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Abstract. In this paper, we investigate the stability of a perturbed exponential system {em":’: }n cz ina
separable subspace of the weighted grand Lebesgue space Ny ,(—m, 7). Analogs of classical Levinson-
type theorems are obtained for the completeness of the system in space Ly ,, (=m,7m), 1<p<+4ooand
using this result, the stability of the perturbed exponential system is established.
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1 Introduction

The study of exponential systems plays a central role in harmonic analysis and the theory
of function spaces. Among them, perturbed exponential systems, which generalize classi-
cal exponential systems, have attracted considerable interest due to their connection with
eigenfunctions of differential operators subject to integral boundary conditions. The inves-
tigation of exponential systems, commonly known as the theory of nonharmonic Fourier
series (see [1-5]), traces its roots to the classical works in this direction include those by
Paley and Wiener [6], N. Levinson [1], who explored the basis properties of such systems
in various functional frameworks. One of the well-known early results in this area states

that the trigonometric system {ei”x :{io_ ~ Possesses a stable basis property in Lo (—, 7).

More precisely, the system {e”‘"m }ree _ forms a Riesz basis in Lo(—m, ) provided that
|An, — n| < L < 1/4. The optimality of the constant % was established by M. I. Kadec [7],
and later by R. M. Redheffer and R. M. Young [8].

In recent years, the investigation of such systems in generalized function spaces, such
as grand Lebesgue spaces (see [9-16]) and weighted grand Lebesgue spaces, has gained
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significant momentum. These spaces provide a flexible framework for analyzing systems
with variable integrability properties and are particularly effective in addressing questions
of stability and completeness. In this direction, special attention has been paid to the sta-
bility of bases generated by perturbed exponential systems, both in classical L, (see [17]),
Morrey-Lebesgue spaces (see [18]) and in grand Lebesgue spaces where the non-uniform
integrability structure plays a crucial role in the preservation of basis properties (see also
[19-21]).

Now, let us consider a certain sequence of real numbers {cv, }
examine the following exponential system

[} (1.1

In this paper, we focus on the stability of a basis formed by a perturbed exponential system
within a separable subspace N,,) ,(—, 7) of the weighted grand Lebesgue space Ly ,, (—7,7),
1 < p < +o00. We establish analogues of classical Levinson-type theorems, providing crite-

ria for the completeness and minimality of the system in this setting. The stability of system
(1.1) in space Ny (=7, 7), 1 < p < 400, is studied.

[e.e]

~ Of real numbers.We

2 Preliminaries

Let w (z) be a weight function defined on [—7, 7| . We denote by Ly, (-7, m), 1 <
p < +o0, the weighted grand Lebesgue space consisting of measurable functions defined
on [—m, 7| with finite norm

”pr),w = 0 sup ( © / |f(t)W(t)|pEdt> " < +o0.

<e<p—1 \27 ) 4

We denote by A, (—m,7), 1 < p < +oo, the Muckenhoupt weight class consisting of
periodic functions w (x) with period 2, satisfying the following condition

1 1 _p p-l
sup / wP(t)dt / w P-L(t)dt < 400,
IC[—m,m] |I| I |I| 1

where the supremum is taken over all finite intervals [ in [—m, 7].
Since the space Ly, (—m,m), 1 < p < o0, is non-separable, we consider its
separable subspace N ,(—, ) of functions f € L) , (—m,7) :

1 C+6) = F Ol () = 0 50,

Theorem 2.1 ([22]) Let there is ¢ € (0,p — 1) such that w=' € L_ 1 . Then set of

p—e—1

infinitely differentiable functions C*°[—x, 7| is dense in Ny ,(—, 7).

Let X be a b.f.s. over (M; u) with norm || - || x. We will also use certain concepts and
results from the theory of Banach function spaces (see [23]). The necessary facts from this
theory are stated below.

Definition 2.1 ([23]) A function f in a b.f.s. (Banach function space) X is said to have
continuous norm in X if || fxg,||x — 0, for every sequence {E,}," | satisfying E,, —
& i — a.e. The set of all functions in X of absolutely continuous norm is denoted by X,.

