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Abstract. In this paper, we aim to examine and construct a novel variant of the Hermite-Hadamard
and Pachpatte type integral inequality via the Atangana-Baleanu fractional integral operator within the
concept of generalized preinvex function. By employing this concept, we construct a new identity that
correlates with preinvex functions. Furthermore, based on this newly derived fractional identity, some
new estimations of fractional Hermite-Hadamard type inequalities involving m-preinvex via Atangana-
Baleanu fractional sense are investigated. This research offers new and remarkable enhancements over
previously reported findings in terms of both results and unique instances.
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1 Introduction

The evolution of convex theory is compelling and kicks off in the last decades of the nine-
teenth century. The idea of ”convex functions” is frequently employed and addressed in
the popular and extensively read book ”Inequalities,” authored by G. Polya, G.H. Hardy,
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and J.E. Littlewood. This book, which focuses only on inequality, has quickly become an
indispensable resource for mathematicians and offers a comprehensive overview of this fas-
cinating field. The convex concept demonstrates the techniques and appropriate guidelines
for focusing on a wide range of issues in scientific research. The significance of mathemat-
ical inequalities to the growth of numerous facets of mathematics and other scientific fields
has been widely accepted in the last few decades. This framework has wonderful uses in
economics, engineering, finance, and optimization. This analysis serves as a solid basis for
the creation of numerical resources for the analysis and solution of challenging mathemati-
cal issues. For the literature, see [1–6].

The fractional analysis has numerous uses in control systems, transform theory, nan-
otechnology, modeling, fluid flow, mathematical biology, epidemiology, optimal control and
physics. Because of the above-mentioned widespread viewpoints and significance, readers
and academics found an investigation of fractional operators to be interesting. When de-
scribing and evaluating statistical issues and formulas that resemble quadratures, this theory
is helpful. For the literature, see [7–20].

Mathematicians have recently become intrigued with fractional calculus, which con-
centrates on fractional integration across challenging domains and has gained attraction
because of its useful applications. Researchers urge learners to become curious about im-
plementing the fractional operator to overcome challenges in the real world. The differ-
ent types of integral inequalities like Hermite-Hadamard (H-H) [21], Hermite-Hadamard-
Mercer (H–H–M) [22], Simpson-type [23], and Ostrowski [24] have all been investigated
in the frame of Riemann-Liouville fractional integral operator (RLFIO). The Katugampola
fractional integral operator (KFIO) in [25] was utilized to address the H–H integral in-
equalities, whereas [26] implemented the Atangana-Baleanu fractional operator (ABFO)
to examine the Simpson-Mercer integral inequality. Also, the H-H-M inequality was exam-
ined via the Caputo-Fabrizio fractional integral operator (CFFIO). The discussion explained
above indicates that inequalities and fractional integral operators are related.

The Atangana-Baleanu (AB) fractional operator is a significant advancement in frac-
tional analysis that offers enhanced modeling features for intricate systems. Unlike tradi-
tional fractional derivatives, such as Riemann-Liouville and Caputo derivatives, which rely
on singular kernels, the AB operator employs a non-singular and non-local kernel based on
the generalized Mittag-Leffler function. This innovative design enables more accurate cap-
ture of real-world phenomena, particularly those exhibiting memory effects and hereditary
properties. As a result, the AB fractional operator has gained widespread acceptance and
application across various scientific and engineering disciplines, allowing for more precise
and flexible modeling of complex systems.

Hanson was the first to examine the term ”invex function” [27]. Mond and Weir inves-
tigated the concept of preinvexity [28]. One could consider Mond and Ben-Israel’s [29]
analysis of the preinvex and invex theory using the bifunction to be a major contribution to
the optimization field.

This work’s novelty and goal are to use preinvexity in the framework of ABFIO to
present a novel variation of H-H and Pachpatte-type integral inequality. Additionally, we
are to use ABFIO to construct some refinements of H-H type integral inequality.

This specific document is organized as follows:
First, we review some common concepts and terms in Section 2 that will aid us in the

subsequent sections of our investigation. We present a new type of H–H-type inequality
via ABFIO in Section 3, along with some intriguing corollaries and observations. A new
integral identity is examined in Section 4, and some improvements to the H–H inequality
are also constructed using this identity. We examine a new type of Pachpatte-type inequality
using ABFIO in Section 5, along with a few corollaries and observations. We provide a brief
conclusion and list some potential avenues for future research in the concluding Section 6.
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2 Preliminaries

With so many theorems, definitions, and comments, it is best to examine and delve deeper in
this section to ensure quality, reader interest, and completeness. The objective of this portion
is to illustrate and analyze several common terms and definitions that we will need for our
research in the following sections. First, we introduce the preinvex, m-preinvex, invex, and
m-invex functions. This section is made more appealing by the addition of Condition C
and extended Condition C. We conclude this section by reviewing the CFFIO and ABFIO
fractional integral operators that are necessary for our evaluation.

Definition 2.1 ([30]) X ⊂ Rn is invex w.r.t Ω(., .), if

υ1 + ℘Ω(υ2, υ1) ∈ X,

∀ υ1, υ2 ∈ X and ℘ ∈ [0, 1].

There are numerous uses for the term ”invexity” in the fields of pure and applied sciences,
as well as in nonlinear optimization and variational inequalities.

Definition 2.2 ([31]) Let Ω : X× X× (0, 1]→ Rn and X ⊆ Rn. Then X is m–invex w.r.t.
Ω, if

mυ2 + ℘Ω(υ1, υ2,m) ∈ X

holds ∀ υ1, υ2 ∈ X, m ∈ (0, 1] and ℘ ∈ [0, 1].

Example 1 ([31]) Let m = 1
4 , X = [−π2 , 0)

⋃
(0, 12 ] and

Ω(υ2, υ1,m) =


m cos(υ2 − υ1) if υ1 ∈ (0, π2 ], υ2 ∈ (0, π2 ];

−m cos(υ2 − µ1) if υ1 ∈ [−π2 , 0), υ2 ∈ [−π2 , 0);

m cos(υ1) if υ1 ∈ (0, π2 ], υ2 ∈ [−π2 , 0);

−m cos(υ1) if υ1 ∈ [−π
2 , 0), υ2 ∈ (0, π2 ].

Then, X is an m–invex set but not convex ∀ ℘ ∈ [0, 1].

In 1988, Weir and Mond [28], employed the idea of invexity and investigated the idea of the
preinvex function.

Definition 2.3 ([28]) Let Ω : X×X→ Rn and X ⊆ Rn. Then Ψ : X→ R is preinvex w.r.t
Ω if

Ψ (υ2 + ℘Ω (υ1, υ2)) ≤ ℘ Ψ (υ1) + (1− ℘) Ψ (υ2) , ∀υ1, υ2 ∈ X , ℘ ∈ [0, 1] .

Over the past decade, many scholars have worked to refine the idea of preinvex function
in various directions. The generalizedm-preinvex function was introduced by Kalsoom [32]
and is expressed by

Definition 2.4 Let Ω : X×X× (0, 1]→ Rn and X ⊆ Rn. Then Ψ : X→ R is generalized
m-preinvex w.r.t. Ω if

Ψ(mυ2 + ℘Ω(υ1, υ2,m)) ≤ ℘Ψ (υ1) +m (1− ℘)Ψ (υ2) , (2.1)

holds for every υ1, υ2 ∈ X, m ∈ (0, 1] and ℘ ∈ [0, 1].
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Condition C: Suppose that X ⊂ R is an open invex subset w.r.t. Ω : X× X→ R. We
say that the function Ω satisfies the condition C, if for any υ1, υ2 ∈ X and ℘ ∈ [0, 1],

Ω (υ1, υ1 + ℘ Ω (υ2, υ1)) = −℘ Ω (υ2, υ1)

Ω (υ2, υ1 + ℘ Ω (υ2, υ1)) = (1− ℘) Ω (υ2, υ1) .

