,γ(Rnk,+) = Lp,(λ,0),γ(Rnk,+) is the modified B–Morrey space, WL̃p,λ,γ(Rnk,+) =
WLp,(λ,0),γ(Rnk,+) is the weak modified B–Morrey space, see [14].
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We note that
Lp,0,γ(Rnk,+) = Lp,γ(Rnk,+),

and if λ < 0 or λ > Q, then Lp,λ,γ(Rnk,+) = Θ, where Θ ≡ Θ(Rnk,+) is the set of all
functions equivalent to 0 on Rnk,+.

Note that

Lp,(0,0),γ(Rnk,+) = L̃p,0(Rnk,+) = Lp,0,γ(Rnk,+) = Lp,γ(Rnk,+),

WLp,(0,0),γ(Rnk,+) =WL̃p,0(Rnk,+) =WLp,0,γ(Rnk,+) =WLp,γ(Rnk,+),

Lp,(λ,λ),γ(Rnk,+) = Lp,λ,γ(Rnk,+), Lp,(λ,0),γ(Rnk,+) = L̃p,λ,γ(Rnk,+),
‖f‖WLp,(λ,µ),γ ≤ ‖f‖Lp,(λ,µ),γ and therefore Lp,(λ,µ),γ(Rnk,+) ⊂WLp,(λ,µ),γ(Rnk,+)

and

Lp,(λ,µ),γ(Rnk,+) ⊂� Lp,λ,γ(Rnk,+), µ ≤ λ and ‖f‖Lp,λ,γ ≤ ‖f‖Lp,(λ,µ),γ , (2.1)

Lp,(λ,µ),γ(Rnk,+) ⊂� Lp,µ,γ(Rnk,+), µ ≤ λ and ‖f‖Lp,µ,γ ≤ ‖f‖Lp,(λ,µ),γ , (2.2)

and if λ < 0 or λ > Q, then

Lp,λ,γ(Rnk,+) = L̃p,λ,γ(Rnk,+) =WLp,λ,γ(Rnk,+) =WL̃p,λ,γ(Rnk,+) = Θ.

Lemma 2.1 If 0 < p <∞ and 0 ≤ µ ≤ λ ≤ Q, then

Lp,(λ,µ),γ(Rnk,+) = Lp,λ,γ(Rnk,+) ∩ Lp,µ,γ(Rnk,+)

and
‖f‖Lp,(λ,µ),γ(Rnk,+) = max

{
‖f‖Lp,λ,γ , ‖f‖Lp,µ,γ

}
.

Proof. Let f ∈ Lp,(λ,µ),γ(Rnk,+) and 0 ≤ µ ≤ λ ≤ Q. Then from (2.1) and (2.2) we have
that f ∈ Lp,λ,γ(Rnk,+) ∩ Lp,µ,γ(Rnk,+) and max

{
‖f‖Lp,λ,γ , ‖f‖Lp,µ,γ

}
≤ ‖f‖Lp,(λ,µ),γ .

Now let f ∈ Lp,λ,γ(Rnk,+) ∩ Lp,µ,γ(Rnk,+). Then

‖f‖Lp,(λ,µ),γ = sup
x∈Rnk,+,t>0

[t]
−λ
p

1 [1/t]
µ
p

1

(∫
Et

T y|f(x)|p (y′)γdy
)1/p

= max
{

sup
x∈Rnk,+,0<t≤1

(
t−λ

∫
Et

T y|f(x)|p (y′)γdy
)1/p

,

sup
x∈Rnk,+,t>1

(
t−µ

∫
Et

T y|f(x)|p (y′)γdy
)1/p}

≤ max
{
‖f‖Lp,λ,γ , ‖f‖Lp,µ,γ

}
.

Therefore, f ∈ Lp,(λ,µ),γ(Rnk,+) and the embedding Lp,λ,γ(Rnk,+) ∩ Lp,µ,γ(Rnk,+) ⊂�
Lp,(λ,µ),γ(Rnk,+) is valid.

ThusLp,(λ,µ),γ(Rnk,+) = Lp,λ,γ(Rnk,+)∩Lp,µ,γ(Rnk,+) and max
{
‖f‖Lp,λ,γ , ‖f‖Lp,µ,γ

}
=

‖f‖Lp,(λ,µ),γ .

