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Abstract. In the paper, in the setting R we study fractional maximal commutator operator My, , ,, as-
sociated with the Dzmkl operator in the total Morrey-Guliyev spaces Ly, » ,,(R, dmy) when b belongs to
Lipschitz spaces Ag(R) spaces. We give sufficient conditions for the boundedness of the operator My 4, ,,
on total Dy-Morrey-Guliyev spaces Ly, » ,,(R, dmy).
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1 Introduction

Morrey spaces, introduced by Morrey [23], play an important role in the regularity
theory of PDE, including heat equations and Navier-Stokes equations. In harmonic analysis,
Morrey spaces are crucial for analyzing the behavior of integral operators and providing
conditions for the global existence of solutions to nonlinear PDEs, such as the Schrodinger
equation. The total Morrey-Guliyev spaces Ly, 5 ,(R"), introduced by Guliyev [11], extend
the Morrey space L, »(R™) by including the second parameter ., which can be seen as the
intermediate spaces between Lebesgue spaces and Morrey spaces. The norm in these spaces
is defined by a combination of the norms of L, y(R") and L,, ,(R"™), which allows a wider
range of behavior. Let 0 < p < 0o, A € R, pp € R, [t]; = min{1,¢}, ¢ > 0. The total
Morrey-Guliyev spaces Ly, » ,,(R™) are the set of all locally integrable functions f with the
finite (quasi-)norm

_A 22
[fllLps, = xeﬂ%ﬂiﬁﬁh "L N B

where B(x,t) denotes the ball centered at = with radius ¢ > 0. Here the norm in the case
p < Xis equal to the maximum of the norms of L, y(R™) and L, ,(R™). Total Morrey-
Guliyev spaces can be viewed as generalizations of both classical and modified Morrey
spaces. In particular, the case where A = p corresponds to classical Morrey space, and the
case where 1 = 0 corresponds to modified Morrey space L, x(R"), see [2,3,5-8,12,16,21,
25-27].
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On the real line, the Dunkl operators A,, are differential-difference operators introduced
in 1989 by Dunkl [13]. For a real parameter v > —1/2, we consider the Dunkl operator,
associated with the reflection group Zo on R :

df (x)

Dy(f)(z) == dr T (2v+1)

f(z) = f(=x)

, ¢ €R.
2x v

Note that D_; /o = d/dx.
Let v > —1/2 be a fixed number and m,, be the weighted Lebesgue measure on R, given
by
dmy(z) == (2" I(v + 1))71 lz[* T dx, zeR.

Forany € Rand r > 0, let B(z,r) := {y € R : |y| €| max{0, |z| — r}, || + 7] }
be a Dunkl-ball in R. Then B(0,7) =] — r,7[ and m, B(0,7) = ¢, r**2, where ¢, :=
(2 (v + 1) T +1)]

The maximal operator M,, associated by Dunkl operator on the real line is given by

r>0

M, (@) = sup (mu(Bar) ™ [ @), @

and fractional maximal operator M, ,, 0 < a < 2v + 2 associated by Dunkl operator on
the real line is given by

Mo, f(z) = sup (m, B(z,r)) "+ o+ /B L W@ldmt), <R

r>0

The fractional maximal commutator My, ,,, 0 < a < 2v + 2 associated with Dunkl

operator on the real line and with a locally integrable function b &€ Llloc(R, dm,,) is defined
by

Mo, f(z) :=sup (mV(B(:U,r)))_Hﬁ“ /B( : b(z) — b(y)| | f(y)|dmu(y), = €R.

r>0

We can define the (nonlinear) commutator of the fractional maximal operator M, ,, with
a locally integrable function b by

[b7 Ma,u]f(x) = b(x)Mu(f)(x) - Ml/(bf)(x)

For more details about the operators M, ,, and [b, M, ], we refer to [10,21] and references
therein.