For any υ1, υ2 ∈ X, ℘1, ℘2 ∈ [0, 1], then according to the above equations, we have

Ω (υ1 + ℘2 Ω (υ2, υ1) , υ1 + ℘1 Ω (υ2, υ1)) = (℘2 − ℘1)Ω (υ2, υ1) .

The optimization and development of the theory of inequalities depend heavily on this
condition (see [33,34]).

Extended Condition C: [35] Let X ⊂ R be an open invex subset w.r.t. Ω : X × X ×
(0, 1] → R. We say that the function Ω satisfies the Extended Condition C, if for any
υ1, υ2 ∈ X, ℘ ∈ [0, 1], we have

Ω (υ2,mυ2 + ℘ Ω (υ1, υ2,m) ,m) = −℘ Ω (υ1, υ2,m)

Ω (υ1,mυ2 + ℘ Ω (υ1, υ2,m) ,m) = (1− ℘) Ω (υ1, υ2,m)

Ω (υ1, υ2,m) = −Ω (υ2, υ1,m) .

Theorem 2.1 [36] Let p > 1 and 1
p +

1
q = 1. If Ψ1, Ψ2 : [x1, x2] → R such that |Ψ1|p and

|Ψ2|q are integrable on [x1, x2]. Then∫ x2

x1

|Ψ1(x)Ψ2(x)|dx ≤
(∫ x2

x1

|Ψ1(x)|pdx
) 1
p
(∫ x2

x1

|Ψ2(x)|qdx
) 1
q
.

Theorem 2.2 [36] Let p ≥ 1 and 1
p +

1
q = 1. If Ψ1, Ψ2 : [x1, x2] → R such that |Ψ1|p and

|Ψ2|q are integrable on [x1, x2]. Then∫ x2

x1

|Ψ1(x)Ψ2(x)|dx ≤
(∫ x2

x1

|Ψ1(x)|pdx
) 1
p
(∫ x2

x1

|Ψ1(x)|dx
∫ x2

x1

|Ψ2(x)|qdx
) 1
q
.

Definition 2.5 [37] Let Ψ ∈ H1(υ1, υ2) := {y ∈ L2(υ1, υ2) : y′ ∈ L2(υ1, υ2)}, υ2 >
υ1, α ∈ [0, 1] then, Caputo-Fabrizio fractional integral is:

CF
υ1 I

α (Ψ(t)) =
1− α
B(α)

Ψ(t) +
α

B(α)

∫ t

υ1

Ψ(y)dy

and
CF Iαυ2 (Ψ(t)) =

1− α
B(α)

Ψ(t) +
α

B(α)

∫ υ2

t
Ψ(y)dy,

where B(α) is normalization function.

Tariq et al. [38] investigated the new form of H-H type inequality pertaining to C-FFIO
involving preinvexity as follows.

Theorem 2.3 Let Ψ : I = [υ1, υ1 +Ω (υ2, υ1)] → (0,∞) be a preinvex function and
Ψ ∈ L [υ1, υ1 +Ω (υ2, υ1)]. If α ∈ [0, 1], then

Ψ

(
2υ1 +Ω (υ2, υ1)

2

)
≤ B(α)

αΩ (υ2, υ1)

[
CF
υ1 I

α{Ψ(k)}+ CF Iαυ1+Ω(υ2,υ1)
{Ψ(k)} − 2(1− α)

B(α)
Ψ(k)

]
≤Ψ (υ1) + Ψ (υ2)

2
,

where k ∈ [υ1, υ1 +Ω (υ2, υ1)].
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Atangana and Baleanu use the Mittag-Leffler function to study the new derivative operators
in the C-F derivative operator.

Definition 2.6 [39] Suppose Ψ ∈ H1(υ1, υ2), υ2 > υ1, α ∈ [0, 1) then, the CFD is defined
by

ABC
υ1 Dα

t [Ψ(t)] =
B(α)

1− α

∫ t

υ1

Ψ ′(x)Eα

[
−α(t− x)

α

(1− α)

]
dx. (2.2)

Definition 2.7 [39] Suppose Ψ ∈ H1(υ1, υ2), υ2 > υ1, α ∈ [0, 1) then, the CFD is defined
by

ABR
υ1 Dα

t [Ψ(t)] =
B(α)

1− α
d

dt

∫ t

υ1

Ψ(x)Eα

[
−α(t− x)

α

(1− α)

]
dx. (2.3)

Definition 2.8 [39] The fractional integral associated to the new fractional derivative with
non-local kernel of a function Ψ ∈ H1(υ1, υ2) is defined:

AB
υ1 I

α{Ψ(t)} = 1− α
B(α)

Ψ(t) +
α

B(α)Γ (α)

∫ t

υ1

Ψ(y)(t− y)α−1dy,

where b > a, α ∈ (0, 1].

Abdeljawad and Baleanu presented the right-hand side of the integral operator as follows
in [40]: The definition of the right fractional new integral with ML kernel of order α ∈ (0, 1]
is

ABIαυ2{Ψ(t)} =
1− α
B(α)

Ψ(t) +
α

B(α)Γ (α)

∫ υ2

t
Ψ(y)(y − t)α−1dy.

3 Hermite–Hadamard Inequality via AB Fractional Integral Operator

Hadamard’s inequality is considered to be the most prominent and important inequality in
the realm of inequality investigations. First to establish this inequality were Hermite and
Hadamard [41]. It has several applications and a very intriguing geometric interpretation.
The H–H inequality, which adhere to the Jensen’s inequality, is an extension of the concept
of convexity. Many mathematicians became motivated by the premise of this inequality to
assess and examine classical inequalities using different convexity definitions.

The main aim of this section is to offer a new kind of the H–H-type inequality for a
m-preinvex function via ABFIO.

Theorem 3.1 Suppose that I ⊆ R is an open and non-empty m-invex subset w.r.t. Ω : I ×
I → R and υ1, υ2 ∈ I withmυ1 < mυ1+Ω (υ2, υ1,m). If Ψ : [mυ1,mυ1 +Ω (υ2, υ1,m)]→
R is a m-preinvex function, Ψ ∈ L [mυ1,mυ1 +Ω (υ2, υ1,m)] and Ω satisfies extended
condition C, then for α ∈ (0, 1], we have

Ψ

(
2mυ1 +Ω (υ2, υ1,m)

2

)
≤ B(α)Γ (α)

2 [Ω (υ2, υ1,m)]α

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

− (1− α)Γ (α)
2 [Ω (υ2, υ1,m)]α

[Ψ (mυ1) + Ψ (υ1 +Ω (υ2, υ1,m))]

≤ mΨ (υ1) + Ψ (υ2)

2
, (3.1)

where B(α) > 0 is the normalization function and Γ (.) is Gamma function.
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Proof. Since Ψ is m-preinvex function on [mυ1, υ1 +Ω (υ2, υ1,m)], we can write (see,
e.g., [42,43])
2Ψ

(
2mυ1 +Ω (υ2, υ1,m)

2

)
≤ Ψ (mυ1 + ϕΩ (υ2, υ1,m)) + Ψ (mυ1 + (1− ϕ)Ω (υ2, υ1,m)) .

