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Abstract. Total Fofana-Guliyev spaces were recently introduced as a variant of Fofana spaces and are
closely related to total Morrey spaces. In this paper, we discuss the boundedness of intrinsic square
Sfunctions and their commutators generated by BMO-functions on these new spaces.
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1 Introduction and main results

Let d be a fixed positive integer and R? be d-dimensional Euclidean space equipped with
the Lebesgue measure dz. For any subset E of R%, we denote by Y its characteristic
function and by | E| its Lebesgue measure when it is measurable. By L°(R?), we denote the
complex vector space of equivalent classes (modulo equality Lebesgue almost everywhere)
of Lebesgue measurable complex-valued functions on R

Let 0 < v < 1. we denote by C, the family of functions ¢ defined on R? with support
in the closed unit ball B = {z € R? : |z| < 1} and vanishing integral, i.e, [pa ¢(z)dz = 0,
and such that for all z,2" € R, |p(x) — ¢(2")| < |z — 2'|". For every (z,t) € R =
R x (0, 00), we write s (x) = t~%p(t~ ) and I'(x) is the usual “cone of arperture one”,

I(z) = {(y,t) € RE |z —y| < t}.

Let f € L} (Rd). We define the intrinsic square function of f (of order ) by the formula

loc
2 it ] ?
y
Sy(f)(@) = [/r@) (;gaf*soz(y)o tdﬂ} ; (L.
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the intrinsic Littlewood-Paley g-function g.(f) by

2 1%
0 d
9, () (@) = [/O <sgg |fwt<x)|> f] (12
PEly
and the intrinsic Littlewood-Paley gj;, . -function gj, . (f) by
¢ d 2 pyat]?
9 ()(x) = |:/d+1 (m) (;gg f*sﬂt(y)> t;{‘rl:| . (1.3)

Note that, the intrinsic square functions were first introduced by Wilson [24] in order
to settle a conjecture proposed by Fefferman and Stein on the boundedness of the Lusin
area function S from the weighted Lebesgue space L?W(v) (R%) to L2(R%), where 0 < v €
L} (RY) and M denotes the Hardy-Littlewood maximal function. Later, he proved in [25]
that these functions are bounded on the weighted Lebesgue spaces L% (RY) whenever ¢ €
(1,00) and w € A, (R?) (the class of Muckenhoupt weights). Therefore, many results on
boundedness of intrinsic square functions have been obtained (see, for example, [4,16,17,
21-23] and the references therein). In [21], Wang established the boundedness of these
operators and their commutators on weighted Morrey spaces L™ (R?) (0 < x < 1 and
0 < ¢ < 1). Wang’s work was later extended to various Morrey-type spaces (see [16])
and specifically to the weighted Fofana spaces (L¢,, L?)“ (R%) (1 < ¢ < a < p < 00) by
Feuto in [4]. We recall that Fofana spaces were originally introduced by Fofana [9] in 1988
during the study of Fourier multipliers.

Let1 < ¢, p<ocandr > 0.For f € LY(R%) we define

1

r Hf qap = H |:/]Rd ’fXB(y,T)|q(x)dx:| '

with || - ||, denoting the usual norm of the Lebesgue space LP(IR?), taken with respect to
the variable y and B(y,r) = {z € R? : |y — 2| < r}. We adopt the usual convention
é =0.For1 < ¢ < a < p < oo, the Fofana space (L9, Lp)o‘(]Rd) is defined as the set of
all functions f € L°(R?) satistying || f]|, . < oo, where

d L_,_,
1£llgpa =570 £l
T

It is proved in [9] that, for 1 < ¢ < « fixed and p € [a, oc], the spaces (L4, LP)* (R?) form
a chain of distinct Banach spaces beginning with the Lebesgue space L*(R?) and ending
by the classical Morrey space L% (R?) = (L9, L*)* (R?), where x = d(1 — ). For more
properties of Fofana spaces we refer to [2,5-8] and the references therein.