It is well known that maximal and fractional maximal operators play an important role
in harmonic analysis (see [30]). Also the fractional maximal function and the fractional
integral, associated with D,, differential-difference Dunkl operators play an important role
in Dunkl harmonic analysis, differentiation theory and PDE’s. The harmonic analysis of
the one-dimensional Dunkl operator and Dunkl transform was developed in [9,20,22]. The
Dunkl operator and Dunkl transform considered here are the rank-one case of the general
Dunkl theory, which is associated with a finite reflection group acting on a Euclidean space.
The Dunkl theory provides a useful framework for the study of multivariable analytic struc-
tures and has gained considerable interest in various fields of mathematics and in physical
applications (see, for example, [14]). The maximal function, the fractional integral and re-
lated topics associated with the Dunkl differential-difference operator have been research
areas for many mathematicians such as C. Abdelkefi and M. Sifi [1], V.S. Guliyev and Y.Y.
Mammadov [9,10], Y.Y. Mammadov [17], L. Kamoun [15], M.A. Mourou [24], F. Soltani
[28,29], K. Trimeche [31] and others. Moreover, the results on Lg (R, dm,, )-boundedness
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of fractional maximal operator and its commutators associated with D, were obtained in
[10].

It is well known that maximal operator play an important role in harmonic analysis
(see [30]). Harmonic analysis associated to the Dunkl transform and the Dunkl differential-
difference operator gives rise to convolutions with a relevant generalized translation. In this
paper, in the framework of this analysis in the setting R, we study the boundedness of the
fractional maximal commutator operator M, ., ,, associated with the Dunkl operator on total
D, -Morrey-Guliyev spaces L, » ,(R, dm,).

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A ~ B and say that A and B are
equivalent.

2 Preliminaries in the Dunkl setting on R

Definition 2.1 Ler 0 < p < 0o, A € R, p € R, [t]; = min{l,¢}, t > 0. We denote by
Ly \(R,dm, ) the Morrey space [17] (= D,-Morrey space), by L, (R, dm,,) the modified
Morrey space [17] (= modified D, -Morrey space), and by Ly, » ,(R, dm,,) the total Morrey-
Guliyev space [19] (= total D,,-Morrey-Guliyev space), associated with the Dunkl operator
the set of all classes of locally integrable functions f with the finite norms

Y
1|z, (®,dm,) = :pes]ﬁ%ot P | fll L, (B t) dma)s
2
~ — P
1Az, \®odm.) = me?lé%;o[th 1, (B(,t) dma )
A o
Iflz,n,®dm,) = sup  [thy * [1/t]7 | fllL, (B t).dm.)-
zeR™ >0

respectively.

Definition 2.2 Let 0 < p < 0o, A € R and pp € R. We define the weak Morrey space
Ly (R,dm,) [17] (= weak D,-Morrey space), the weak modified Morrey space

Ly \(R,dm,) [17] (= weak modified D, -Morrey space), and the weak total Morrey-Guliyev
space Ly, » ,(R,dm,) [19] (= weak total D,-Morrey-Guliyev space), associated with the
Dunkl operator the set of all classes of locally integrable functions f with the finite norms

2
£l Ly A (R dm,) = x:}ggof P | fllw L (B@,t).dm )
A
Wz, \ @dm,) = w;&%o[th PN lw L (B t),dm) s
_A I
[ lwrys,®dm,) = sup [ty " [1/H7 | fllwL,(B.t).dm.)s
ZERM, t>0

respectively.
Lemma 2.1 [18,19] If0 < p < 00,0 < pt <\ < 2+ 2, then
Ly u(R,dmy) = Ly \(R, dmy,) N Ly (R, dmy)