(3.2)

Multiplying both sides of the above inequality (3.2) by α
B(α)Γ (α)ϕ

α−1 then integrating
the resulting inequality with respect to ϕ over [0, 1], we obtain

2

B(α)Γ (α)
Ψ

(
2mυ1 +Ω (υ2, υ1,m)

2

)
≤ α

B(α)Γ (α)

∫ 1

0
ϕα−1Ψ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

+
α

B(α)Γ (α)

∫ 1

0
tα−1Ψ (mυ1 + (1− ϕ)Ω (υ2, υ1,m)) dϕ

=
α

B(α)Γ (α) [Ω (υ2, υ1,m)]α

∫ mυ1+Ω(υ2,υ1,m)

mυ1

(x−mυ1)α−1Ψ(x)dx

+
α

B(α)Γ (α) [Ω (υ2, υ1,m)]α

∫ mυ1+Ω(υ2,υ1,m)

mυ1

(mυ1 +Ω (υ2, υ1,m)− y)α−1 Ψ(y)dy.

Then we can write

2

B(α)Γ (α)
Ψ

(
2mυ1 +Ω (υ2, υ1,m)

2

)
≤ 1

[Ω (υ2, υ1,m)]α

[
α

B(α)Γ (α)

∫ mυ1+Ω(υ2,υ1,m)

mυ1

(x−mυ1)α−1 Ψ(x)dx+
(1− α)
B(α)

Ψ (mυ1)

]

− (1− α)
B(α) [Ω (mυ2, υ1)]

αΨ (mυ1)

+
1

[Ω (υ2, υ1,m)]α

[
α

B(α)Γ (α)

∫ mυ1+Ω(υ2,υ1,m)

mυ1

(mυ1 +Ω (υ2, υ1,m)− y)α−1 Ψ(y)dy

+
(1− α)
B(α)

Ψ (mυ1 +Ω (υ2, υ1,m))

]
− (1− α)
B(α) [Ω (υ2, υ1,m)]α

Ψ (mυ1 +Ω (υ2, υ1,m)) .

So, using ABFIO, we get

2

B(α)Γ (α)
Ψ

(
2mυ1 +Ω (υ2, υ1,m)

2

)
≤ 1

[Ω (υ2, υ1,m)]α

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

− (1− α)
B(α) [Ω (υ2, υ1,m)]α

[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

and the first inequality is proved.
For the proof of the second inequality, we first mark that if Ψ is a m-preinvex function,

then
Ψ (mυ1 + ϕΩ (υ2, υ1,m)) ≤ m(1− ϕ)Ψ (υ1) + ϕΨ (υ2)

and
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Ψ (mυ1 + (1− ϕ)Ω (υ2, υ1,m)) ≤ mϕΨ (υ1) + (1− ϕ)Ψ (υ2) .

By adding these inequalities side by side, we have

Ψ (mυ1 + ϕΩ (υ2, υ1,m)) + Ψ (mυ1 + (1− ϕ)Ω (υ2, υ1,m)) ≤ mΨ (υ1) + Ψ (υ2) .
(3.3)

Then, multiplying both sides of the above inequality (3.3) by α
B(α)Γ (α)ϕ

α−1 and integrating
the resulting inequality with respect to ϕ over [0, 1], we obtain

α

B(α)Γ (α)

∫ 1

0
ϕα−1Ψ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

+
α

B(α)Γ (α)

∫ 1

0
ϕα−1Ψ (mυ1 + (1− ϕ)Ω (υ2, υ1,m)) dϕ

≤ α

B(α)Γ (α)
[mΨ (υ1) + Ψ (υ2)]

∫ 1

0
ϕα−1dϕ.

Then, we can write

1

[Ω (υ2, υ1,m)]α

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

− (1− α)
B(α) [Ω (υ2, υ1,m)]α

[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

≤ mΨ (υ1) + Ψ (υ2)

B(α)Γ (α)
.

So, the proof of this theorem is completed.

Remark 3.1 Choosing m = 1 and Ω (υ2, υ1) = υ2 − υ1, we attain the result in [44,
Proposition 2.1], inequality (13).

Remark 3.2 Choosing m = 1 and α = 1 in the above theorem, we have the result in the
paper [45].

Note that, if in Theorem 3.1, we putm = 1, then we attain the novel sort of H-H integral
inequality over preinvexity via ABFIO.

Remark 3.3 Let I ⊆ R be an open invex subset w.r.t. Ω : I × I → R and υ1, υ2 ∈ I
with υ1 < υ1 + Ω (υ2, υ1). If Ψ : [υ1, υ1 +Ω (υ2, υ1)] → R is a preinvex function, Ψ ∈
L [υ1, υ1 +Ω (υ2, υ1)] and Ω satisfies extended condition C, then for α ∈ (0, 1], we have

Ψ

(
2υ1 +Ω (υ2, υ1)

2

)
≤ B(α)Γ (α)

2 [Ω (υ2, υ1)]
α

[
AB
υ1 I

α {Ψ (υ1 +Ω (υ2, υ1))}+ ABIαυ1+Ω(υ2,υ1)
{Ψ (υ1)}

]
− (1− α)Γ (α)
2 [Ω (υ2, υ1)]

α [Ψ (υ1) + Ψ (υ1 +Ω (υ2, υ1))]

≤ Ψ (υ1) + Ψ (υ2)

2
.

Also, if in Theorem 3.1, we put Ω (υ2, υ1,m) = υ2−mυ1, then we attain the novel sort
of H-H inequality over convexity via ABFIO.
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Remark 3.4 If Ψ : [mυ1, υ2]→ R is a m-convex function, Ψ ∈ L [mυ1, υ2] andΩ satisfies
extended condition C, then

Ψ

(
mυ1 + υ2

2

)
≤ B(α)Γ (α)

2 [(υ2 −mυ1)]α
[
AB
mυ1I

α {Ψ (υ2)}+ ABIαυ2 {Ψ (mυ1)}
]
− (1− α)Γ (α)

2 [(υ2 −mυ1)]α
[Ψ (mυ1) + Ψ (υ2)]

≤ mΨ (υ1) + Ψ (υ2)

2
.

4 Generalizations of H–H-Type Inequality via AB Fractional Integral Operator

Many scholars in the realm of convex theory have started to collaborate jointly on novel
approaches to this challenge from different angles. Convex function and inequality are a
fundamental concept in pure and practical mathematics. In recent decades, H–H inequalities
in the form of of convexity have attracted a lot of attention, leading to a significant number
of incremental advancements and findings.

The purpose of this section is to investigate and present a novel equality. Based on this
recently studied equality, we use an ABFIO to derive some new improvements of H–H-type
inequalities. We add a few remarks to enhance the content and draw readers in. We start by
proving a lemma in the ABFIO frame.

In this section, the normalization function is denoted by B(α) and the gamma function
by Γ (.).