Corollary 2.1 If 0 < p <∞, 0 ≤ λ ≤ Q, then

L̃p,λ,γ(Rnk,+) = Lp,λ,γ(Rnk,+) ∩ Lp,γ(Rnk,+)

and
‖f‖

L̃p,λ,γ
= max

{
‖f‖Lp,λ,γ , ‖f‖Lp,γ

}
.
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Lemma 2.2 If 0 < p <∞ and 0 ≤ µ ≤ λ ≤ Q, then

WLp,(λ,µ),γ(Rnk,+) =WLp,λ,γ(Rnk,+) ∩WLp,µ,γ(Rnk,+)

and
‖f‖WLp,(λ,µ),γ(Rnk,+) = max

{
‖f‖WLp,λ,γ , ‖f‖WLp,µ,γ

}
.

Lemma 2.3 If 0 < p <∞, 0 ≤ λ2 ≤ λ1 ≤ Q and 0 ≤ µ1 ≤ µ2 ≤ Q, then

Lp,(λ1,µ1),γ(R
n
k,+) ⊂� Lp,(λ2,µ2),γ(R

n
k,+)

and
‖f‖Lp,(λ2,µ2),γ ≤ ‖f‖Lp,(λ1,µ1),γ .

Proof. Let f ∈ Lp,(λ1,µ1),γ , 0 < p <∞, 0 ≤ λ2 ≤ λ1 ≤ Q, 0 ≤ µ1 ≤ µ2 ≤ Q. Then

‖f‖Lp,(λ2,µ2),γ = max
{

sup
x∈Rnk,+, 0<t≤1

(
tλ1−λ2t−λ1

∫
Et

T y|f(x)|p (y′)γdy
)1/p

,

sup
x∈Rnk,+, t≥1

(
tµ1−µ2t−µ1

∫
Et

T y|f(x)|p (y′)γdy
)1/p}

≤ ‖f‖Lp,(λ1,µ1),γ .

Lemma 2.4 If 0 < p <∞, 0 ≤ λ ≤ Q and 0 ≤ µ ≤ Q, then

Lp,(Q,µ),γ(Rnk,+) ⊂� L∞(Rnk,+) ⊂� Lp,(λ,Q),γ(Rnk,+)

and
‖f‖Lp,(λ,Q),γ

≤ ω(n, k, γ)1/p‖f‖L∞ ≤ ‖f‖Lp,(Q,µ),γ .

Proof. Let f ∈ L∞(Rnk,+). Then for all x ∈ Rnk,+ and 0 < t ≤ 1

(
t−λ

∫
Et

T y|f(x)|p(y′)γdy
)1/p

≤ ω(n, k, γ)1/p ‖f‖L∞ , 0 ≤ λ ≤ Q

and for all x ∈ Rnk,+ and t > 1

(
t−Q

∫
Et

T y|f(x)|p(y′)γdy
)1/p

≤ ω(n, k, γ)1/p ‖f‖L∞ .

Therefore f ∈ Lp,(λ,Q),γ(Rnk,+) and

‖f‖Lp,(λ,Q),γ
≤ ω(n, k, γ)1/p‖f‖L∞ .

Let f ∈ Lp,(Q,µ),γ(Rnk,+). By the Lebesgue’s Theorem we have

lim
t→0
|Et|−1γ

∫
Et

T y|f(x)|p(y′)γdy = |f(x)|p a.e. x ∈ Rnk,+.
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Then for a.e. x ∈ Rnk,+

|f(x)| =
(
lim
t→0
|Et|−1γ

∫
Et

T y|f(x)|p(y′)γdy
)1/p

≤ ω(n, k, γ)−1/p × sup
x∈Rnk,+, 0<t≤1

(
t−Q

∫
Et

T y|f(x)|p(y′)γdy
)1/p

≤ ω(n, k, γ)−1/p ‖f‖Lp,(Q,µ),γ .

Therefore f ∈ L∞(Rnk,+) and

‖f‖L∞ ≤ ω(n, k, γ)−1/p ‖f‖Lp,(Q,µ),γ .

Corollary 2.2 If 0 < p <∞, then

Lp,Q,γ(Rnk,+) ⊂� L∞(Rnk,+) ⊂� L̃p,Q,γ(Rnk,+)

and
‖f‖

L̃p,Q,γ
≤ ω(n, k, γ)1/p ‖f‖L∞ ≤ ‖f‖Lp,Q,γ .