Note that, in recent years, Fofana spaces have enjoyed a lot of interest. Then, inspired by
Guliyev’s works (see [10-13]), Kpata and Nagacy [15] introduced new spaces of Fofana-
type, known as total Fofana-Guliyev spaces, see also [1,14,18,20]. Let 1 < ¢ < a, A <
p < 0o. The total Fofana-Guliyev space (L9, LP)**(R?) is defined as the set of all elements
f € L°(R9) such that I £l (e, Lr)or (rey < 00, Where

gl_1_1 d(—1q141
7oy = supley 02 e g,

with [r]; = min{1,7}, for all r > 0. ((Lq, LP)OA (R, H-H(Lq’m)a,k(w)) is a complex
Banach space (see [15]). In Section 2, we summarize basic results on total Fofana-Guliyev



150 Boundedness of intrinsic square functions on total Fofana-Guliyev spaces

spaces. Nevertheless, let us mention that these spaces are generalizations of classical Fofana
spaces and are exactly total Fofana spaces defined in [19]. Boundedness properties of clas-
sical operators, including the Hardy-Littlewood maximal operator and its commutator, frac-
tional integral, and fractional maximal operators, have been obtained for (L9, LP)**(R%)-
spaces (see [15,19]).

The aim of this paper is to prove that the intrinsic square functions, defined in (1.1),
(1.2) and (1.3), and their corresponding commutators are bounded on (L4, LP)**(R4).

Throughout this note, we will use the following abbreviation A < B for the inequalities

A < CB, where C'is a positive constant. If A < Band B < A, then we write A ~ B.
Our first result reads as follows.

Theorem 1.1 Let0<fy§1,1<q§a,)\<p<oosuchthat%+]%<é+§. Then

HSWJCH(Lq,Lp)a,A(Rd) N Hf|’(Lf1,LP)a7A(Rd)7 fe (L9 LP) M (RY).

Since S, (f) and g, (f) are pointwise comparable (see [24]), Theorem 1.1 obviously implies
what follows. We omit the details.

Corollary 1.1 Let 0 <7< 1,1 <g¢g<a,A<p< oosuchthat%—l—% < é—f— % Then
Hg"/(f)H(Lqu)a,A(Rd) S, HfH(LfI,LP)avA(Rd)v fe (quLp)Ol’/\(Rd)'
Our next result concerns the intrinsic Littlewood-Paley g, . -function.

07

Theorem1.2 Let 0 < v < 1,1 < ¢ < a,A < p < oosuchthat%+% <iiir
w > max{q,3}, then

ng,'y(f)H(Lq’Lp)a,A(Rd) SJ HfH(Lq,LP)a)‘(Rd)v f € (quLp)a)\(Rd)'

We shall consider the commutators generated by a function b € L}OC(Rd) and intrinsic

square functions, which are defined by the following expressions. For all 2 € R,

td+ 1
2 at
t

2 dydt]

1
2 dydt] 2

b, 5,](f)(x) = [ /F o

peCy

JRCORICIETERIEE

[ SIS

0.9, (f) () = [ / " sup

pely

JRCORICISTERIEE

and

[0, 9.,,1(F) ()

t pd
= _ sup
/Ri“ <t + ]z — Z/|> 0eCs

Letb € L, (R?). bbelongs to BMO(R?) if [|b]| 50 (ray < 00, Where

loc

[

JRCORICIETERNEE

td+1

Il pyomen = sup  |Blz,r)|! / 1b(y) — by,
r>0,0€R4 B(z,r)

with by = B0 [ )y,

B(z,r)

For these commutators, we have the following boundedness properties.
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Theoreml.3Let0<'7§1,1<q§a,)\<p<oosuchthat%—|—%<l+%,lf

b € BMO(R?), then
(b, Sfy](f)||(Lq,Lp)a,A(Rd) S W fllpa,peyer@ay,  f € (L%, LP)*A(RY).

As an immediate consequence of Theorem 1.3, we obtain the following corollary. We
omit the proof.

Corollary1.2 Let 0 < vy < 1,1 < g < a,A < p < oosuchthat%—}—]% <Ly
b € BMO(RY), then

1093 o poyoncay S I o poyon ey - f € (L9, L) (R,

Theorem1.4 Let 0 < vy < 1,1 < g < a,A < p < oosuchthat%—l—% <14
p > max{q,3} and b € BMO(R?), then

H[b7 g:,’y](f)H(Lq’Lp)a,)\(Rd) S HfH(Lq,Lp)a,/\(]Rd)7 f € (Lq7Lp)a7)\<Rd)'

The remainder of the paper is organized as follows. In Section 2, we recall some proper-
ties of total Fofana-Guliyev spaces. Section 3 is devoted to the proofs of Theorem 1.1 and
Theorem 1.2, and in the last section we give the proofs of Theorem 1.3 and Theorem 1.4.