Theorem 2.2 ([23]) The dual X* of a b.f.s. X is canonically isometrically isomorphic to
the associate space X ' if and only if X have absolutely continuous norm,where
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||f |x<1

We also need the following theorems.

Theorem 2.3 (Hausdroff-Young) Ler 1 < p < 2, 119

its Fourier coefficients by f(n) =cp, = % f_ﬂ f(
Young inequality states that

=1, fe LP(—m,m), and define

1
q
~nxdy, n € Z. Then Hausdorff-

+
x)e

Hentnezlle, < G 1l

where

1/q
I {eatlly, = (Z |cn|q)

neL

and Cy, is a constant depending only on p .
We will also use the following analogue of the Paley-Wiener theorem in Banach spaces.

Theorem 2.4 Let X be a Banach space and let {x,}° ; € X, be a (Schauder) basis of
X. Let {yn}22, € X, be another sequence such that there exists a constant 6 € [0,1)
satisfying

<0

m m
Z (079 (yn - :UTL) Z An Ty,
n=1 n=1

for all finite scalar sequences (ai,...,an). Then {y,} is also a Schauder basis of X.
Moreover, {x,} and {y,} are equivalent bases.

3 A Necessary Condition for the Sequence {,, } to be Separated

Definition 3.1 ([24]) A system {fn},cny C Lpyw(—m,7), 1 < p < +00, is called a g-
Hilbert system, if there exists C>0, such that for any finite system {c, }, ., of complex
numbers the following inequality holds

(2 lenl®)

Q=

< C”Zn Cnfn”Lp)’wa

where % + % =1

Definition 3.2 ([25]) A sequence {\n}, o, C R is called separated if
nl;lfn A — Am| >0,

holds.

Lemma 3.1 Let {a, }, oy, be a sequence of real numbers. If for w # 0 and w € Ly (—7, )
the system {eio‘”x}nez is a q-Hilbert system in the space Ly) , (—m,7), 1 < p < +oq,
then the sequence {ouw,},, o7 is separated.
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Proof. By the definition of g-Hilbert system, we have:

1 1
) Fi c - 0o p—¢ p—e
Z leg|? ] <C  sup / Z cpfrw| dt )
k=—00 0<e<p-1 2m T k=—00
If we choose the coefficients as ¢, = 1, ¢, = —1, ¢, = 0,k # n # mand f;, = e'“+! then
we obtain
1 ™ i
1 E . . _ p—e
2¢ < C  sup (/ |(ew‘"t — emmt) w‘p Edt) =
O<e<p—1 2m —T
1 it jamt
20 < et — e | . 3.1)
On the other hand

eioznt _ eiamt’ -9

sin (Oé”_2amt> ' <lan — ap| |t| < 7lan — am| -

It follows from this that

iamt

Hemnt e

Lp),w(fﬂ',ﬂ') S ™ ‘(Oén - Oém)| HWHLP)(—W,T{')'

Then, from relation (4.1), we obtain

1 . )
2¢ < Hemnt - emthLpW(fn,ﬂ) < 7 [(on — am)| HWHLP)(—w,n) =

1
24
lagy, — agp| > ———— = inf |ay, — o] > 0.
TerHLP)(—ﬂ',ﬂ') n#m

The theorem is thus proved.

4 Analogues of Levinson-Type Theorems in the Space I, ., (—; )
We establish the following analogues of Levinson’s theorems [26].

Theorem 4.1 Let {cy,}3° | be a sequence of complex numbers and w € Ap, 1 < p < 0. A
necessary and sufficient condition for the exponential system {e'“*'},.cy to be incomplete
in the space Ny ,(—, ) is the existence of a non-zero entire function F'(z) of exponential
type such that

F(ap) =0 foralln.
Here

F(z) = ! f(x)e* du, (4.1)

where f(x) € N;) (—m,7) and f # 0.

,w
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Proof. Suppose that the system {emkt } e 18 not complete in the space. Then there exists

a non-zero functional L € Nz;) (=, m) such that

L (eio‘kx) = ( for all k.

Let us show that the spaces N', (—m,7) and N* (—m, ) are isometrically isomor-
p)w p)w

phic. According to Theorem 2.2 it is sufficient to prove that the space N, (=7, m),1 <
p < 400, admits an absolutely continuous norm. By Theorem 2.1, we have

Co([=m, 7)) =N,

p),w(_ﬂ—v 7T).