Lemma 4.1 Suppose I ⊆ R be an open and non-emptym-invex subset w.r.t.Ω : I×I → R
and υ1, υ2 ∈ I with mυ1 < mυ1 + Ω (υ2, υ1,m). Let Ψ : I → R be a differentiable
function. If Ψ ′ ∈ L [mυ1,mυ1 +Ω (υ2, υ1,m)], then

B(α)Γ (α)

[Ω (υ2, υ1,m)]α+1

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

=

∫ 1

0
(1− ϕ)αΨ ′ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ−

∫ 1

0
ϕαΨ ′ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

where α ∈ (0, 1], ϕ ∈ [0, 1].

Proof. By using integration, we have∫ 1

0
(1− ϕ)αΨ ′ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

=
(1− ϕ)αΨ (mυ1 + ϕΩ (υ2, υ1,m))

Ω (υ2, υ1,m)

∣∣∣∣1
0

+
α

Ω (υ2, υ1,m)

∫ 1

0
Ψ (mυ1 + ϕΩ (υ2, υ1,m)) (1− ϕ)α−1dϕ

=− mΨ (υ1)

Ω (υ2, υ1,m)
+

α

Ω (υ2, υ1,m)

∫ 1

0
(1− ϕ)α−1Ψ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

=− mΨ (υ1)

Ω (υ2, υ1,m)
+

α

[Ω (υ2, υ1,m)]α+1

∫ mυ1+Ω(υ2,υ1,m)

mυ1

(mυ1 +Ω (υ2, υ1,m)− x)α−1 Ψ(x)dx.

(4.1)
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If we multiply both sides of the above inequality (4.1) by 1
B(α)Γ (α) , we get

1

B(α)Γ (α)

∫ 1

0
(1− ϕ)αΨ ′ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ = − Ψ (υ1)

B(α)Γ (α)Ω (υ2, υ1,m)

+
α

B(α)Γ (α) [Ω (υ2, υ1,m)]α+1

∫ mυ1+Ω(υ2,υ1)

mυ1

(mυ1 +Ω (υ2, υ1,m)− x)α−1 Ψ(x)dx.

Then, we can write

1

B(α)Γ (α)

∫ 1

0
(1− ϕ)αΨ ′ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

= − Ψ (mυ1)

B(α)Γ (α)Ω (υ2, υ1,m)

+
1

[Ω (υ2, υ1,m)]α+1

[
α

B(α)Γ (α)

∫ mυ1+Ω(υ2,υ1,m)

mυ1

(mυ1 +Ω (υ2, υ1,m)− x)α−1 Ψ(x)dx

+
(1− α)
B(α)

Ψ (mυ1 +Ω (υ2, υ1,m))

]
− (1− α)
B(α) [Ω (υ2, υ1,m)]α+1Ψ (mυ1 +Ω (υ2, υ1,m)) .

Using ABFIO, we have

1

B(α)Γ (α)

∫ 1

0
(1− ϕ)αΨ ′ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

=− Ψ (mυ1)

B(α)Γ (α)Ω (υ2, υ1,m)
+

1

[Ω (υ2, υ1,m)]α+1

[
AB
υ1 I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}
]

− (1− α)
B(α) [Ω (υ2, υ1,m)]α+1Ψ (mυ1 +Ω (υ2, υ1,m)) . (4.2)

Similarly, using integration, we get∫ 1

0
ϕαΨ ′ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

=
ϕαΨ (mυ1 + ϕΩ (υ2, υ1,m))

Ω (υ2, υ1,m)

∣∣∣∣1
0

− α

Ω (υ2, υ1,m)

∫ 1

0
Ψ (mυ1 + ϕΩ (υ2, υ1,m))ϕα−1dϕ

=
Ψ (mυ1 +Ω (υ2, υ1,m))

Ω (υ2, υ1)
− α

Ω (υ2, υ1,m)

∫ 1

0
ϕα−1Ψ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

=
Ψ (mυ1 +Ω (υ2, υ1,m))

Ω (υ2, υ1,m)
− α

[Ω (υ2, υ1,m)]α+1

∫ mυ1+Ω(υ2,υ1,m)

mυ1

(u−mυ1)α−1 Ψ(u)du.

(4.3)

If we multiply both sides of the above inequality (4.3) by − 1
B(α)Γ (α) , we have

− 1

B(α)Γ (α)

∫ 1

0
ϕαΨ ′ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

=− Ψ (mυ1 +Ω (υ2, υ1,m))

B(α)Γ (α)Ω (υ2, υ1,m)
+

α

B(α)Γ (α) [Ω (υ2, υ1,m)]α+1

∫ mυ1+Ω(υ2,υ1,m)

mυ1

(u−mυ1)α−1 Ψ(u)du.
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Then we can write

− 1

B(α)Γ (α)

∫ 1

0
ϕαΨ ′ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

= −Ψ (mυ1 +Ω (υ2, υ1,m))

B(α)Γ (α)Ω (υ2, υ1,m)
+

1

[Ω (υ2, υ1,m)]α+1

[
α

B(α)Γ (α)

∫ mυ1+Ω(υ2,υ1,m)

mυ1

(u−mυ1)α−1 Ψ(u)du

+
(1− α)
B(α)

Ψ (mυ1)

]
− (1− α)
B(α) [Ω (υ2, υ1,m)]α+1Ψ (mυ1) .

Using ABFIO, we have

− 1

B(α)Γ (α)

∫ 1

0
ϕαΨ ′ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

=− Ψ (mυ1 +Ω (υ2, υ1,m))

B(α)Γ (α)Ω (υ2, υ1,m)
+

1

[Ω (υ2, υ1,m)]α+1

[
ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}

]
− (1− α)
B(α) [Ω (υ2, υ1,m)]α+1Ψ (mυ1) . (4.4)

By adding identities (4.2) and (4.4), we obtain the proof of Lemma 4.1.

Remark 4.1 If we put Ω (υ2, υ1,m) = υ2 −mυ1 and m = 1 in Lemma 4.1 then we have
the result in [44, Theorem 3.1], equality (29).

Theorem 4.1 Let I ⊆ R be an open and non-emptym-invex subset w.r.t.Ω : I×I → R and
υ1, υ2 ∈ I with mυ1 < mυ1 + Ω (υ2, υ1,m). Suppose that Ψ : I → R is a differentiable
function and Ψ ′ ∈ L [mυ1,mυ1 +Ω (υ2, υ1,m)]. If |Ψ ′| is m-preinvex function, then∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1,m)]α+1

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

∣∣∣∣
≤ m |Ψ ′ (υ1)|+ |Ψ ′ (υ2)|

α+ 1
,

where α ∈ (0, 1].

Proof. From Lemma 4.1, we have∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1,m)]α+1

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

∣∣∣∣
=

∣∣∣∣∫ 1

0
(1− ϕ)αΨ ′ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ−

∫ 1

0
ϕαΨ ′ (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

∣∣∣∣
≤
∫ 1

0
(1− ϕ)α

∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))
∣∣ dϕ+

∫ 1

0
ϕα
∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))

∣∣ dϕ.



156 Some new modifications of integral inequalities in the frame of AB fractional integral operator

Since |Ψ ′| is m-preinvex function, we obtain∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1,m)]α+1

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

∣∣∣∣
≤
∫ 1

0
(1− ϕ)α

[
m(1− ϕ)

∣∣Ψ ′ (υ1)∣∣+ ϕ
∣∣Ψ ′ (υ2)∣∣] dϕ

+

∫ 1

0
ϕα
[
m(1− ϕ)

∣∣Ψ ′ (υ1)∣∣+ ϕ
∣∣Ψ ′ (υ2)∣∣] dϕ

=
m |Ψ ′ (υ1)|+ |Ψ ′ (υ2)|

α+ 1
.