f

>l

f

>l

2 Preliminary results on Total Fofana-Guliyev spaces

The propositions of this section are proved in [15].
Proposition 2.1 Let 1 < g < a, A < p < oco. Then
(L, LP)*(RY) N (L9, LP)M(RY) < (LY, LP)*A(RY)
and for f € (L%, LP)*(RY) N (LY, LP)N(R?),
11 ey ety < sl Fllg s 11l -
Proposition 2.2 Let1 < g < A< a <p< oo Then
(L, LP)*ART) = (LY, LP)*(RT) N (L7, LP)N(RY)
and for f € (L%, LP)**(RY),
11 ey ety = Wl llg s 11l -
The result of Proposition 2.2 implies that for 1 < ¢ < o < p < o0, (Lq7Lp)O"a(Rd) =

(L9, LP)*(R%). So Total Fofana-Guliyev spaces are generalizations of classical Fofana
spaces. We recall that for o € {q, p}, (L9, LP)*(R?) = L%(R?) (see [9]).

The family of spaces (L7, LP)**(R?) is decreasing with respect to the ¢ power and
increasing with respect to the p power. More precisely, we have the following

Proposition 2.3 Let1 < ¢ < g2 < a, A < p; < pg < oo. Then:

(D) 1o pryeray < Il Loz poyorgay, € LORY)

and consequently, (L9, LP)*NR?) C (L%, LP)**(RY);

(2) N fllzaresyereey S Wz poyermey, f € LO(RY)

and consequently, (L7, LPV)*A(R?) C (L9, LP?)*MRY).

Total Fofana-Guliyev spaces are subspaces of total Morrey spaces since, for1 < ¢ < a, A <
p < oo, part (2) of Proposition 2.3 asserts that (L9, LP)**(R%) C (L9, L>)**(R%). Also,
it is easy to see that for 1 < ¢ < a, A < oo, the space (L7, L>=)**(R?) is the total Morrey
space L941=2)4(1=3) (R defined in [12].
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3 Proofs of Theorems 1.1 and 1.2

The following result will be useful in the proof of Theorem 1.1. We use it in the case where
w =1

Theorem 3.1 [25] Let 0 < v < 1,1 < g < oo and w € A,. Then there exists a constant
C > 0 independent of f such that

192 £l < ClIF Ly

Proof of Theorem1.1. Let0 < v < 1,1 <¢< a,A<p< oosuchthat%—k]% <il4:

and f € (L9, LP)**(R?). Letr > Oand y € R%. We write f = f14fa with fi = fXB(y.2r)-
Since S, is a sublinear operator, we have

1Sy (IxBEn ll, < 1S FEDxsEnl, + 1S (F)xBE |, - 3.1
For the term in f;, Theorem 3.1 imply
18y (F)xsenll, S Ifxswenll,- (3.2)
Next, for the term in f5, proceeding as in the proof of Theorem 3.1 in [4], we obtain
o0 1
I, (el 5 3 P
k=1 [B(y, 28t ir)[a
Therefore the L” norm of both sides of (3.1) leads to

fXB(y72k+17«) 3.3)

q

. _kd
P18y (g, S 2 \|f\|q7p+22 @ grrty | fllgp
p}

On the one hand, we have

d
i 1o,
2r Hf”q,p = d(I_1_T d(— L4141 2r ||f”q,p

d/\qp

)
11 o, oy aey -

Hence,

A g p

d(— )
2r Hqu,p S Irly HfH(Lq,Lp)w(Rd) : 34

On the other hand,

o

_kd
> 270 e, £l
k=1

1_1_1 _1,1,1
o kd [2k+17“]61i(a q p)[1/2k+1r]‘f( A+q+p)

T_1_1 T, 1,1, 2k+! ”f”,
d(a“—z)[1/2k+1r]il(_“6+;) T aep

e 1,11 1_1_1

_kd g d(—i+1i42) d(i-1_1 )

1 £lla,coyanay D27 @ 27l 70T P
k=1

d(—g+5+3) d(+-1-1

rly [1/7]y

IN

AN
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e 11,12

Since —é - % + % + % < Othen ) (2’€)d(*5*i+5+;) < .
k=1

Therefore,

o0

_kd
> 270 g, lIfll,, (3.5)
k=1

IZAN
=

From (3.4) and (3.5), we deduce that

d(=g+g+g) )
SOl S B T Tl e e -

It follows that

d(l,l,, l+l+l)
1Sy (Dl S Il pe peyen ray - (3.6)

We obtain the desired result by taking the supremum over all r > 0 in the left hand side of
(3.6).