Let f € Ly, and let ¢ > 0 be arbitrary. Then there exists fo € C[—m, 7] such that
If = foll, . <e

Suppose that {Ey,}, .y C (—m,7) is a sequence of Lebesgue measurable sets such that
E,— 9, u—a.e.,ie xg, — 0,y — ae Weneed to show

||fXEnHLp)7w - 0

We have
1fxEL,,., = I(f = fo)xe. + foxe.lL,.,

<|I(f = fo)xe. L, + lfoxe.lL,., (4.2)
<e + ||f0XEnHLp),w
Let M = || foll 1 (—x,x- Then we obtain

Voxeall, . < Mlxe.ly, . < Milxe.l,, <oo.

Obviously, ||xg, |, , — 0
Consequently, from (4.2) it follows that

I xE. |, — 0asn— co.

Thus, we conclude that the space N, ,,(—, m) possesses an absolutely continuous norm.
From Theorem 2.2, it follows that

’

N

p)’w(—w, ™) = N;)Vw(—ﬂ', ),

which means that there exists a function g € N;zla),w (=, m) such that forevery f € N, (-7, 7),
we have

L= [ fa)g)de. 4.3)

—T

Substituting f(x) = €*** into (4.3), we obtain:

L (") = / e g(x)dx = 0.

It thus becomes clear that F(z) = ["_ f(x)e'**dx is an entire function and hence

F(ay) =0 foralln.
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Conversely, suppose that for the exponential system defined by (4.1), the entire func-
tion F'(z) satisfies F'(cw,) = O for all n. Then one may consider the functional L(f) de-
fined by (4.3). By Hlder’s inequality, the functional L is a linear bounded functional on

Np) (=, 7). On the other hand, since L # 0 and

L(em"z) =0 foralln,

T X .
the system {e . }n ¢z 1s not complete.
The theorem is thus proved.

Theorem 4.2 Suppose that the function F (z) is represented in the form (4.1) and g €

NII)) L (=T, 1 < p < +oo, F(ap) = 0and [ any complex number. Then

is also represented in the form (4.1).
Proof. As in the classical Levinson theorem, let us define the new h(x) function in the
following way

T

h(z) = g(x) + i (B — ag) e " / e"*Yg(y)dy. (4.4)

—T

[1e% 4

If we multiply both sides of equation (4.4) by e

/ eioth(m) dr = / eiozxg(x) dl‘—i—i(ﬁ—&o)/ ei(a—ao)a: </ eiaoyg(y) dy) dr =

= F(a)+i(8 — ao) / / e (@ma0)zia0y g (4 dg: dy.
y

—T

and integrate, we obtain

By Fubini’s theorem, changing the order of integration yields

/ €iaxh(1') dz = F(a) + B—a / (ei(a—ao)ﬂ' _ ei(a—ao)y>eiaoyg<y) dy

— a—og )

— o)+ 2220 /7r " g(y) dy

a—og )
~ Fla)- P20y = 225 pa)
a — a — (X

Thus

The theorem is proved.

Corollary 4.1 Suppose w € A, and the system {emkz} wey IS complete in the space
Np)vw(—ﬂ', 7). Then, if we remove any n functions from this system and replace them with
any other n exponential functions {elﬁk‘”}zzl (here By, # ai,Vk = 1,771) then the newly

obtained system will be complete in space Ny ,(—m, ).



70 On stability of a basis ...

5 Stability of the System {e’“~*} ¢, in the Space Ny, (—7, )

Let us consider the following theorem concerning the stability of an exponential system
with respect to the sequence {ay, },,c; in the space Ny ,(—, 7).

Theorem 5.1 Let 1 < p < 400, weA,, re(1,min(p,q)), r < p1 < p w* € Lnr,
p1—T
an, B, € R, n € Z, such that, a; 7o, Bi7#0; , for i#j, and '

+oo
> lan—Bal < +o0. (5.1)
n=-—oo
If the system {eio‘”x}n ez forms a basis isomorphic to the system {ei"z}n 7, In space

in

Np)w (—m,m), then {ew"””}nez forms a basis isomorphic to the system {eim}nez

Np)w (—m, ).