So, the proof is completed.

Remark 4.2 In the above Theorem 4.1, if we choose m = 1, then we obtain∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1)]
α+1

[
AB
υ1 I

α {Ψ (υ1 +Ω (υ2, υ1))}+ ABIαυ1+Ω(υ2,υ1)
{Ψ (υ1)}

]
−
(
[Ω (υ2, υ1)]

α + (1− α)Γ (α)
[Ω (υ2, υ1)]

α+1

)
[Ψ (υ1) + Ψ (υ1 +Ω (υ2, υ1))]

∣∣∣∣
≤ |Ψ

′ (υ1)|+ |Ψ ′ (υ2)|
α+ 1

.

Remark 4.3 In the above Theorem 4.1, if we choose Ω (υ2, υ1,m) = υ2 −mυ1, then we
obtain ∣∣∣∣ B(α)Γ (α)

(υ2 −mυ1)α+1

[
AB
mυ1I

α {Ψ (υ2)}+ ABIαυ2 {Ψ (mυ1)}
]

−
(
(υ2 −mυ1)α + (1− α)Γ (α)

(υ2 −mυ1)α+1

)
[Ψ (mυ1) + Ψ (υ2)]

∣∣∣∣
≤ m |Ψ ′ (υ1)|+ |Ψ ′ (υ2)|

α+ 1
.

Remark 4.4 In the above Theorem 4.1, if we chooseΩ (υ2, υ1,m) = υ2−mυ1 andm = 1,
then we obtain ∣∣∣∣ B(α)Γ (α)

(υ2 − υ1)α+1

[
AB
υ1 I

α {Ψ (υ2)}+ ABIαυ2 {Ψ (υ1)}
]

−
(
(υ2 − υ1)α + (1− α)Γ (α)

(υ2 − υ1)α+1

)
[Ψ (υ1) + Ψ (υ2)]

∣∣∣∣
≤ |Ψ

′ (υ1)|+ |Ψ ′ (υ2)|
α+ 1

.

Theorem 4.2 Suppose I ⊆ R be an open and non-empty m-invex subset w.r.t. Ω : I× I →
R and υ1, υ2 ∈ I with mυ1 < mυ1 + Ω (υ2, υ1,m). Let Ψ : I → R is a differentiable
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function and Ψ ′ ∈ L [mυ1,mυ1 +Ω (υ2, υ1,m)]. If |Ψ ′|q is a m-preinvex function, then∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1,m)]α+1

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

∣∣∣∣
≤ 2

(
1

αp+ 1

) 1
p
(
m |Ψ ′ (υ1)|q + |Ψ ′ (υ2)|q

2

) 1
q

,

where p−1 + q−1 = 1, q > 1, α ∈ (0, 1].

Proof. From Lemma 4.1, we have∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1,m)]α+1

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

∣∣∣∣
≤
∫ 1

0
(1− ϕ)α

∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))
∣∣ dϕ+

∫ 1

0
ϕα
∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))

∣∣ dϕ.
By employing Hölder inequality, we get∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1,m)]α+1

[
AB
υ1 I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

∣∣∣∣
≤
(∫ 1

0
(1− ϕ)αpdϕ

) 1
p
(∫ 1

0

∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))
∣∣q dϕ) 1

q

+

(∫ 1

0
ϕαpdϕ

) 1
p
(∫ 1

0

∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))
∣∣q dϕ) 1

q

.

By utilizing m-preinvexity of |Ψ ′|q, we have∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1)]
α+1

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

∣∣∣∣
≤
(∫ 1

0
(1− ϕ)αpdϕ

) 1
p
(∫ 1

0

[
m(1− ϕ)

∣∣Ψ ′ (υ1)∣∣q + ϕ
∣∣Ψ ′ (υ2)∣∣q] dϕ) 1

q

+

(∫ 1

0
ϕαpdϕ

) 1
p
(∫ 1

0

[
m(1− ϕ)

∣∣Ψ ′ (υ1)∣∣q + ϕ
∣∣Ψ ′ (υ2)∣∣q] dϕ) 1

q

.

By calculating the integrals in the above inequality, we get the desired result.
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Remark 4.5 In the above Theorem, if we choose m = 1, then we obtain∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1)]
α+1

[
AB
υ1 I

α {Ψ (υ1 +Ω (υ2, υ1))}+ ABIαυ1+Ω(υ2,υ1)
{Ψ (υ1)}

]
−
(
[Ω (υ2, υ1)]

α + (1− α)Γ (α)
[Ω (υ2, υ1)]

α+1

)
[Ψ (υ1) + Ψ (υ1 +Ω (υ2, υ1))]

∣∣∣∣
≤ 2

(
1

αp+ 1

) 1
p
(
|Ψ ′ (υ1)|q + |Ψ ′ (υ2)|q

2

) 1
q

.

Remark 4.6 In the above Theorem, if we choose Ω (υ2, υ1,m) = υ2 − mυ1, then we
obtain ∣∣∣∣ B(α)Γ (α)

(υ2 −mυ1)α+1

[
AB
mυ1I

α {Ψ (υ2)}+ ABIαυ2 {Ψ (mυ1)}
]

−
(
(υ2 −mυ1)α + (1− α)Γ (α)

(υ2 −mυ1)α+1

)
[Ψ (mυ1) + Ψ (υ2)]

∣∣∣∣
≤ 2

(
1

αp+ 1

) 1
p
(
|Ψ ′ (mυ1)|q + |Ψ ′ (υ2)|q

2

) 1
q

.

Remark 4.7 In the above Theorem, if we choose Ω (υ2, υ1,m) = υ2 −mυ1 and m = 1,
then we obtain ∣∣∣∣ B(α)Γ (α)

(υ2 − υ1,m)α+1

[
AB
υ1 I

α {Ψ (υ2)}+ ABIαυ2 {Ψ (mυ1)}
]

−
(
(υ2 − υ1)α + (1− α)Γ (α)

(υ2 − υ1,m)α+1

)
[Ψ (υ1) + Ψ (υ2)]

∣∣∣∣
≤ 2

(
1

αp+ 1

) 1
p
(
|Ψ ′ (υ1)|q + |Ψ ′ (υ2)|q

2

) 1
q

.

Theorem 4.3 Suppose I ⊆ R be an open and non-empty m-invex subset w.r.t. Ω : I× I →
R and υ1, υ2 ∈ I with mυ1 < mυ1 + Ω (υ2, υ1,m). Let Ψ : I → R is a differentiable
function and Ψ ′ ∈ L [mυ1,mυ1 +Ω (υ2, υ1,m)]. If |Ψ ′|q is am-preinvex function, then we
have the following inequality for ABFIO

∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1,m)]α+1

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

∣∣∣∣
≤
(

1

α+ 1

)1− 1
q

[(
m |Ψ ′ (υ1)|q

α+ 2
+

|Ψ ′ (υ2)|q

(α+ 1)(α+ 2)

) 1
q

+

(
m |Ψ ′ (υ1)|q

(α+ 1)(α+ 2)
+
|Ψ ′ (υ2)|q

α+ 2

) 1
q

]
,

where α ∈ (0, 1], q ≥ 1.
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Proof. From Lemma 4.1 and the power mean inequality, we get∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1,m)]α+1

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

∣∣∣∣
≤
∫ 1

0
(1− ϕ)α

∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))
∣∣ dϕ+

∫ 1

0
ϕα
∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))