Remark 3.1 For « = X and w = 1, Theorem 1.1 and Corollary 1.1 were established in [4,
Theorem 3.1] and [4, Corollary 3.5], without the hypothesis % + % < %

For the proof of Theorem 1.2, we need the following varying-aperture versions of S,.
For 0 <~ < 1and 3 > 0, we define S, 5 by

ST
S = | [ <sup|fwt<y>r> e

Ig(z) \peCy

where for z € R% and I'5(z) = {(y,t) € RE™ : |z — y| < Bt}.
The following lemma will be useful for proving Theorem 1.2. We use it in the case w = 1.

Lemma 3.1 [2]] Let 0 <~y < 1,1 < q < oco. Then for all non negative integer j, S., »; is
bounded on LE(RY). Moreover

. dj
18525 (Fllaw < @Y + 22|l g

Proof of Theorem 1.2. Let0 < v < 1,1 <¢<a,A<p< o0 suchthaté%—% < é—l—%
We suppose that y1 > max{q,3} and f € (L9, LP)**RY).
For g;, ., by the definition, we know that, for all z € R,

(9. (f)(@)]”

00 t pd ? dydt
= R — sup |f * ¢i(y)|
/0 le—y|<t (t + |z — y) (apeCV td+1

00 o ud 2

t dydt

+ T su * —
32:;/0 /Qj—1t<a:y<2jt <t + | — y|> («pea 1/ (Pt(y)|> td+1

< 1S (H @) + Z 27918, o1 (f) (@))%,
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Thus, for all z € R? it holds true that

Gin(N)(@) S S5(H)@) + Y 27128, oi(f) (). (3.7

Jj=1

Let » > 0. It follows that
rllgA (D, < # 18:(F qp+22 w2 NS, (P, - (3.8)

The first term on the right can be controlled in this way.

d(L-1_1) d(—L
S, = M;zf_f_l)“/ ]dz_i : jru (),
R IV
< W T 8 () e
By Theorem 1.1, we have
NI 39)
< TP ST g gy

Let j € N* and y € R%. Let us estimate now
J Yy

NS, = 1852 Dxsn |

We proceed as in the proof of Theorem 1.1. So, for f = f1 + fa with f1 = fXxp(y,2r), We
have

195,21 (F)x Byl (3.10)
H XB (y,r) H + H ,27 fQ)XB yr)H
By applying Lemma 3.1, we get

1,25 (Fxsnll, S @Y +2%) | Fxaganll, 3.11)
q

We now estimate HS%QJ' (f2)XB(y,r) Hq . By proceeding as in the proof of Theorem 3.2 in [4]
and by using Holder’s inequality, we have

S, 25 (f2)(z )! (3.12)

23]d/2 Z |B 2]€+1

r)q

forall x € B(y,r). Thus, taking the L4(B(y, r))-norm of both sides of the above estimation
leads to

15,25 (f2)X By 23]d/222’7d (3.13)

IXpy2m)|
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Taking estimates (3.11) and (3.13) in (3.10), we get
. dj
1550 (Pxswnll, S @F+2%) [Ifxsenl,

oo
iy g
k=1

FXB(yar+ir)

q Y
so that the LP(R%)-norms of both sides leads to

o0
. dj . _kd
< @9 +27) o [I£ll,, 2992 270 g, |1 £l,, -
k=1

r HS ,2J(f)H

q,p

It follows from (3.4) and (3.5) that

e 18520 (Dl (3.14)

. djq . d(_é+l+l) d(l_l_l)
< @b 2% PR T T

Taking estimates (3.9) and (3.14) in (3.8), we have

T Hg;:'y(f)Hq,p

o0 .
< 12zl 0% g 23
j=1

d(—i—&—l—i-l) d(l_l_l)
x [r]y CrL HfH(Lq,Lp)aA(Rd)a

where the convergence of the series is due to the fact that © > max{q, 3}.
It follows that

d(t-1-1 d(=x+1+3)

e P g )

a.p
o . . . .
< |12l £ 29 L 2552 N fl iy peyen (gay -
j=1
We end the proof by taking the supremum over all » > 0.