Lemma 2.5 If 0 ≤ λ < Q, 0 ≤ µ < Q, 0 ≤ α < Q − λ and 0 ≤ β < Q − µ, then for
Q−λ
α ≤ p ≤ Q−µ

β

Lp,(λ,µ),γ(Rnk,+) ⊂� L1,(Q−α,Q−β),γ(Rnk,+)
and for f ∈ Lp,(λ,µ),γ(Rnk,+) the following inequality

‖f‖L1,(Q−α,Q−β),γ ≤ ω(n, k, γ)
1/p′ ‖f‖Lp,(λ,µ),γ

is valid, where 1/p+ 1/p′ = 1.

Proof. Let 0 < α < Q, 0 ≤ λ < Q, f ∈ Lp,(λ,µ),γ(Rnk,+) and Q−λ
α ≤ p ≤ Q−µ

β . By the
Hölder’s inequality we have

‖f‖L1,(Q−α,Q−β),γ = sup
x∈Rnk,+, t>0

[t]α−Q1 [1/t]Q−β1

∫
Et

T y|f(x)|(y′)γdy

≤ sup
x∈Rnk,+, t>0

[t]α−Q1 [1/t]Q−β1

(∫
Et

(T y|f(x)|)p (y′)γdy
)1/p

|Et|1/p
′

γ

≤ ω(n, k, γ)1/p′ sup
x∈Rnk,+, t>0

(
[t]1 t

−1)−Q/p′ [t]α−Q−λp1 [1/t]
Q−β−µ

p

1

×
(
[t]−λ1 [1/t]µ1

∫
Et

T y|f(x)|p(y′)γdy
)1/p

≤ ω(n, k, γ)1/p′ ‖f‖Lp,λ,µ sup
t>0

(
[t]1 t

−1)Q−µp −β [t]
α−Q−λ

p

1 .

Note that

sup
t>0

(
[t]1 t

−1)Q−µp −β [t]α−Q−λp1 = max
{

sup
0<t≤1

t
α−Q−λ

p , sup
t>1

t
β−Q−µ

p

}
<∞

⇐⇒ Q− λ
α

≤ p ≤ Q− µ
β

.
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Therefore f ∈ L1,(Q−α,Q−β),γ(Rnk,+) and

‖f‖L1,(Q−α,Q−β),γ ≤ ω(n, k, γ)
1/p′ ‖f‖Lp,(λ,µ),γ .

From Lemma 2.5 we get the following

Corollary 2.3 If 0 ≤ µ ≤ λ < Q, 0 ≤ α < Q− λ, then for Q−λ
α ≤ p ≤ Q−µ

α

Lp,(λ,µ),γ(Rnk,+) ⊂� L1,Q−α,γ(Rnk,+)

and for f ∈ Lp,(λ,µ),γ(Rnk,+) the following inequality

‖f‖L1,Q−α,γ ≤ ω(n, k, γ)
1/p′‖f‖Lp,(λ,µ),γ

is valid.

Corollary 2.4 If 0 ≤ λ < Q and 0 ≤ α < Q− λ, then for p = Q−λ
α

Lp,λ,γ(Rnk,+) ⊂ L1,Q−α,γ(Rnk,+) and ‖f‖L1,Q−α,γ ≤ ω(n, k, γ)
1/p′‖f‖Lp,λ,γ .

Corollary 2.5 If 0 ≤ λ < Q and 0 ≤ α < Q− λ, then for Q−λ
α ≤ p ≤ Q

α

L̃p,λ,γ(Rnk,+) ⊂ L1,Q−α,γ(Rnk,+) and ‖f‖L1,Q−α,γ ≤ ω(n, k, γ)
1/p′‖f‖

L̃p,λ,γ
.

Remark 2.1 Note that in the case of theB–Morrey space Lp,λ,γ(Rnk,+), Corollaries 2.2 and
2.4 were proved in [6, Lemmas 5 and 6] and in the case of the modified B–Morrey space
L̃p,λ,γ(Rnk,+), Corollaries 2.1 and 2.5 were proved in [14, Lemmas 5 and 6].