and
11y npdnsy = 1085 LNy s Rons s 1 s | -
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Lemma 2.2 [I8,19]If0 <p <00, 0 < u << 2v+42, then
WLpau(R,dm,) = WL, \(R,dm,) "WL,,(R,dmn,)
and
LIy tonsy = 1025 Ll o 1 92 ) |
Remark 2.1 If 0 < p < oo, and A > 2v + 2 or u < 0, then
Lpyu(R,dmy) = WLy, (R, dn,) = O(R),
where © = O(R) is the set of all functions equivalent to 0 on R.
Lemma23 [I8]IfO0<p <00, 0< A<M <2u+2and0 < g < o <2v+ 2, then
Lp g Ry dmy) Co L, pp (R, dmy)
and
AN Ly ng g Romn) S SN2y, Ridims)-
Lemma24 [I8]If0<p<oo, 0<A<2v+2and0 < u < 2v+2, then
Lp72,/+27u(R,dm,/) Ce LOO(R,dm,/) Ce Lp’)\’Ql,_i_Q(R, dm,,)
and
1 F 123 2 g2 (Rodms) < Czl//prHLoo(R,dmy) <Ly 2 so . (®Rodm)-
Lemma25 [I8]If0 < A< 2042 0< p<2v4+20< a<2v+2—Xand
0<B8<2v+2—y, thenforw <p< %
Ly u(R,dmy) Co L1 gyto—a20+2-8(R,dmy)
and for f € Ly » (R, dm,) the following inequality

Hf”L1’2U+2_Q7QV+2_5(R7di) S ci/p HfHLP,/\,H(R7di)
is valid.
Lemma26 Let0 < a <2v+2,1<p< 2”(1—4'2 % —% = 21/‘12 and B(xz,r) be any
Dunkl-ball in R. If p > 1, then the inequality

w42 _ 2u42
Mo fllLy(Bar)dmn) ST ° sup t |l (B@.t).dm.) (2.1)
T
holds for all | € L;;’C(R, dm,).
Moreover if p = 1, then the inequality
2042 _ 2u42
[Maw Fllwr,(Bar)dm,) ST ¢ supt ™ @ ||fllL,(Bat),dm.) (2.2)

t>2r
holds for all f € L'*(R,dm,,).

Theorem 2.1 [19]Let0 < o < 2v+2,0 < A\, pu < 2v+2, 1 < p < min{ZAE2=2 2vE2—py
andl -1 = _«
p q 2v4-2°

LIff € Liyu(R,dm,), then My, f € WLy (R, dm,) and

[ M flWLy rg g ®dmn) < Coap 1Ly s, R dma)s (2.3)

where Cy » ,, is independent of f.
2.If f € Lpxu(R,dmy), 1 <p < oo, then M, f € Lg » (R, dm,) and

||MCM,I/f||Lq Agq M(Rvdmu) S Cp7qa)‘7u ”f"Lp7A7M(R7dmy)7 (2'4)

»p o p

where C,), » ,, depends only on p,\,p and v.
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3 Fractional maximal commutator Mp, ., in total D, -Morrey-Guliyev spaces
LPJ\’H (R, dm,,)

In this section, we study the boundedness of the fractional maximal commutator operator
M, ., in the total D, -Morrey-Guliyev spaces Ly, » ,,(R, dm,).
At first, we give the definition of the Lipschitz spaces on R.

Definition 3.1 Letr 0 < 8 < 1, we say a function b belongs to the Lipschitz space /15 (R) if
there exists a constant C' such that for all x,y € R,

[b(x) = b(y)| < Cla —y|°.
The smallest such constant C' is called the Ag(R) norm of b and is denoted by b Ay

Lemma3l Let0< < ,0<a<a+8<2v+2andb € /ig(]R), then the following
pointwise estimate holds:

Mb,a,uf(‘r) S ”bHAﬂ Ma+,6’,1/f<$)-
Proof. If b € A4(R), then

Mo @) = sup (B ) ™55 [ pG@) b)) dmat)

_1+L+ﬁ
S ol 4, sup (my B(z,r)) 252 [f(y) ] dm, (y)
r>0 B(z,r)
= [bll, Mo 5f ().
The following Spanne’s type result for the fractional maximal commutator operators
My o, on total D, -Morrey-Guliyev spaces Ly, » ,(R, dm,).
Theorem3.1 Let 0 < f < 1,0 < a < a+f < 2v+2andb € Ag(R). Let also
o 2042-A 22— 1_1_ ot
0<A\p<2v+21<p<min{==, =01 and;—a = ;u+2'
LIff € Liyu(R,dmy), then My, f € WL (R, dm,) and
HMb,Oé,l/f‘

where C » ,, is independent of f.
2.If f € Lpxu(R,dmy), 1 <p < oo, then My o, f € Ly (R, dm,) and