∣∣ dϕ
≤
(∫ 1

0
(1− ϕ)αdϕ

)1− 1
q
(∫ 1

0
(1− ϕ)α

∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))
∣∣q dϕ) 1

q

+

(∫ 1

0
ϕαdϕ

)1− 1
q
(∫ 1

0
ϕα
∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))

∣∣q dϕ) 1
q

·

By using m-preinvexity of |Ψ ′|q, we have∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1,m)]α+1

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

∣∣∣∣
≤
(∫ 1

0
(1− ϕ)αdϕ

)1− 1
q
(∫ 1

0
(1− ϕ)α

[
m(1− ϕ)

∣∣Ψ ′ (υ1)∣∣q + ϕ
∣∣Ψ ′ (υ2)∣∣q] dt) 1

q

+

(∫ 1

0
ϕαdϕ

)1− 1
q
(∫ 1

0
ϕα
[
m(1− ϕ)

∣∣Ψ ′ (υ1)∣∣q + ϕ
∣∣Ψ ′ (υ2)∣∣q] dϕ) 1

q

=

(
1

α+ 1

)1− 1
q

[(
m |Ψ ′ (υ1)|q

α+ 2
+

|Ψ ′ (υ2)|q

(α+ 1)(α+ 2)

) 1
q

+

(
m |Ψ ′ (υ1)|q

(α+ 1)(α+ 2)
+
|Ψ ′ (υ2)|q

α+ 2

) 1
q

]
.

Th proof is completed.

Remark 4.8 In the above Theorem, if we choose m = 1, we obtain∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1)]
α+1

[
AB
υ1 I

α {Ψ (υ1 +Ω (υ2, υ1))}+ ABIαυ1+Ω(υ2,υ1)
{Ψ (υ1)}

]
−
(
[Ω (υ2, υ1)]

α + (1− α)Γ (α)
[Ω (υ2, υ1)]

α+1

)
[Ψ (υ1) + Ψ (υ1 +Ω (υ2, υ1))]

∣∣∣∣
≤
(

1

α+ 1

)1− 1
q

[(
|Ψ ′ (υ1)|q

α+ 2
+

|Ψ ′ (υ2)|q

(α+ 1)(α+ 2)

) 1
q

+

(
|Ψ ′ (υ1)|q

(α+ 1)(α+ 2)
+
|Ψ ′ (υ2)|q

α+ 2

) 1
q

]
.

Remark 4.9 In the above Theorem, if we choose Ω (υ2, υ1,m) = υ2 −mυ1, we obtain∣∣∣∣ B(α)Γ (α)

(υ2 −mυ1)α+1

[
AB
mυ1I

α {Ψ (υ2)}+ ABIαυ2 {Ψ (mυ1)}
]

−
(
(υ2 −mυ1)α + (1− α)Γ (α)

(υ2 −mυ1)α+1

)
[Ψ (mυ1) + Ψ (υ2)]

∣∣∣∣
≤
(

1

α+ 1

)1− 1
q

[(
|Ψ ′ (mυ1)|q

α+ 2
+

|Ψ ′ (υ2)|q

(α+ 1)(α+ 2)

) 1
q

+

(
|Ψ ′ (mυ1)|q

(α+ 1)(α+ 2)
+
|Ψ ′ (υ2)|q

α+ 2

) 1
q

]
.
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Remark 4.10 In the above Theorem, if we choose Ω (υ2, υ1,m) = υ2 −mυ1 and m = 1,
we obtain∣∣∣∣ B(α)Γ (α)

(υ2 − υ1)α+1

[
AB
υ1 I

α {Ψ (υ2)}+ ABIαυ2 {Ψ (υ1)}
]

−
(
(υ2 − υ1)α + (1− α)Γ (α)

(υ2 − υ1)α+1

)
[Ψ (υ1) + Ψ (υ2)]

∣∣∣∣
≤
(

1

α+ 1

)1− 1
q

[(
|Ψ ′ (υ1)|q

α+ 2
+

|Ψ ′ (υ2)|q

(α+ 1)(α+ 2)

) 1
q

+

(
|Ψ ′ (υ1)|q

(α+ 1)(α+ 2)
+
|Ψ ′ (υ2)|q

α+ 2

) 1
q

]
.

Theorem 4.4 Suppose I ⊆ R be an open and non-empty m-invex subset w.r.t. Ω : I× I →
R and υ1, υ2 ∈ I with mυ1 < mυ1 + Ω (υ2, υ1,m). Let Ψ : I → R is a differentiable
function and Ψ ′ ∈ L [mυ1,mυ1 +Ω (υ2, υ1,m)]. If |Ψ ′|q is am-preinvex function, then we
have the following inequality for ABFIO∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1,m)]α+1

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1)
{Ψ (mυ1)}

]
−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

∣∣∣∣
≤ 2

p(αp+ 1)
+
m |Ψ ′ (υ1)|q + |Ψ ′ (υ2)|q

q
,

where p−1 + q−1 = 1, q > 1, α ∈ (0, 1].

Proof. From Lemma 4.1 and utilizing the Young inequality xy ≤ 1
px

p + 1
qy

q, we have∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1,m)]α+1

[
AB
mυ1I

α {Ψ (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ (mυ1)}
]

−
(
[Ω (υ2, υ1,m)]α + (1− α)Γ (α)

[Ω (υ2, υ1,m)]α+1

)
[Ψ (mυ1) + Ψ (mυ1 +Ω (υ2, υ1,m))]

∣∣∣∣
≤
∫ 1

0
(1− ϕ)α

∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))
∣∣ dϕ+

∫ 1

0
ϕα
∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))

∣∣ dϕ.
≤ 1

p

∫ 1

0
(1− ϕ)αpdϕ+

1

q

∫ 1

0

∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))
∣∣q dϕ

+
1

p

∫ 1

0
ϕαpdϕ+

1

q

∫ 1

0

∣∣Ψ ′ (mυ1 + ϕΩ (υ2, υ1,m))
∣∣q dϕ.

By using preinvexity of |Ψ ′|q and by a simple computation, we have the desired result.

Remark 4.11 In the above Theorem, if we choose m = 1, then we obtain∣∣∣∣ B(α)Γ (α)

[Ω (υ2, υ1)]
α+1

[
AB
υ1 I

α {Ψ (υ1 +Ω (υ2, υ1))}+ ABIαυ1+Ω(υ2,υ1)
{Ψ (υ1)}

]
−
(
[Ω (υ2, υ1)]

α + (1− α)Γ (α)
[Ω (υ2, υ1)]

α+1

)
[Ψ (υ1) + Ψ (υ1 +Ω (υ2, υ1))]

∣∣∣∣
≤ 2

p(αp+ 1)
+
|Ψ ′ (υ1)|q + |Ψ ′ (υ2)|q

q
.
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Remark 4.12 In the above Theorem, if we choose Ω (υ2, υ1,m) = υ2 −mυ1, we obtain∣∣∣∣ B(α)Γ (α)

(υ2 −mυ1)α+1

[
AB
mυ1I

α {Ψ (υ2)}+ ABIαυ2 {Ψ (mυ1)}
]

−
(
(υ2 −mυ1)α + (1− α)Γ (α)

(υ2 −mυ1)α+1

)
[Ψ (mυ1) + Ψ (υ2)]

∣∣∣∣
≤ 2

p(αp+ 1)
+
|Ψ ′ (mυ1)|q + |Ψ ′ (υ2)|q

q
.