3 Lp,(λ,µ),γ-boundedness of the B–maximal operator

In this section we study the Lp,(λ,µ),γ-boundedness of the B–maximal operator (see [3])

Mγf(x) = sup
r>0
|Er|−1γ

∫
Er

T y|f(x)|(y′)γdy.

The following theorem proves the (B–Morrey spaces) Lp,λ,γ-boundedness of the B–
maximal operator.

Theorem 3.1 [6, Theorem 1]
1. If f ∈ L1,λ,γ(Rnk,+), 0 ≤ λ < Q, then Mγf ∈WL1,λ,γ(Rnk,+) and

‖Mγf‖WL1,λ,γ
≤ C1,λ,γ‖f‖L1,λ,γ

,

where C1,λ,γ depends only on λ,γ,k and n.

2. If f ∈ Lp,λ,γ(Rnk,+), 1 < p <∞,0 ≤ λ < Q, then Mγf ∈ Lp,λ,γ
(
Rnk,+

)
and

‖Mγf‖Lp,λ,γ ≤ Cp,λ,γ‖f‖Lp,λ,γ ,

where Cp,λ,γ depends only on p,λ,γ,k and n.

The following theorem proves the (modifiedB–Morrey spaces) L̃p,λ,γ(Rnk,+)-boundedness
of the B–maximal operator.
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Theorem 3.2 [14, Theorem 1]
1. If f ∈ L̃1,λ,γ(Rnk,+), 0 ≤ λ < Q, then Mγf ∈WL̃1,λ,γ(Rnk,+) and

‖Mγf‖WL̃1,λ,γ
≤ C1,λ,γ‖f‖L̃1,λ,γ

,

where C1,λ,γ is independent of f .
2.If f ∈ L̃p,λ,γ(Rnk,+), 1 < p <∞, 0 ≤ λ < Q, then Mγf ∈ L̃p,λ,γ(Rnk,+) and

‖Mγf‖L̃p,λ,γ ≤ Cp,λ,γ‖f‖L̃p,λ,γ ,

where Cp,λ,γ depends only on p,λ,γ,k and n.

The following theorem is the main result of this paper. We prove the (B–total Morrey-
Guliyev spaces) Lp,(λ,µ),γ(Rnk,+)-boundedness of the B–maximal operator

Theorem 3.3 1. If f ∈ L1,(λ,µ),γ(Rnk,+), 0 ≤ µ ≤ λ < Q, then Mγf ∈WL1,(λ,µ),γ(Rnk,+)
and

‖Mγf‖WL1,λ,γ
≤ C1,λ,γ ‖f‖L1,(λ,µ),γ

,

where C1,λ,γ depends only on λ, µ, γ, k and n.
2. If f ∈ Lp,(λ,µ),γ(Rnk,+), 1 < p <∞, 0 ≤ µ ≤ λ < Q, then Mγf ∈ Lp,(λ,µ),γ(Rnk,+)

and

‖Mγf‖Lp,(λ,µ),γ ≤ Cp,λ,γ‖f‖Lp,(λ,µ),γ ,

where Cp,λ,γ depends only on p, λ, µ, γ, k and n.

Proof. Let f ∈ L1,(λ,µ),γ(Rnk,+) and 0 ≤ µ ≤ λ < Q. Then from Lemma 2.2 and Corollary
3.3 we obtain

‖Mγf‖WL1,(λ,µ),γ(Rnk,+) = max
{
‖Mγf‖WL1,λ,γ

, ‖Mγf‖WL1,µ,γ

}
. max

{
‖f‖L1,λ,γ

, ‖f‖L1,µ,γ

}
= ‖f‖L1,(λ,µ),γ(Rnk,+).

Let now f ∈ Lp,(λ,µ),γ(Rnk,+), 1 < p <∞ and 0 ≤ µ ≤ λ < Q. Then from Lemma 2.1
and Corollary 3.3 we obtain

‖Mγf‖Lp,(λ,µ),γ(Rnk,+) = max
{
‖Mγf‖Lp,λ,γ , ‖Mγf‖Lp,µ,γ

}
. max

{
‖f‖Lp,λ,γ , ‖f‖Lp,µ,γ

}
= ‖f‖Lp,(λ,µ),γ(Rnk,+).

Remark 3.1 Note that in the case of λ = µ and λ = 0 from Theorem 3.3 we get Theorem
3.1 and Theorem 3.2, respectively.
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