Remark 3.2 Note that Theorem 1.2 in the case &« = )\ was established in [4, Theorem 3.2]
for w = 1. However, the proof given in [4] does not use the hypothesis % + % < %
4 Proofs of Theorem 1.3 and Theorem 1.4.

Let b be a locally integrable function. It is proved in [3] that if b € BMO(R?), then for
every 1 < g < oo, we have

18]l Brro®ay 4.1

1
X~ sup <|B($77’)!_1/ [b(y) _bB(m,r)|qdy>
r>0,x€R4 B(z,r)

a
The following lemma, proved in [16], will be very useful for the following theorem proofs.
We use it in the case w = 1.



156 Boundedness of intrinsic square functions on total Fofana-Guliyev spaces

Lemma 4.1 [21, Theorem 3.1]
Let 0 < v < 1,1 < g < oo. Then the commutators [b, S,] and [b, g}, | are bounded on

LL(RY) whenever b € BMO(R?).

Proof of Theorem 1.3. Let0 < v < 1,1 < ¢ < a, A < p < oo such that %+% < é—k%
We suppose that b € BMO(R?) and f € (L9, LP)**(R?).
Let 7 > 0 and y € R?. We write f = f1 + fo with f; = IXB(y,2r)-
By definition of [b, S,](f), we have

B S, < NS, + - 1681l - “2)

For the term in f;, we have
116, Sy ()X B Hq < 1 fxBan Hq (4.3)

as an immediate consequence of the boundedness of Lemma 4.1. Then, taking the LP(R?)-
norm on both sides of the previous inequality and taking into consideration (3.4), we obtain

rma&Mﬁﬂup (4.4)
d(—g+i+3) ., dG—1-1
< FCTT T e

Next, we turn to estimate . [|[b, S,](f2)[, - Letz € R4, For (u,t) € I'(z), we have

sup

0EC, /R (b(x) = b(2))pe(u — 2) fa(z)dz

< [b(x) = bp(yn | sup [f2 x 0i(u)| + sup [[(b = bp(y) f2] * @r(u)]
peCy peCy

so that the L?(I"(z), fj‘ff )-norm of both sides leads to

[0, 55](f2) ()] (4.5)
< [b(x) = bp(y,n Sy (f2)(2)

T
dudt
/F(x) (sup (b= bB(y,r)fo] * ¢r(u )> S

pel

_l’_

= I)(z) + L(z).

We take z € B(y,r). Following the ideas of the proof of Theorem 3.1 in [4] and by using
Holder’s inequality, we have

o0
1S, (f2)(@)] < Y IB(y,25 ) 7s " (4.6)
k=1 e
Taking the LI(B(y, r))-norm of I; and taking into account (4.1), we obtain
H‘b bB |S (fZ)XB yr)”q 4.7)

o0

< bl srromay > 2

k=1

‘fXB(y,2k+1r) g
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On the other hand, by proceeding as in the proof of Theorem 3.3 in [4], we have

Lz) < EJB@aH%MI/‘ 1b(2) — by || F(2)]dz
k=1 B(y,2k+1r)\B(y,2Fr)
o
< |B@z“%w*/ 6(2) — bpyarrin|1F(2)ldz
h—1 B(y,2k+1r)
2 0B (y,2x+1y) — b y )| /
+ ’ dz
; ’B(y7 2k+1 (y,2k+1r) ‘

= Ji(x) + Ja(x)
for all z € B(y,r). Applying Holder’s inequality and using (4.1), we have

Ji(@) < bl paro(rey Z |B(y, 2" 1)
k=1

r) q
forall x € B(y,r), and the L(B(y, r))-norm of both sides leads to
nhxm%mm,vumeORd§jz nll, (48)
For .Jo, since b € BMO(R?), we have
b ,28+1r) =B S (K+1) HbHBMo(Rd) :
It follows that
—~ (k+1)
Jo(z) < b —_— |f(2)]d=
() 5 Ibllsaos Z | B(y, 26T17) [ J gy 2010\ B(y,25r)
oo
(k+1)
S Hb”BMO(]Rd) Z o 1 T)
= By, 26|
according to Holder’s inequality.
Hence,
(kb +
12XBwnlle S 10l spome Z JE HfXB(y 2rt1r)|| 4.9)
k=1 K

Taking the L(B(y,r))-norm on both sides of (4.5) and taking into account inequalities
(4.7), (4.8) and (4.9), we obtain

o0

(k+3)
n&mm%mmw|wmmw§j2 | oo
k=1

Therefore, the LP(R%)-norm on both sides of the previous inequality, gives

r ||[b, SW](fQ)qu (4.10)