Remark 4.13 In the above Theorem, if we choose Ω (υ2, υ1,m) = υ2 −mυ1 and m = 1,
we obtain ∣∣∣∣ B(α)Γ (α)

(υ2 − υ1)α+1

[
AB
υ1 I

α {Ψ (υ2)}+ ABIαυ2 {Ψ (υ1)}
]

−
(
(υ2 − υ1)α + (1− α)Γ (α)

(υ2 − υ1)α+1

)
[Ψ (υ1) + Ψ (υ2)]

∣∣∣∣
≤ 2

p(αp+ 1)
+
|Ψ ′ (υ1)|q + |Ψ ′ (υ2)|q

q
.

5 Pachpatte-Type Inequality via AB Fractional Integral Operator

The combined study of convex analysis and integral inequality has become more and more
popular in recent years. In the practical sciences, convexity applications frequently lead to
an accounting of various inequalities. A lot of research papers have been published on the
famous inequality, namely, the Pachpatte-type inequality via fractional integral operators.
Numerous generalizations to and refinements of this inequality were first introduced by
Pachpatte [46] and Cristescu [47].

We study and explore this inequality via ABFIO, in light of the aforementioned results
and literature.

Theorem 5.1 Suppose I ⊆ R be an open and non-empty m-invex subset w.r.t. Ω : I× I →
R and υ1, υ2 ∈ I withmυ1 < mυ1+Ω (υ2, υ1,m). If Ψ1, Ψ2 : [mυ1,mυ1 +Ω (υ2, υ1,m)]→
R arem-preinvex functions, Ψ1, Ψ2 ∈ L [mυ1,mυ1 +Ω (υ2, υ1,m)], then the following in-
equality for ABFIO holds

1

[Ω (υ2, υ1,m)]α

[
AB
mυ1

Iα {Ψ1Ψ2 (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ1Ψ2 (mυ1)}
]

≤ α

B(α)Γ (α)

[
[Ψ1 (mυ1)Ψ2 (mυ1) + Ψ1 (υ2)Ψ2 (υ2)]

(
2

α(α+ 1)(α+ 2)
+

1

α+ 2

)
+2

m [Ψ1 (υ1)Ψ2 (υ2) + Ψ1 (υ2)Ψ2 (υ1)]

(α+ 1)(α+ 2)

]
+

(1− α)
B(α) [Ω (υ2, υ1,m)]α

[Ψ1 (mυ1)Ψ2 (mυ1) + Ψ1 (mυ1 +Ω (υ2, υ1,m))Ψ2 (mυ1 +Ω (υ2, υ1,m))] ,

where α ∈ (0, 1].

Proof. Since Ψ1 and Ψ2 are preinvex functions on [mυ1,mυ1 +Ω (υ2, υ1,m)], we get

Ψ1 (mυ1 + ϕΩ (υ2, υ1,m)) ≤ m(1− ϕ)Ψ1 (υ1) + ϕΨ1 (υ2) (5.1)
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and

Ψ2 (mυ1 + ϕΩ (υ2, υ1,m)) ≤ m(1− ϕ)Ψ2 (υ1) + ϕΨ2 (υ2) . (5.2)
By multiplying both inequalities 5.1 and 5.2 side by side, we get

Ψ1 (mυ1 + ϕΩ (υ2, υ1,m))Ψ2 (mυ1 + ϕΩ (υ2, υ1,m))

≤ m2(1− ϕ)2Ψ1 (υ1)Ψ2 (υ1) + ϕ2Ψ1 (υ2)Ψ2 (υ2)

+mϕ(1− ϕ) [Ψ1 (υ1)Ψ2 (υ2) + Ψ1 (υ2)Ψ2 (υ1)] . (5.3)

By multiplying both sides of (5.3) with (1−ϕ)α−1 and integrating the resulting inequal-
ity w.r.t. ϕ over [0, 1], we obtain∫ 1

0
(1− ϕ)α−1Ψ1 (mυ1 + ϕΩ (υ2, υ1,m))Ψ2 (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

≤
∫ 1

0
(1− ϕ)α−1

[
m2(1− ϕ)2Ψ1 (υ1)Ψ2 (υ1) + ϕ2Ψ1 (υ2)Ψ2 (υ2)

+mϕ(1− ϕ) [Ψ1 (υ1)Ψ2 (υ2) + Ψ1 (υ2)Ψ2 (υ1)]] dϕ

=
m2Ψ1 (υ1)Ψ2 (υ1)

α+ 2
+ 2

Ψ1 (υ2)Ψ2 (υ2)

α(α+ 1)(α+ 2)
+
m [Ψ1 (υ1)Ψ2 (υ2) + Ψ1 (υ2)Ψ2 (υ1)]

(α+ 1)(α+ 2)
.

By changing the variable mυ1 + ϕΩ (υ2, υ1,m) = x, we can write the inequality in
(5.4) as

1

[Ω (υ2, υ1,m)]α

∫ mυ1+Ω(υ2,υ1,m)

mυ1

(mυ1 +Ω (υ2, υ1,m)− x)α−1 Ψ1(x)Ψ2(x)dx

≤ m2Ψ1 (υ1)Ψ2 (υ1)

α+ 2
+ 2

Ψ1 (υ2)Ψ2 (υ2)

α(α+ 1)(α+ 2)
+
m [Ψ1 (υ1)Ψ2 (υ2) + Ψ1 (υ2)Ψ2 (υ1)]

(α+ 1)(α+ 2)
.(5.4)

By multiplying the both sides of (5.4) by α
B(α)Γ (α) and then adding the term

(1−α)
B(α)[Ω(υ2,υ1,m)]α

Ψ1 (mυ1 +Ω (υ2, υ1,m))Ψ2 (mυ1 +Ω (υ2, υ1,m)) to both sides of (5.4)
and finally using ABFIO, we get

1

[Ω (υ2, υ1,m)]α
[
AB
mυ1I

α {Ψ1Ψ2 (mυ1 +Ω (υ2, υ1,m))}
]

≤ α

B(α)Γ (α)

[
m2Ψ1 (υ1)Ψ2 (υ1)

α+ 2
+ 2

Ψ1 (υ2)Ψ2 (υ2)

α(α+ 1)(α+ 2)
+
m [Ψ1 (υ1)Ψ2 (υ2,m) + Ψ1 (υ2)Ψ2 (υ1)]

(α+ 1)(α+ 2)

]
+

(1− α)
B(α) [Ω (υ2, υ1)]

αΨ1 (mυ1 +Ω (υ2, υ1,m))Ψ2 (mυ1 +Ω (υ2, υ1,m)) . (5.5)

Similarly, by multiplying both sides of (5.3) with ϕα−1 and integrating the resulting
inequality w.r.t. ϕ over [0, 1], we obtain∫ 1

0
ϕα−1Ψ1 (mυ1 + ϕΩ (υ2, υ1,m))Ψ2 (mυ1 + ϕΩ (υ2, υ1,m)) dϕ

≤
∫ 1

0
ϕα−1

[
m2(1− ϕ)2Ψ1 (υ1)Ψ2 (υ1) + ϕ2Ψ1 (υ2)Ψ2 (υ2)

+mϕ(1− ϕ) [Ψ1 (υ1)Ψ2 (υ2) + Ψ1 (υ2)Ψ2 (υ1)]] dϕ

= 2
m2Ψ1 (υ1)Ψ2 (υ1)