HMb,a,uf’

WLy agpa®dmy) < Ciap 1 fIlLs s, ®.dm) (3.1

L rq ug (Rodmy) < Cpanpullfllz, s, ®dm)s (3.2)
p P

where C), » ,, depends only on p,\,p and v.
Proof. Let p = 1. From the inequality (2.2) we get

Mo e, W Ly r g Redmi) S WOy 1Mot 80 FlW Ly rg g (Ridma)

= sup [t [/ 1Moo fllwe, (B am.)

zeR™ >0
_ 2v42 _2v+2
S sup [t]l A [1/t]lf t @« supt ¢ HfHLl(B(:E,T),di)
zeR™, >0 T>2t

Sy aam,y  sup [N [L/84 707 FF2F2 gup rot 8202 [ 1 /7] H
z€R™, t>0 T>1
—a—B+2v+2-) —2v—2
= I hrsppamsy_sup_ [ e U
xT ",

A—20—2 —a—B42vto—
x sup [ HBTA=2r =2 [ 7)o v 2o < IFN L s (R o)
T
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which implies that the operator M, is bounded from L1  , (R, dm,) to WLy  ,(R, dm,).
Letl <p< min{%, %} From the inequality (2.1) we get

1Mo fllr sy g @am) SN0l 1Masrgnflle sy g @dm,)

=

PP PP
_A 2
= sup [thy " [/t [MatsufllL,Bt).dm,)
z€R™, t>0
,% % 242 _2u+42
S osup [ty P/t sup T a |l By)
zeR™,t>0 T>2t
_A 22 o 2042  2u42 A _ Kk
Sfllz, pp@am,y  sup [ty P (187 7 sup e [n) [1/7), 7
zeR™ t>0 T>t
—Oé—ﬂ—‘r 2v4+2—X a+ﬁ+;¢72u+2
= HfHLp,A,M(R,dm,,) sup  [t]; T/t !
z€R™, t>0
4y Az2v=2 —a—pB4 2o
xsup [y i
T>1

SNz, a R dm,)
which implies that the operator M, , is bounded from L, » ,(R,dm,) to Ly » ,,(R, dm,,).
From Theorem 3.1 in the case A = p or u = 0 we get the following corollaries.
Corollary 3.1 [1,28] Let0 < B < L,0<a<a+ B <2v+2andb € AB(R). Let also

0<SA<2w+21<p< 282X and | — 1 = 35

LIff e Lix(R,dny,), then My o, f € WLy (R, dm,) and

HMb,oc7Vf||WLq,,\(R,dmu) <C A |f||L17A(R,dmu)7

where C, » is independent of f.
2.If f € Ly x(R,dmy), p > 1, then My o, f € LgA(R,dm,) and

[ Mp,a0 fllL, s (Rodmo) < Cpar 1 FlIL, A ® dm.)s
where Cp7q, A depends only on p, q, A and v.

Corollary 3.2 [17] Let 0 < <1, 0< a<a+ B8 <2v+2andb € /ig(R). Let also

- 1
0§A<2V—|—2,1§p<w,and§_%:21103-2‘

LIff € Lya(R,dm,), then My, f € WL, A(R,dm,) and
HMb,a,VfHV[/EqA(R,de) < CfI)\ HfHZLA(R,di)’

where C' ) is independent of f.
2.If f € Lyx(R,dm,), p > 1, then My o, f € Lg (R, dm,) and

HMb,a,VfHZq’/\(Rdml,) < CZ%‘L)\ HfH’va’,\(R,dmy)’

where C,, , \ depends only on p, g, X and v.
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