[e.e]

HM@ModeZ

k=1 2

7d 2k+1r|’f”qp
q
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We have,

= (k+3)

S EES I,

k=1 2¢

o0 (2-1-1) (—3+1+1)
k+1 a q p k+1 X'q'p

_ Z(k+3) [2%7 7] [1/2 T]l e |||
kd (1-1_1 (_%4_;4_%) 28+ q,p

IA
=
=
a»Q
h
=

Q

>
=
&

k=1 21
< pdCataty) 1 d(5-1-73) . k+3
< L/ W N oo X s
Since the series Z % converges then inequality (4.10) becomes
=12 a"X g p
r 116, S5](f2)ll 4 (4.11)
d(—L4+141) d5—5-3)

16l rrorey [T [1/T] Hf”(fﬂ Lp)e X (RT) -

Taking estimates (4.4) and (4.11) in (4.2), we obtain

r 100, S (Nl S (1+||b||BMORd))

d(77+ + 77777
x [r]y [1/ ] HfH (L9, LYo (RY) -
It follows that
d(é*%** A+§+%)
Iy [1/r); NOCATI. “.12)

L+ ([0l grromay) 1 | (La,Leyor ma) -

We obtain the desired result by taking the supremum over all > 0 in the left hand side of
(4.12).

Proof of Theorem 14. [Proof of Theorem 1.4]Let0 < vy < 1,1 <g<a,A<p< o0
such that 1 7 —i—% < = —|— . We suppose that © > max{q, 3}, b € MO( 4 and f €
(L9, LP)*A(RY).

Letr > 0andy € R%. We write f = fi + fo with f; = IXB(y.2r)-
By definition of [b, gj; . |(f) and norm . [|-||, ,, we have
r[[16: 9241, (4.13)

8,550+ 8200,

By proceeding as in the proof of Theorem 1.3, we get the following estimation for the term
in f1,
o |27 (G591 (4.14)

d(_é+l+ ,_l_l)
< Irh oy ||f”(Lq,Lp)a,A(Rd)-



P. Nagacy, N. Diarra 159

Next, we turn to estimate . || b, 9~ (f2) Hq L Forz € B(y,r), we have

|1, g~ (f2)(z)] (4.15)
< [b(x) = bp(ymlgn(f2) (@)

o
t pd dudt
Lo Grr=t)” (s 10 bscp s o)

= A(x) + B(x).

For any = € B(y,r), by using inequalities (3.7), (3.12), (4.6 ) and the fact that ;1 > 3, we
conclude that

o (f2) (@ Z |B(y,2"""r)

2k+1p) || s
q

which further implies that

_kd
IAxBw.nle S 10l smore e ’fXB(y,T“'Hr) . (4.16)
k=1
On the other hand, by proceeding as in the proof of [16, Theorem 3.10], we have
o0 .
> o2 () 4.17)
forall x € B(y,r), where
) o
L) § 29230 By, 2+ )| / b(z) — bigy i1 | ()] dz
=1 B(y,2kt+1r)
bB(y,25+1r) — bB (]
93jd/2 (y, y / )|d
+ Z |By2k+1 By2b+ 1) z)|dz

S 23]d/2(J1(1‘) + Ja(x)).

It follows that

IBXBnlls < 20592 (1 Iix g lla + 172X B llq)
j=0

Taking estimates (4.8) and (4.9) in the previous inequality and taking into account p > 3,
we obtain
oo

IBxB@nlla S 18l saoms Z
k=1

(4.18)

HfXB(y 2’°+17‘)

L
q

Next, taking the L9(B(y, r))-norm on both sides of (4.15) and taking into account inequal-
ities (4.16) and (4.18), we obtain

i = (k+3)
16 9., (F)xBwmlla S 0l Brvowe) Z (2 HfXB w2 )|
k=1
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Therefore, the LP(R%)-norm on both sides of the previous inequality, gives

" — (k+3)
r H[b7 gu,'y](fQ)HqJ) 5 ”bHBMO(Rd) Z 2T 2k+1p ||f||q,p .
k=1 a

Using the same arguments as in proof in Theorem 1.3, we obtain

el g2, (4.19)

d(—14+141y d( )
< bl prros [Tl P T e, ey may 5

which, combined with (4.14), completes the proof of Theorem 1.4.
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