α(α+ 1)(α+ 2)
+
Ψ1 (υ2)Ψ2 (υ2)

α+ 2
+
m [Ψ1 (υ1)Ψ2 (υ2) + Ψ1 (υ2)Ψ2 (υ1)]

(α+ 1)(α+ 2)
.
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By making calculations similar to those in the proof of (5.5), we obtain
1

[Ω (υ2, υ1,m)]α

[
ABIαmυ1+Ω(υ2,υ1,m) {Ψ1Ψ2 (mυ1)}

]
≤ α

B(α)Γ (α)

[
2
m2Ψ1 (υ1)Ψ2 (υ1)

α(α+ 1)(α+ 2)
+ 2

Ψ1 (υ2)Ψ2 (υ2)

α+ 2
+
m [Ψ1 (υ1)Ψ2 (υ2) + Ψ1 (υ2)Ψ2 (υ1)]

(α+ 1)(α+ 2)

]
+

(1− α)
B(α) [Ω (υ2, υ1,m)]α

Ψ1 (mυ1)Ψ2 (mυ1) . (5.6)

Adding (5.5) and (5.6) side by side, we get
1

[Ω (υ2, υ1,m)]α

[
AB
mυ1I

α {Ψ1Ψ2 (mυ1 +Ω (υ2, υ1,m))}+ ABIαmυ1+Ω(υ2,υ1,m) {Ψ1Ψ2 (mυ1)}
]

≤ α

B(α)Γ (α)

[[
m2Ψ1 (υ1)Ψ2 (υ1) + Ψ1 (υ2)Ψ2 (υ2)

]( 2

α(α+ 1)(α+ 2)
+

1

α+ 2

)
+2

m [Ψ1 (υ1)Ψ2 (υ2) + Ψ1 (υ2)Ψ2 (υ1)]

(α+ 1)(α+ 2)

]
+

(1− α)
B(α) [Ω (υ2, υ1,m)]α

[Ψ1 (mυ1)Ψ2 (mυ1) + Ψ1 (mυ1 +Ω (υ2, υ1,m))Ψ2 (mυ1 +Ω (υ2, υ1,m))] .

The proof is completed.

Note that in the above Theorem 5.1, if we put the value of m = 1, then

Remark 5.1 Suppose I ⊆ R be an open and non-empty invex subset w.r.t. Ω : I × I → R
and υ1, υ2 ∈ I with υ1 < υ1 + Ω (υ2, υ1). If Ψ1, Ψ2 : [υ1, υ1 +Ω (υ2, υ1)] → R are
preinvex functions, Ψ1, Ψ2 ∈ L [υ1, υ1 +Ω (υ2, υ1, )], then the following inequality for
ABFIO holds

1

[Ω (υ2, υ1)]
α

[
AB
υ1 I

α {Ψ1Ψ2 (υ1 +Ω (υ2, υ1))}+ ABIαυ1+Ω(υ2,υ1)
{Ψ1Ψ2 (υ1)}

]
≤ α

B(α)Γ (α)

[
[Ψ1 (υ1)Ψ2 (υ1) + Ψ1 (υ2)Ψ2 (υ2)]

(
2

α(α+ 1)(α+ 2)
+

1

α+ 2

)
+2

[Ψ1 (υ1)Ψ2 (υ2) + Ψ1 (υ2)Ψ2 (υ1)]

(α+ 1)(α+ 2)

]
+

(1− α)
B(α) [Ω (υ2, υ1)]

α [Ψ1 (υ1)Ψ2 (υ1) + Ψ1 (υ1 +Ω (υ2, υ1))Ψ2 (υ1 +Ω (υ2, υ1))] .

Also, in the above Theorem 5.1, if we put Ω (υ2, υ1,m) = υ2 −mυ1, then

Remark 5.2 If Ψ1, Ψ2 : [mυ1, υ2] → R are m-convex functions, Ψ1, Ψ2 ∈ L [mυ1, υ2],
then

1

(υ2 −mυ1)α
[
AB
mυ1I

α {Ψ1Ψ2 (υ2)}+ ABIαυ2 {Ψ1Ψ2 (mυ1)}
]

≤ α

B(α)Γ (α)

[
[Ψ1 (mυ1)Ψ2 (mυ1) + Ψ1 (υ2)Ψ2 (υ2)]

(
2

α(α+ 1)(α+ 2)
+

1

α+ 2

)
+2

m [Ψ1 (υ1)Ψ2 (υ2) + Ψ1 (υ2)Ψ2 (υ1)]

(α+ 1)(α+ 2)

]
+

(1− α)
B(α) (υ2 −mυ1)α

[Ψ1 (mυ1)Ψ2 (mυ1) + Ψ1 (υ2)Ψ2 (υ2)] .
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Finally, if we put Ω (υ2, υ1,m) = υ2 −mυ1 and m = 1 inTheorem 5.1, then

Remark 5.3 If Ψ1, Ψ2 : [υ1, υ2]→ R are m-convex functions, Ψ1, Ψ2 ∈ L [υ1, υ2], then

1

(υ2 − υ1)α
[
AB
υ1 I

α {Ψ1Ψ2 (υ2)}+ ABIαυ2 {Ψ1Ψ2 (υ1)}
]

≤ α

B(α)Γ (α)

[
[Ψ1 (υ1)Ψ2 (υ1) + Ψ1 (υ2)Ψ2 (υ2)]

(
2

α(α+ 1)(α+ 2)
+

1

α+ 2

)
+2

[Ψ1 (υ1)Ψ2 (υ2) + Ψ1 (υ2)Ψ2 (υ1)]

(α+ 1)(α+ 2)

]
+

(1− α)
B(α) (υ2 − υ1)α

[Ψ1 (υ1)Ψ2 (υ1) + Ψ1 (υ2)Ψ2 (υ2)] .

6 Conclusions

Fractional calculus has garnered significant attention from scholars and authors across di-
verse disciplines. Meanwhile, convexity theory has emerged as a powerful tool for develop-
ing innovative numerical models, enabling the solution of complex problems in both pure
and applied sciences. As a result, convex analysis and its associated inequalities are ex-
periencing a surge in academic interest and popularity, driven by ongoing advancements,
extensions, and applications.

In this work:

(1) First, using ABFIO and a few comments and corollaries, we looked into a novel type of
H–H inequality.

(2) We presented a novel lemma. We also talked about some new improvements to the H–H
inequality based on a recently developed lemma.

(3) We used a recently developed idea in the framework of the fractional integral operator
to introduce a new kind of Pachpatte-type inequality.

This work offers intriguing methods and insightful information that can be applied to
Raina function research. Additionally, the discussed inequalities can be investigated us-
ing interval analysis and quantum calculus as frameworks. Notably, research on integral
inequality is developing quickly. The application of quantum calculus and interval-valued
analysis to the study of integral inequalities is set to enthrall researchers and open up fasci-
nating new research directions.

Abbreviations

The following abbreviations are used in this manuscript:

AB Atangana–Baleanu
H–H Hermite–Hadamard
R–L Riemann–Liouville
KFIO Katugampola fractional integral operator
ABFIO Atangana–Baleanu fractional integral operator
RLFIO Riemann–Liouville fractional integral operator
CFFIO Caputo–Fibrizio fractional integral operator
H–H–M Hermite–Hadamard–Mercer
CFD Caputo-Fabrizio derivative
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