Proof. Let’s denote } ,
en (2) = € () = €0
and 4
Y (z) = €Pr® neZ, xcl-nmn.

According to the Lemma 3.1,
”Spn— 171177,”17)7“) S M’an_ﬁn‘7neza (52)

here M = 7er||p). Let fix number m € Z, and consider the system of functions as
following

_Jen, Inf<m
fn—{ wm |n|2m , NE€ZL .

Applying inequality (5.2) together with Holder’s inequality, we obtain the following for any
finite complex sequence {cy, }

> on(fn = n)

n

< Z |Cn| an - SOTLHLP),w
n

LP)7w

<MY fen] [an — Byl (5.3)

L

<M (Z |cnv“’> T (Z(an - W) -

n

Since 1 < 7 < 2 and weA,, the system {em“”}nez becomes basis in N, , (=7, 7) (see
result [22]) so we can apply here by the Theorem 2.4 about Hausdroff-Young inequality

1
s
(Z ’Cn’Tl> < |1 cnen
n n

Since w™! € L p1r for Vf € L,) ., by using Holder’s inequality we obtain

pr1—r
- 1
1, = ( / fwr-w-fdt) <

5.4

r
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p1—r

g % T _mr P17
< (/ \fw]pldt) </ w p1—rdt) < K| fllp) - (5.5)

Taking inequality (5.5) into account in inequality (5.4), we obtain

(Z|CH|T/> <K chen

S

(5.6)

p)w
Since the systems {¢,, } and {¢,,} are isomorphic bases, there exists a constant L > 0 such
that
D cnenl| S L|D can (5.7)

Thus, taking inequality (5.7) into account in inequality (5.6), and using inequality (5.5), we
have

120 enlfn = Pu)lly < M (Siagzm (@n = B2)") 10 cnnlly o

Since the series ST

n=—oo |Qn - Bnr

converges, for a sufficiently large m € Z, we can
1

choose it so that (Zln\ o lOn — [3n|r> "< ﬁl , holds. Thus, for an arbitrarily chosen
m € Z+:

0=0M( > lon—pal"| <1,
[n|>m
and

HZn cn(fn — ‘Pn)Hp),w < QHZn CnSDan),w

holds.
Hence, by the Paley—Wiener theorem, the system {f,,} is an isomorphic basis to the
system {¢,,} in Ny, . Since the systems { f, } and {t,,} differ from each other countable

number functions, more precisely system {,, } consist of functions

ez,u_m_Hx’ ezu_m+2x7 . eWm—ﬂﬁ, ezum_lx7

which are different functions in system {f,} , it follows that according to the theorem,
the fact that the system {¢, } is an isomorphic basis to the system { f,,} is equivalent to
its completeness. On the other hand, according to Theorem 2.2, which is an analogue of
Levinson’s theorem in Ny, ,, space, if in the system { f,, } the elements with indices [n| < m

are replaced, respectively, by the elements {,,}, then the resulting system, {1,,} will be
complete in N ,. Therefore, the system {1, } is an isomorphic basis to the system {(y, }
in N) .. The theorem is proved.

Corollary 5.1 Let 1 <p < 400, 1 <py <p, we A,NAp,and

rG(l,min( P , PPo )),
p—1"po+p(po—1)

{an},{Bn} C Ris a sequence of distinct numbers and ", ., |oon — Bn|" < +00. Then if
the system {ei'a"x} is an isomorphic basis to the system {emx} in space N, , then
the system {e’“”x}

neZ ) neZ
is an isomorphic basis to the {ew‘”x}

nel nez’
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Proof. From the condition

"< PPo
po+p(po— 1)’

we obtain
TPo

—_— <
Do + 1 —TPo
Hence, there exists a number p; such that

Do
— < p1 <P
po + 71 —TPo
Choosing such a p;, we have
P1 Po

< .
pr—r po—1
Thus, since w™! € L_p_, it follows that w=! € L _rp; . By Theorem 5.1, if the system
. ro—1 . P1—r .
{e’*n*} is an isomorphic basis to {e*} in N,,),, then the system {e’*»*} is also an
isomorphic basis to {ei"f‘ } in Ny .
The result is proved.
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